Statistical physics of tailored random graphs:

entropies, processes, and generation
Lecture lll. Ising spin models on graphs

ACC Coolen, King’s College London
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Ising spins on a tailored random graph

Definitions
H(O’) = — Z C,']'J,‘/'O','O'j

i<j
energies: Jj € R, drawn randomly from P(J)

topology :  p(€) = Z 'k, k(€)= ¢
i

@ N lsing spins o;e{—1,1},
o=(01,...,0N)

@ disorder-averaged free energy density,
uselog X = lim, o n~'log=":

= , 1
S CID

oc{—1,1}N

= — lim lim 5,17\/'09 > e BEn HO™)

N— oo n—0
ol..one{-1,1}N

. . 1
= - Jim lim —_+log >

N—oo n—=0 3N
ol..one{-1,1}N
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e The average over graphs
@ Switch to Erdds-Renyi measure
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Average over graphs

change to Erdés-Rényi measure,
to enable expansion for large N

k k 1
per(e) =] [%50,,,1 +(1- <N> V0], (k)= K ()
i<j -
Now:
_ Okkie) _ Okkie) PER(C) _ Okk(e) per(C)
p(C) - - B i<j“ij s —1)=S". _.cj
Z Z per(c) 4 (T g _ ) BN E
N N
_ Okke) per(C)
z (%)%ZU‘CUO_T))% N(N-1)=} 35 ¢
_ ok k(c) ,OE (C)
4 (%)%NUQ(‘I )%N(N 1)711\/( y
SO

D2p©)0(0) = 3 3 pen(@e®©) 2= pen(hinuo
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leto;=(of,...,07), usedx = (2r)"" [T dw et 0

jzI<JC//"//Z(Z 1979}
- Zp(c H/dJP )P i
1<J
= ZPER C)dk k(c H/dJ P(J)e? 99
/</
= EZPER(C)[H gﬁ iw(kj— EIC'I) H/dJP BJCUO',G'I
; T o
_ Wk Z i wic el
- */ N e Per(€)e = fH/dJP 1910
Z 27r) :</
- 5/ 2 )N MKZPER(C)H[ ~ilirene; /dJ P(J)eﬂJCff"rC'/]
iy

:</

- / 27r)N KL kH [ ) 14 <Il:l> fl(w,-w,')/dJ P(J)eﬁJo'ra-l}

i<j

_ Wk (K) ([ —i(wite) BT O
= / 27T)N E [1 + N (e 7 [dd P(J)e i 1)}




e The average over graphs

@ Exploit graph sparseness for large N
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Ly =0Q),
expand for large N:

1 log[1+ 1, L;; il L L+ON—2 N=TS_ Li+o(
H |:1 +NLU] :HGOQ[ N /] — eZI</[N if ( )l = e ZI</ if (1)

i<j i<j
Apply:
o Zi<j i Zoy of o}

1 T dw w. k+ Z,</ [ —n(wi+w1)fdJ P(J)eBJai’U/’_1]+O(1)

Z ) . (@m)N

_ 17 dw e@..ﬁ%zv[*‘(‘“‘“ Jag P %i 1] 1o
Z J_. (2m)N
p=0: z= [ L gk [nraliom

. (2m)N

Hence

oP Zi<jCili o=t o o}

™ de ek i Sy T jas T o)
—7

7 dw ek e ror)
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The free energy

use previous result:

I a w Wk e ) fay PW)?'Ti ) o(1)
lim lim —Iog Z s
N—oo n—0 NN o fﬂ dw eiw,kJr% e it L o)
s
™ de @i Sy g P70
lim lim — log {2”N< = e
N—oo n—0 N N f7r dw eiw'k+W Ei e P’ +o(1) {0}
—T

N— oo n—0

log2 + lim lim 1 Iog</ﬂ dew Wk e T D fa pye™ T ”l+o(1)>
nN — o}

— lim lim n— log dw e

N~>oo n—0

Wik g 3y e T o)

-

log2+ lim lim ~ [ (B) — ©(0)]
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Left to do:

1 7' . (k) —i(wjtw)) BIO O
@(8) = 1;log { / dw W S Sy e fa Pe />{a-}

notes:
@ link with graphs ensemble

i(

‘” . (k) —i(wjtw))
®(0) = 1Nlog/ dw e@krEF Sy o (27) + %<k> + 1N log 2

@ all site-dependent variables
appear in quantity of the form

1
N Z G(w/.O'/; Wy, 0']')
i
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e The free energy
@ Order parameters
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Order parameters

@ define (o, wl{onw)) = Zéaa (w—w)
so that

d(B) = 1N log < /_trdw K

e UON [dwde’ S PO w]. ) PO W | e @ +) [ay P(U)eBIO O’ >

{o}
@ introduce for each (o, w):

/diP(o'w Plo,w) — Nz5aa5w w,)]

/d?(mW)dﬂ’(U’W) iP(0 ) [P0 w) - T b0 o, 5(wwr)]

2

1

giscretise w,
P(...) = P(... )NAw

1~ [d%, w)dP(o,w) SNAH(@.0) [0 @)~} 60 07, 5l
- 27 /NAw
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use Aw o, — [dw:

. dP(o, w)dP(o,w) INAWP(T ) [P0 w)~ 1 580 o, (o))
1 = lim H/ 2 NDw e

o dP(o, w)dP(0, )] iNaw S, o 70 ) [P0 )~ 560 o, 5l
= Jm /[H 57/ NDw Je :

_ /{d?dﬁ?}ewzo' [dw PO ,w)P(Ow)—1 5, P(O ;)

with short hand (path integral measure):

{dPdP} = limaw—o [ 1, o [P0, w)dP(o, w)NAw/2r]
result:

factorisation over sites!

o(F) = 1N|09 /{ddefJA?}eiNEU' [dw P(0,0)P(O",w)

% e} ONT g g/ [dwdw’ P w)P(0w e (") dy p()eT O

™

y H </ dwi eiw,k,fiﬁ’(o‘,-,w,ﬂ)>

i - g
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e The free energy

@ Detour: ensemble entropy
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detour ...
ensemble entropy

use p(c) = Ok, k( kc) per(C)
(@) BNk (1— TN(N—1)— S N(k)
N N

6(0) = log(2r) + 5(k) + 3;log 2

0|OgO:|E|?36|og€:0

5 = Sy Teeene) =y 3 ("5 e () - oz

= Per(C)
= |ng kk(C) ) (1 7@)‘5N(N—1)_%N<k>
N

- |ogz”<k>|og(<k>) 2IN-1)~ (k)T Tog (1 &)
1 1 1

- N|ogz+§<k>[|og(N/<k>)+1}+0(N )

— 0(0) ~log(2r) + 4 (k) log(N/ (k) + O(N"")



e The free energy

@ Saddle point equations
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Saddle-point equations

4 5 rm iwki—iP (0w
H </ dw; eiwikiii?(o.i,w,)> — Xilg(/I dwe PO ) o
- g

i -
N p(K) log( [T dw N TITT )y o 4 O(VN)

now
, I Ay NV[P.PIHO(VN) _ A
/vleoo P(B) = NlinooNIog /{dﬂ?dﬂ?} e = extryp 5, Vs [P.P]
wp 9 = iy / de P, w)P(o) + 3 plk) log { / )
o
o k -
+ %(k) > / dwdw’ P(o, w)P(o,w')e ") / dJ P(J)e?o9’
o,0'
extrema:
v A g a—iw / Y pJo O’
W =0 iPow) = (ke ;/dw P(o,w')e /dJ P(J)e

eiwk—if’(d’,w)

5y _

—~=0: Plo,w) = E k _
5P ( ; ) p( )Zo-/ f‘lr dw’ eiw’k*iT(O'l,wl)
A _
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@ new quantities and short-hands:

D(o) = /jdw Plo,w)e ™, Plo,¢) =ilkle (o), /dJ P(J)...=(...)y

new eqns: 7(0’ Z D BJO’ o">

jw(k—1)+(k)e ™"y (0)

Zp(k) Zo-/ fﬂ' dw e‘“’k+ k)e*i“"’y(o")

@ do w-integrals:

T . Ciw k)”y[(o) ™ ok —ewl
/dw elwk+<k>e e — E 7< / dw e«
|
- £>0 S -

23" <k>fzf(a) 5 { 2nlk(@)/k k>0

if k<0

£>0

(o oo’
D(o) = kz>op Wﬁ(k(;’) (o) = ZD(U (e by
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use saddle point egns:

lim ®(8) = extrys,Ws[P.P]

N— oo

= log(2n) — 5 (K} + 3 p(K)log(* (o)) + 3 p(K)logl(k)/k]

Jim_®(0) =log(2r) — 1 (k) + > Pt sl 7K1

© freeenergy:  gp _ IogZ—I— Jim lim ™" [0(5) — ©(0)]

lim Zp )log(*(o))or
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@ ensemble entropy:

S = &(0)—log(2r) + %(k) Iog(%) +O(N™"
- %<k> log(%) + %<k> + Zk:p(k) logp(k) +en (k) = e (k) /K1

entropy of ER ensemble dissimilarity p(k) vs B(k)

S = §< ylog(N/ (k Zp )log[p(k)/B(k)]
entropy of p(k)

— =Y _p(k)logp(k) + en
k
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e Replica symmetric theory
@ Replica symmetric solutions
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Replica symmetric solutions

D(o) invariant under all

permutations of {1,...,n} D(o) = /dh D(h)%
@ work out dhdJ D(h)P(J) Bhy,, o +BJO-O’
Wy ) = [ e 2
dhdJ D(h)P(J) +
/W I coshis(h+Jow)]

a=1
@ any F(o=41):

Flo)=a" : a=+/F()F(A), b=log/F(1)/F1)

cosh[B(h+Jo)] = v/cosh[B(h+J)] cosh[B(h—J)]ez? oolcosnlB(t)/ coshis (-]

@ any A, B:
% log[cosh(A+ B)/cosh(A— B)] = atanh[tanh(A) tanh(B)]
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/dh D(h \/COSh[ﬂ (h+J)] cosh[B(h— J)]} oatanhltanh(8h) tanh(8J)] 3., aa>

cosh(gh) J

@ let Cox = > 5 7 (), claim: limp_o Cox =1

_ v/cosh[3(h+J)] cosh[3(h—J)] atanh[tanh(8h) tanh(8J)] 3, oo
C"’k*/dhp( <[ cosh(3h) ] Ze N t >J

_ v/cosh[B(h+J)] cosh[3(h—J)]
- /dh D(h)<[ cosh(Bh)

(o

cosh (atanh[tanh(ﬁh) tanh(BJ)])] n>J

@ remaining eqn:

e Za Ta

/th " G cosn(aR) [ZCosh (B Zp(k C ¥ (o)
= \/cosh[B(he+Je)] cosh[B(he —Je)] 7
Zp( rom C / Hdhﬂ) (he)] <[H Sl }

z oo Yok atanh[tanh(ﬂh[)tanh(ﬁJ[)]>
Jy iy
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ﬁhzaaa
[ 4 ooz P =
e/ 7o k [2cosh(3h)
/d WZP(k)(k)T/[Hde hg)]

([T /eeeote o= N5 [ 1S acanbitann( ) tann( )]

L<k

Ji ..
L<k 1 k—1

after n — 0:
D(h) = Zp(k) / [Hdhm(h@)] <5[h—%Zatanh[tanh(ﬁm)tanh(ﬁJg)] >J ,
k>0 <k 1<k 1 dk—1
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e Replica symmetric theory

@ Interpretation of RS order parameter
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interpretation?

@ return to P(o,w):

P(o) = [ﬂdw Plo,w) = “To N'i“oo N Z IImo ( OEIH(S‘M"’:‘“>

hence
m = I|m NZ o)) = I|mZTP(a Zo&
g = Jim %ZO’,Z—llmZ?O’) = Zaadg

a#p=1

P(o) in terms of D(h):

J7dw etk (e (@) p(k) _«
Plo) = Zp(k) Yo ST, dw el (kemioy @)~ Cn, k ")
- [y,
1<k o
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result:

m= /dh D(h)tanh(gh), q= /dh D(h) tanh?(3h)

D(h) =" p(k) / [ [T dhe D(hg)] <5[h - %Z atanh[tanh(8he) tanh(ﬁJe)]) >J
k o<k <k

- Jk

Jyodkt

D=3 p(k)<—ll§> / [TTanon)] {s]h - %Za‘canh[tanh(ﬁh@) tanh(34;)] )

L<k

effective field distr:
D(h): for true graph
D(h): for cavity graph

typical form of order parameter egns
for locally tree-like graphs

alternative derivation via
belief propagation or cavity methods
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e Replica symmetric theory

@ Phase transitions
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Continuous phase transitions

o) = 3009 g [ [TLan(n)] (5[~ 53 avangann(on)ann(aan]),

k>0 o<k o<k okt
@ at T=8""=0c0: D(h)=4(h)

gives: D(h)=46(h), m=q=0

paramagnetic state,
is in fact a soln at any 3

@ bifurcations away from é(h):
expand eqns in width of D(h) D(h) = ¢ 'W(h/e), 0<e<it

bifurcating state always has
Jfdh P(h)H? >0

1st order bifurcation : d(h) — P(h) with / dh P(h)h #0

2nd order bifurcation : o(h) — P(h) with / dh P(h)h=10
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@ first order:

/th Jh= Zp(k) / [Hdhm(m)]< S atanhftanh(3h) tanh(5)),

Jiod
1’<k k=1

/ dx W(x)x 52 p(k) (’<‘ >1) / dx W(x )<atanh[tanh(5ex)tanh(ﬂJ)>

- (i 1)/d X W(x)x (tanh(8J))y + O(é2)

k>0

bifurcation of ferromagn state
with m, g # 0 at:

P—F: ((kz)/(k)—1)/dJ P(J)tanh(sJ) = 1
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@ second order:

/ dh D(h)H? = Zp(k) / [HdmZ ]<( Zatanh[tanh(,@hg)tanh(ﬂJg)) >J

odk—1
—_ _ — atan 2 €
¢ /dx W(x)x® = iz ;p <k>{(k 1)/dx W(x) < tanh?[tanh(3 x)tanh(ﬂJ)>J
+ (k=1)(k—2) / dx W( x)<atanh[tanh(ﬂex) tanh(ﬁJ)>Jr}
= p(k) k(k— 1)/d W(x)x?(tanh®(8J)), + O(%)

k>0

bifurcation of spin-glass state
with m =0, g # 0 at:

P—SG:  ((K*)/(k)— /dJP )tanh?(3J) = 1
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Phase diagrams

p(k) = o= ® (k) /K1 p(k) ~ k3¢

0.5

P(J) = 3(1+m)5(J—do) + 3(1—-1)3(J+b)
with Jp >0

solid lines: P — F, n ((k®)—(k))tanh(BJ) = 1
dashed line: P — SG, ((k*)—(k))tanh?(8dp) = 1
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Further steps

Graphs with controlled p(k) and controlled W(k, k')
Replica symmetry breaking

Dynamics of spins on tailored random graphs
Spins on ‘small world’ graphs

Fast spins and slowly evolving graphs

some references

L Viana and AJ Bray, J. Phys. C 18, 1985

R Monasson, J. Phys. A 31, 1998

B Wemmenhove and ACC Coolen, J. Phys. A 36, 2003
ACC Coolen and CJ Perez-Vicente, J. Phys. A 36, 2003

website
www.mth.kcl.ac.uk/~tcoolen
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