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Definition and basic properties

spectrum %(µ) of
N-node graph
c = {cij}:

µxi =
∑

j

cijxj , %(µ) =
1
N

N∑
k=1

δ[µ− µk ]

bounds:

−kmax ≤ µmin ≤ 〈k〉 ≤ µmax ≤ kmax

moments:∫
dµ µ%(µ) = 0,

∫
dµ µ

2%(µ) = 〈k〉,
∫

dµ µ`>2%(µ) =
1
N
Tr(c`)

Tr(c`) = nr of closed paths of length `

q-regular graphs:

−q ≤ µmin ≤ µmax = q,
∫

dµ µ`%(µ) ≤ q`−1
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spectra of protein
interaction networks
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spectra of periodic
cubic lattices
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N→∞ : %d+1(µ) =

∫ 1

0
dx %d(µ−2 cos(πx)), %1(µ) =

θ(2−|µ|)
π
√

4−µ2
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locally tree-like random graphs
p(c) ∝ δk,k(c)
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p(k) = δkq
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q=5

regular graphs (McKay ′81) : %(µ) = θ
[
2
√

q−1−|µ|
] q
√

4(q−1)−µ2

2π(q2−µ2)
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Formulae for spectra

formula A : %(µ) =
1

Nπ
lim
ε↓0

Im Tr (c− (µ+iε)1I)−1

formula B : %(µ) =
2

Nπ
lim
ε↓0

Im
∂

∂µ
log Z (µ+iε), Z (µ) =

∫
dφ e−

1
2 iφ·(c−µ1I)φ

use the following
representation of δ(z): δ(z) =

1
π

lim
ε↓0

Re

{∫
dx x2e−

1
2 (ε+iz)x2∫

dx e−
1
2 (ε+iz)x2

}

proof of B

2
Nπ

lim
ε↓0

Im
∂

∂µ
log Z (µ+ iε) =

2
Nπ

lim
ε↓0

Im
∂

∂µ
log
∫

dφ e−
1
2 iφ·[c−(µ+iε)1I]φ

=
2

Nπ
lim
ε↓0

Im
∂

∂µ
log
∏

i

∫
dx e−

1
2 ix

2(µi−µ−iε)

=
1

Nπ

∑
i

lim
ε↓0

Im
{
i

∫
dx x2e−

1
2 x2(ε+i(µi−µ))∫

dx e−
1
2 x2(ε+i(µi−µ))

}
=

1
N

∑
i

δ(µi−µ) = %(µ)
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next we use

logdetA = Tr log A,
∂

∂µ
log(A + µ1I) = (A + µ1I)−1

proof of A

2
Nπ

lim
ε↓0

Im
∂

∂µ
log Z (µ+iε) =

2
Nπ

lim
ε↓0

Im
∂

∂µ
log
∫

dφ e−
1
2 iφ·[c−(µ+iε)1I]φ

=
2

Nπ
lim
ε↓0

Im
∂

∂µ
log

 (2π)N/2√
det
(
ε1I+ i(c−µ1I)

)


= − 1
Nπ

lim
ε↓0

Im
∂

∂µ
logdet

(
ε1I+ i(c−µ1I)

)
= − 1

Nπ
lim
ε↓0

Im Tr
∂

∂µ
log
(
ε1I+ i(c−µ1I)

)
=

1
Nπ

lim
ε↓0

Im
{
iTr
(
ε1I+ i(c−µ1I)

)−1
}

=
1

Nπ
lim
ε↓0

Im Tr
(
c− (µ+iε)1I

)−1
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