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Tailoring random graph ensembles

Motivation:
stat mechanics of process on complex network c?,
use random graph c as proxy

max entropy ensemble ΩL, constrained
by values of ω1(c) . . . ωL(c)

hard constraints : p(c) ∝
∏
`≤L

δω`(c),ω`(c?)

soft constraints : p(c) ∝ e
∑L
`=1 ω̂`ω`(c), 〈ω`(c)〉 = ω`(c?) ∀`

approximate process on c?:

average generating function
of process over graphs in ΩL

larger L→ better approxim

'

&

$

%

all graphs'

&

$

%

ω1(c) =ω1(c?)'
&

$
%

ω2(c) =ω2(c?)�
�
�
�ω3(c) =ω3(c?)

• c?
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which observables
ω(c) = {ω1(c), . . . , ωL(c)}

should our graphs inherit from c??

e.g. spin system on nodes of graph c,
Hamiltonian H(σ) = −

∑
i<j cijJijσiσj

statics, replica method:

e−β
∑n
α=1 H(σα) =

∑
c δω,ω(c)e

∑
i<j cij Kij∑

c δω,ω(c)
, Kij = βJij

n∑
α=1

σαi σ
α
j

dynamics, GFA:

e−i
∑

it ĥi (t)
∑

j cij Jijσj (t) =

∑
c δω,ω(c)e

∑
i<j cij Kij∑

c δω,ω(c)
, Kij = −iJij

∑
t

[ĥi (t)σj (t)+ĥj (t)σi (t)]

in both cases
to do analytically:

∑
c

δω,ω(c)︸ ︷︷ ︸
hard

e
∑

i<j cij Kij︸ ︷︷ ︸
easy boils down to: can we

calculate ensemble entropy?
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Shannon entropy per node

constraint:
〈k〉

S =
1
2
〈k〉[1+log(

N
〈k〉 )] + . . . (Erdös-Rényi)

constraints:
p(k)=〈 1

N

∑
iδk,ki (c)〉

S =
1
2
〈k〉[1+log(

N
〈k〉 )]−

∑
k

p(k) log[
p(k)

p̃(k)
] + . . .

p̃(k) = e−〈k〉〈k〉k/k !

constraints:
k(c) = k

S =
1
2
〈k〉[1+log(

N
〈k〉 )]−

∑
k

p(k) log[
p(k)

p̃(k)
]

+
∑

k

p(k) log p(k) + . . .

constraints:
k(c) = k

W (k , k ′)= 1
〈k〉N

∑
ijcijδk,ki (c)δk′,kj (c)

S =
1
2
〈k〉[1+log(

N
〈k〉 )] +

∑
k

p(k) log p̃(k)

−1
2
〈k〉
∑
k,k′

W (k , k ′) log
[ W (k , k ′)

W (k)W (k ′)

]
+ . . .
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Ising spin models on ΩA: correct 〈k〉
tailored random graphs ΩB : correct p(k)

ΩC : correct p(k) and W (k , k ′)yardstick: transition temperature Tc

c? = d-dim cubic lattice
p(k) = δk,2d

0
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ΩA ΩB ΩC

Tc(d)

Tc (1) = 0

Tc (2) = 2/log(1+
√

2)

Tc (3)≈4.512

Tc (4)≈6.687

c? = ‘small world’ lattice
p(k≥2) = e−qqk−2/(k−2)!

0

1

2

3

4

5

6

ΩA ΩB ΩC

Tc(q)

Tc (0) = 0

Tc (1) = 2/log(1+
√
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Tc (2) = 2/log( 3
4 + 1

4
√

17)

Tc (3) = 2/log( 2
3 + 1

3
√

7)
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transition temperatures Tc

degrees 4-loops d =1 d =2 d =3 d =4

random, 〈k〉=2d 1.820 3.915 5.944 7.958
random, p(k)=δk,2d X 0 2.885 4.933 6.952
hypercubic Bethe X X 0 2.771 4.839 6.879

true cubic lattice X X 0 2.269 4.511 6.680

hypercubic Bethe lattice:
‘tree of hypercubes’

– correct local degrees
– geometric (non-random)
– finite nr of short loops per site
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The problem

biological networks,
physical lattices,
communication networks,
distribution networks,
socio-ecomomic networks, ....
→ sparse graphs,
→ many short loops

1
N Tr(c

3)

0

5

10

15

0 100000 200000 300000

randomisation with conserved {p,W}

human protein
interaction network

←

max entropy graph ensembles
with prescribed p(k),W (k , k ′):
→ sparse graphs,
→ locally tree-like

realistic tailoring of graphs requires
adding ω(c) that enforces short loops

available analysis methods,
e.g. replicas, GFA, cavity, belief propagation ...
work only for locally tree-like graphs

exceptions:
cubic lattices d<3

spherical models
recent immune networks
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Immune model
of Agliari and Barra

B-clones {bµ}, T-clones {σi} and cytokines {ξµi }
map to model with effective T-T interactions

H = −
∑
i<j

Jijσiσj , Jij =
αN∑
µ=1

ξµi ξ
µ
j , p(ξµi ) =

c
2N
[
δξµi ,1

+ δξµi ,−1

]
+ (1− c

N
)δξµi ,0

αc2 < 1 αc2 = 1 αc2 > 1
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Exactly solvable
in spite of short loops ...

[Agliari, Annibale, Barra,
ACCC, Tantari, 2013]

0 0.5 1 1.5 2 2.5 30

0.5

1

1.5

2

2.5

c = 2

c = 1

c = 3

c = 4

αc2

T

clonal cross-talk

no clonal cross-talk

here: J = ξ†ξ
ξ: sparse p×N matrix with iid entries

map to model with spins + Gaussian fields,
on tree-like bipartite graph ξ

∑
σ

eβ
∑

i<j Jijσiσj =

∫
dz

(2π)p/2

∑
σ

e
√
β
∑
µi zµξµiσi− 1

2
∑
µ z2

µ

is a special case!
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Loopy random graph ensembles

Simplest loopy ensemble

control average degree 〈k〉
and density of triangles 〈m〉
(Strauss ’86, Jonasson ’99)

p(c) ∝ eu
∑

ij cij +v
∑

ijk cij cjk cki

to calculate:

〈k〉 =
〈 1

N

∑
ij

cij
〉
, 〈m〉 =

〈 1
N

∑
ijk

cijcjk cki
〉
, S = − 1

N

∑
c

p(c) log p(c)

generating function:

φ(u, v) =
1
N

log
∑

c

eu
∑

ij cij +v
∑

ijk cij cjk cki

〈k〉 = ∂φ/∂u
〈m〉 = ∂φ/∂v
S = φ− u〈k〉 − v〈m〉

challenge:
sum over graphs ...
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Early results
ensemble:

p(c) ∝ eu
∑

ij cij +v
∑

ijk cij cjk cki

Strauss ’86
— simulations
— triangles ‘clump together’

Jonasson ’99
— u =− 1

2α log N + . . .
— phase transition, vc = α

2N log N + . . .

Burda et al ’04

— u = − 1
2 log N + . . .

— perturbation theory in v :
formula for nr of triangles, vc = O(log N) . . .

Park & Newman ’05

— u = O(1) so 〈k〉=O(N)
— mean-field approx:

p(c)→ eu
∑

ij cij +v
∑

ijk cij 〈cjk cki 〉, eqns for m =〈cij〉, q =〈cik ckj〉
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Generalisation ...

control closed paths
of all lengths p(c) ∝ e

u
∑

ij cij +
∑
`≥3 v`

∑
i1...i`

ci1 i2
ci2 i3

...ci` i1

generating function:
use cij = cijcji

φ({v`}) =
1
N

log
∑

c

eu Tr(c2) +
∑
`≥3 v`Tr(c`)

〈k〉 = ∂φ/∂u

〈m`〉 = 1
N

〈
Tr(c`)

〉
= ∂φ/∂v`

S = φ−u〈k〉−
∑
`≥3 v`〈m`〉

since Tr(c`) = N
∫
dµ µ`%(µ|c):

control eigenvalue spectrum %(µ) p(c) ∝ eN
∫
dµ %̂(µ)%(µ|c)

generating function:

φ[%̂] =
1
N

log
∑

c

eN
∫

dµ %̂(µ)%(µ|c)
%(µ) = δφ/δ%̂(µ)

S = φ−
∫
dµ %̂(µ)%(µ)
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Some interesting questions '

&

$

%

〈k〉= . . .'

&

$

%

(k1, . . . , kN)= . . .�
�

�
�

%(µ)= . . .

How informative are spectra of finitely connected graphs?

How many non-isomorphic graphs are there with
given degrees (k1, . . . , kN) and a given spectrum %(µ)?

How similar are processes running on non-isomorphic graphs with
the same degrees (k1, . . . , kN) and the same spectrum %(µ)?

(spherical spins: free energies identical!)
(high T expansion: only closed path stats relevant)

ACC Coolen, King’s College London 16 / 63



spectra of protein
interaction networks

0.0

0.5

1.0

-5 -3 -1 1 3 5

Ara. thaliana
N=427

 0

 0.5

 1

-5 -3 -1  1  3  5

Mus. musculus
N=907

 0

 0.5

 1

-5 -3 -1  1  3  5

Sch. Pombe
N=1114

 0

 0.5

 1

-5 -3 -1  1  3  5

Pla. falciparum
N=1272

 0

 0.5

 1

-5 -3 -1  1  3  5

Cam. jejuni
N=1325

 0

 0.5

 1

-5 -3 -1  1  3  5

Esc. coli
N=2457

 0

 0.5

 1

-5 -3 -1  1  3  5

Cae. elegans
N=2528

 0

 0.5

 1

-5 -3 -1  1  3  5

Sac. cerevisiae
N=3241

 0

 0.5

 1

-5 -3 -1  1  3  5

Dro. melanogaster
N=7286

 0

 0.5

 1

-5 -3 -1  1  3  5

H. sapiens
N=9463

ACC Coolen, King’s College London 17 / 63



spectra of periodic
cubic lattices
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N→∞ : %d+1(µ) =

∫ 1

0
dx %d (µ−2 cos(πx)), %1(µ) =

θ(2−|µ|)
π
√

4−µ2
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co-spectral graphs DS graphs
identical nr of edges and determined fully by their spectrum
closed paths of any length (modulo isomorphisms)

examples of non-DS pairs

N =5: one pair N = 6: five pairs

N = 10: regular example pair N = 13: example of co-spectral trees
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↑ ↑
size non-DS fraction

N<5: all graphs are DS

N =5, 6: some non-DS,
but different degrees

almost all trees are non-DS

N→∞ expectation:
nearly all graphs are DS

(Schwenk ’73,
Van Dam & Haemers ’02)

Open questions

what happens if we

restrict ourselves to sparse graphs?

prescribe spectrum and degree sequence ?
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New analytical route

graph ensemble : p(c) = Z−1[%̂] eN
∫

dµ %̂(µ)%(µ|c)
∏

i

δki ,
∑

j cij

generating function : Φ[%̂] =
1
N

log
∑

c

eN
∫

dµ %̂(µ)%(µ|c)
∏

i

δki ,
∑

j cij

%(µ) = δΦ[%̂]/δ%̂(µ), S = Φ[%̂]−
∫

dµ %̂(µ)%(µ)

derive
Φ[%̂] = lim

ε,∆↓0

1
N

log
∑

c

[∏
i

δki ,
∑

j cij

]
×

lim
nµ→ i∆

π
d
dµ
%̂(µ)

lim
mµ→−nµ

∏
µ

[
Z (µ+iε|c)nµ Z (µ+iε|c)

mµ
]

Z (µ|c) =

∫
IRN

dφ e−
1
2 iφ·[c−µ1I]φ

replica method, steepest descent for N→∞,
analytical continuation to imaginary (nµ,mµ), limits ε,∆↓0

replica symmetry, bifurcation analysis,
phase transitions and entropy, RSB
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Origin of the core identity

spectral ensemble constraints,
use Edwards-Jones (’76):

%(µ|c) =
2

Nπ
lim
ε↓0

Im
∂

∂µ
log Z (µ+iε|c), Z (µ|c) =

∫
IRN

dφ e−
1
2 iφ·[c−µ1I]φ

insert into Φ[%̂],
integrate by parts,
discretise integral,

eN
∫
dµ %̂(µ)%(µ|c) = eN

∫
dµ %̂(µ) 2

Nπ limε↓0 Im
∂
∂µ log Z (µ+iε|c)

= lim
ε,∆↓0

∏
µ

e−2Im log Z (µ+iε|c). ∆
π

d
dµ %̂(µ)

e−2 Im log z = z i.z −i

Φ[%̂] = lim
ε,∆↓0

1
N

log
∑

c

[∏
i

δki ,
∑

j cij

]∏
µ

[
Z (µ+iε|c)i Z (µ+iε|c)

−i
]∆
π

d
dµ
%̂(µ)

ACC Coolen, King’s College London 23 / 63



Flavours of the replica method
the replica dimension n ...

n→0: Kac (’68), Sherrington, Kirkpatrick (’75), Parisi (’79)
stat mech of disordered spin systems

log Z = lim
n→0

1
n

log Z n

n∈ IR, >0: Sherrington (’80), ACCC, Penney, Sherrington (’93)
‘slow’ dynamics of parameters in ‘fast’ spin system
(partial annealing, n = T/T ′)

n∈ IR, <0: Dotsenko, Franz, Mezard (’94)
slow dynamics evolves to maximise free energy of fast system

many applications of finite n replica method,
to heterogeneous many-variable systems here: n /∈ IR ...
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Replica analysis of generating function

graph
ensemble:

p(c) = Z−1[%̂] eN
∫

dµ %̂(µ)%(µ|c)
∏

i

δki ,
∑

j cij

graphicality :

∫
dµ µ%(µ|c) = 0,

∫
dµ µ2%(µ|c) = 〈k〉

generating
function:

Φ[%̂] =
1
N

log
∑

c

eN
∫

dµ %̂(µ)%(µ|c)
∏

i

δki ,
∑

j cij

%(µ) = δΦ[%̂]/δ%̂(µ), S = Φ[%̂]−
∫

dµ %̂(µ)ρ(µ)

%(µ) prescribed : %̂(µ) to be solved ...

%̂(µ) =
∑
`

v`µ` : formula for resulting %(µ) ...

transform to
average over
ER ensemble,
use core identity:

Φ[%̂] =
1
2
〈k〉
[

log
( N
〈k〉
)

+1
]

+O(
1
N

)

+ lim
∆,ε↓0

lim
nµ→ i∆

π
d
dµ
%̂(µ)

lim
mµ→−nµ

1
N

log
∫ π

−π

[∏
i

dωi

2π
eikiωi

]
×
〈
e−i

∑
i<j cij (ωi +ωj )

∏
µ

[
Z (µ+iε|c)nµ Z (µ+iε|c)

mµ
]〉

ER
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integer {nµ,mµ}:∏
µ

[
Z (µ+iε|c)nµ Z (µ+iε|c)

mµ
]

=

∏
µ

{[ nµ∏
αµ=1

∫
IRN

dφµ,αµe
− 1

2 (ε−iµ)φ2
µ,αµ

][ mµ∏
βµ=1

∫
IRN

dψµ,βµe
− 1

2 (ε+iµ)ψ2
µ,βµ

]}
×ei

∑
i<j cij

∑
µ

[∑mµ
βµ=1 ψ

i
µ,βµ

ψ
j
µ,βµ

−
∑nµ
αµ=1 φ

i
µ,αµ

φj
µ,αµ

]
average over c:

Φ[%̂] =
1
2
〈k〉 log

( N
〈k〉
)

+O(
1
N

) + lim
∆,ε↓0

lim
nµ→ i∆

π
d
dµ
%̂(µ)

lim
mµ→−nµ

1
N

log
{∏

i

(∫ π

−π

dωi

2π
eikiωi

∫
dφidψie−

1
2φ

i ·(ε1I−iM)φi− 1
2ψ

i ·(ε1I+iM)ψ i)
×e
〈k〉
2N

∑
ij e
−i(ωi +ωj )+i(ψ i

·ψ j
−φi

·φj
)}

notation:

φi ={φi
µ,αµ}, φi·φj =

∑
µ

nµ∑
αµ=1

φi
µ,αµφ

j
µ,αµ , ψi ={ψi

µ,βµ}, ψi·ψj =
∑
µ

mµ∑
βµ=1

ψi
µ,βµψ

j
µ,βµ

M : matrix with entries Mµ,α;µ′,α′ = µδµµ′δαα′

ACC Coolen, King’s College London 27 / 63



Steepest decent form

order parameter:

P(φ,ψ, ω) =
1
N

∑
i

δ(φ−φi )δ(ψ−ψi )δ(ω−ωi )
]

leads to path integral
representation:

Φ[%̂] =
1
2
〈k〉 log

( N
〈k〉
)

+O(
1
N

)

+ lim
∆,ε↓0

lim
nµ→ i∆

π
d
dµ
%̂(µ)

lim
mµ→−nµ

1
N

log
∫
{dPdP̂} eN

[
Ψ[P,P̂]+εN

]
with

Ψ[P, P̂] = i

∫
dφdψdω P̂(φ,ψ, ω)P(φ,ψ, ω)

+
1
2
〈k〉
∫

dφdψdωdφ′dψ′dω′ P(φ,ψ, ω)P(φ′,ψ′, ω′)e−i(ω+ω′)+i(ψ·ψ′−φ·φ′)

+
∑

k

p(k) log
∫ π

−π

dω

2π
eikω

∫
dφdψ e−

1
2φ·(ε1I−iM)φ− 1

2ψ·(ε1I+iM)ψ−iP̂(φ,ψ,ω)

φ={φµ,αµ}, ψ={ψµ,βµ}
limN→∞ εN = 0
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work out saddle point eqns for {P, P̂}:

Φ[%̂] =
1
2
〈k〉
[

log
( N
〈k〉
)

+1
]

+
∑

k

p(k) log p̃(k) + εN

+ lim
∆,ε↓0

lim
nµ→ i∆

π
d
dµ
%̂(µ)

lim
mµ→−nµ

∑
k

p(k) log
∫

dφdψ e−
1
2φ·(ε1I−iM)φ− 1

2ψ·(ε1I+iM)ψ

×
[ ∫

dφ′dψ′ W(φ′,ψ′)ei(ψ·ψ′−φ·φ′)
]k

W(φ,ψ) solved from

W(φ,ψ) =
∑

k

k
〈k〉p(k)

×
e−

1
2φ·(ε1I−iM)φ− 1

2ψ·(ε1I+iM)ψ
[ ∫

dφ′dψ′ W(φ′,ψ′)ei(ψ·ψ′−φ·φ′)
]k−1

∫
dφ′′dψ′′e−

1
2φ
′′·(ε1I−iM)φ′′− 1

2ψ
′′·(ε1I+iM)ψ′′

[ ∫
dφ′dψ′ W(φ′,ψ′)ei(ψ′′·ψ′−φ′′·φ′)

]k

next:
– ansatz for W(φ,ψ)
– take limits mµ → −nµ and nµ → i∆

π
d

dµ
%̂(µ)

– take limits ∆, ε ↓ 0
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Replica symmetry ansatz

W(φ,ψ) symmetric under all permutations
of {φµ,1, . . . , φµ,nµ} and {ψµ,1, . . . , ψµ,mµ}

De Finetti:

W(φ,ψ) = C

∫
{dπ}W[{π}]

[∏
µ

nµ∏
αµ=1

π(φµ,αµ |µ)
][∏

µ

mµ∏
βµ=1

π(ψµ,βµ |µ)
]

W[{π}]:
measure on the space of conditioned distributions π(x |µ)∫
{dπ}W[{π}] = 1,

W[{π}] > 0 only if
∫
dx π(x |µ) = 1

– insert ansatz into saddle-point eqn
– derive closed eqns for C and W[{π}]
– insert into generation function Φ[%̂]
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closed eqns:

W[{π}] =
1
C2

∑
k>0

p(k)
k
〈k〉

×

[∏
`<k

∫
{dπ`}W[{π`}]

]
A[{π1, . . . , πk−1}]δF

[
π(.|µ)− π(.|µ, π1, . . . , πk−1)

]
[∏

`≤k

∫
{dπ`}W[{π`}]

]
A[{π1, . . . , πk}]

with

π(φ|µ, π1, . . . , πk ) =
e−

1
2 (ε−iµ)φ2 ∏

`≤k π̂`(φ|µ)∫
dx e−

1
2 (ε−iµ)x2 ∏

`≤k π̂`(x |µ)

A[{π1, . . . , πk}] =
∏
µ

[( ∫
dx e−

1
2 (ε−iµ)x2 ∏

`≤k

π̂`(x |µ)
)nµ

×
(∫

dx e−
1
2 (ε−iµ)x2

∏
`≤k

π̂`(x |µ)
)mµ]

π̂(φ|µ) =
∫
dx e−ixφ π(x |µ),

normalisation constant

C
2 =

∑
k>0

p(k)
k
〈k〉

[∏
`<k

∫
{dπ`}W[{π`}]

]
A[{π1, . . . , πk−1}][∏

`≤k

∫
{dπ`}W[{π`}]

]
A[{π1, . . . , πk}]
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Exploiting the nature of the propagation

order parameter eqn for W[{π}] describes stationary state of
stochastic propagation of complex conditioned distributions:

π(φ|µ) → π(φ|µ, π1, . . . , πk−1) =
e−

1
2 (ε−iµ)φ2 ∏

`≤k π̂`(φ|µ)∫
dx e−

1
2 (ε−iµ)x2 ∏

`≤k π̂`(x |µ)

propagation shape-preserving
for π(φ|µ) of the form π(φ|x , u) =

e−
1
2 ixφ2+iuφ

( 2π
ix )

1
2 e

1
2 iu2/x

x(µ), u(µ): complex functions on IR,
Im x(µ) < 0 for all µ ∈ IR

π(φ|µ, π1, . . . , πk−1) = π(φ|x ′(µ), u′(µ))

x ′(µ) = −iε− µ−
∑
`<k

1
x`(µ)

, u′(µ) = −
∑
`<k

u`(µ)

x`(µ)

If Imx`(µ) < 0: also Imx ′(µ) < 0,
for ε→ 0: x(µ) ∈ IR
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work out math details,
define u(µ) = y(µ) + iz(µ),
so x(µ), y(µ), z(µ) all real-valued

A[{x , y , z}]: induced by the loops

W[{x , y , z}] =
1
C2

∑
k>0

p(k)
k
〈k〉

A[{x , y , z}]Fk−1[{x , y , z}]∫
{dx ′dy ′dz′}A[{x ′, y ′, z′}]Fk [{x ′, y ′, z′}]

C
2 =

∑
k>0

p(k)
k
〈k〉

∫
{dxdydz}A[{x , y , z}]Fk−1[{x , y , z}]∫
{dxdydz}A[{x , y , z}]Fk [{x , y , z}]

with

Fk [{x , y , z}] =
[∏
`≤k

∫
{dx`dy`dz`}W[{x`, y`, z`}]

]
δF

 x − F [x1, . . . , xk ]
y −G[x1, y1, . . . , xk , yk ]
z −G[x1, z1, . . . , xk , zk ]


F [µ|x1, . . . , xk−1] = −µ−

∑
`<k

1/x`(µ)

G[µ|x1, y1, . . . , xk−1, yk−1] = −
∑
`<k

y`(µ)/x`(µ)

A[{x , y , z}] = e
−

∫
dµ %̂(µ) d

dµ

{
1
2 sgn
[

x(µ)
]
− 1
π

y2(µ)−z2(µ)
x(µ)

}
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Equation for the spectrum

Evaluate and differentiate
generating function Φ[%̂]:

%(µ) = − d

dµ

{∑
k

p(k)

∫
{dxdydz} A[{x , y , z}]Fk [{x , y , z}]

[
1
2 sgn

[
x(µ)

]
− y2(µ)−z2(µ)

πx(µ)

]
∫
{dxdydz} A[{x , y , z}]Fk [{x , y , z}]

+
1
2
〈k〉C2

∫
{dxdydzdx ′dy ′dz′}W[{x , y , z}]W[{x ′, y ′, z′}]B[{x , y , z}, {x ′, y ′, z′}]

×
[
θ[x(µ)x ′(µ)]θ[1−x(µ)x ′(µ)]sgn[x(µ)+x ′(µ)]

+
1
π

[y ′2(µ)−z′2(µ)]/x ′(µ)+[y2(µ)−z2(µ)]/x(µ)−2[y(µ)y ′(µ)−z(µ)z′(µ)]

x(µ)x ′(µ)− 1

]}
with

B[{x , y , z}, {x ′, y ′, z′}] = e

∫
dµ %̂(µ) d

dµ

{
θ[x(µ)x′(µ)]θ[1−x(µ)x′(µ)]sgn[x(µ)+x′(µ)]

}
×e

1
π

∫
dµ %̂(µ) d

dµ

{
[y′2(µ)−z′2(µ)]/x′(µ)+[y2(µ)−z2(µ)]/x(µ)−2[y(µ)y′(µ)−z(µ)z′(µ)]

x(µ)x′(µ)−1

}
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Further symmetries and bifurcations

reflections in imaginary and real axis of
centres of propagated functions π(φ|x , y , z)

W[{x , y , z}]→W[{x ,−y , z}], W[{x , y , z}]→W[{x , y ,−z}]

Strongly invariant saddle-point:
W[{x , y , z}] = W[{x}]δ[{y}]δ[{z}]

W[{x}] =
1
C2

∑
k>0

p(k)
k
〈k〉

A[{x}]Fk−1[{x}]∫
{dx ′}A[{x ′}]Fk [{x}]

C
2 =

∑
k>0

p(k)
k
〈k〉

∫
{dx}A[{x}]Fk−1[{x}]∫
{dx}A[{x}]Fk [{x}]

with

Fk [{x}] =
[∏
`≤k

∫
{dx`}W[{x`}]

]
δF
[
x − F [x1, . . . , xk ]

]
A[{x}] = e

− 1
2
∫

dµ %̂(µ) d
dµ

sgn[x(µ)]

B[{x}, {x ′}] = e
∫

dµ %̂(µ) d
dµ

[
θ[x(µ)x′(µ)]θ[1−x(µ)x′(µ)]sgn[x(µ)+x′(µ)]

]
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symmetry-breaking transitions

W[{x}]δ[{y}]δ[{z}] → W[{x , y , z}] 6= W[{x}]δ[{y}]δ[{z}]

continuous bifurcations located via
functional moment (Guzai) expansion:

type I:
∫
{dydz}W[{y , z|x}]y 6= 0 or

∫
{dydz}W[{y , z|x}]z 6= 0

∃ nontrivial soln of

f (µ|{x}) = −
∫
{dx ′′}W[{x ′′}] f (µ|{x ′′})

x ′′(µ)

∑
k>1 p(k)k(k−1)

Fk−2[{x+1/x′′}]∫
{dx′} A[{x′}]Fk [{x′}]∑

k>0 p(k)k Fk−1[{x}]∫
{dx′}A[{x′}]Fk [{x′}]

type II:
∫
{dydz}W[{y , z|x}]y =

∫
{dydz}W[{y , z|x}]z = 0

∃ nontrivial soln of

f (µ, ν|{x}) =

∫
{dx ′′}W[{x ′′}] f (µ, ν|{x ′′})

x ′′(µ)x ′′(ν)

∑
k>0 p(k)k(k−1)

Fk−2[{x+1/x′′}]∫
{dx′}A[{x′}]Fk [{x′}]∑

k>0 p(k)k Fk−1[{x}]∫
{dx′}A[{x′}]Fk [{x′}]
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Limit of locally tree-like graphs

%̂(µ)→ 0 for all µ: p(c) ∝
∏

i δki ,
∑

j cij

A[{x , y , z}] = B[{x , y , z}, {x ′, y ′, z′}] = C = 1

entropy per node?

S =
1
2
〈k〉
[

log
( N
〈k〉
)

+1
]

+
∑

k

p(k) log p̃(k) + εN X

spectra %(µ)?

simplest form W[{x , y , z}] = W[{x}]δ[{y}]δ[{z}]:

W[{x}] =
∑
k>0

p(k)
k
〈k〉

[∏
`<k

∫
{dx`}W[{x`}]

]
δF
[
x−F [x1, . . . , xk−1]

]
%(µ) = − d

dµ

{1
2

∑
k

p(k)

∫
{dx}Fk [{x}]sgn

[
x(µ)

]]
+

1
2
〈k〉
∫
{dxdx ′}W[{x}]W[{x ′}] θ[x(µ)x ′(µ)]θ[1−x(µ)x ′(µ)]sgn[x(µ)+x ′(µ)]

}
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Regular locally tree-like graphs

W[{x}] =
[∏
`<k

∫
{dx`}W[{x`}]

]
δF
[
x−F [x1, . . . , xk−1]

]
W[{x}] =

∏
µ

W(x(µ)|µ), W(x |µ) =
[∏
`<k

∫
dx`W(x`|µ)

]
δ
[
x +µ+

∑
`<k

1
x`

]

k = 1:
W(x |µ) = δ(x + µ), %(µ) =

1
2
δ(µ−1) +

1
2
δ(µ+1) X

k ≥ 2:

|µ| < 2
√

k−1 : W(x |µ) =
1
π

√
k−1− 1

4µ
2

(x + 1
2µ)2 + k−1− 1

4µ
2

|µ| > 2
√

k−1 : W(x |µ) = δ
[
x +

1
2
µ+

1
2
µ
√

1−4(k−1)/µ2
]

gives McKay’s ’81 formula:

%(µ) = θ
[
2
√

k−1−|µ|
] k
√

4(k−1)−µ2

2π(k2−µ2)
X
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Order parameter equations of
Rodgers-Bray and Dorogovtsev et al

Present order par eqn:

W(x |µ) =
∑
k>0

p(k)
k
〈k〉

[∏
`<k

∫
dx` W(x`|µ)

]
δ
[
x +µ+

∑
`<k

1
x`

]
(1)

short-hands

Φ(u) =
∑
k>0

p(k)(k/〈k〉)uk−1 G(z|µ) =

∫
dt W(t |µ)eiz/t

gives:

G(z|µ) =

∫
dy eiyµ Φ

(
G(y |µ)

)
λ(y , z) λ(y , z) =

∫
dx
2π

ei(z/x+yx)

integral:

λ(y , z) = δ(y)− θ(y)

√
z√
y

J1(2
√

yz)

result:

G(z|µ) = 1−
√

z
∫ ∞

0

dy√
y

eiyµ Φ
(
G(y |µ)

)
J1(2
√

yz) X
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Poissonnian locally tree-like graphs
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Interpretation and solution of eqns

loopy graph ensembles

W[{x , y , z}] =

∑
k>0 p(k) k

〈k〉
A[{x,y,z}]Fk−1[{x,y,z}]∫

{dx′dy ′dz′}A[{x′,y ′,z′}]Fk [{x′,y ′,z′}]∑
k>0 p(k) k

〈k〉

∫
{dx′dy ′dz′}A[{x′,y ′,z′}]Fk−1[{x′,y ′,z′}]∫
{dx′dy ′dz′}A[{x′,y ′,z′}]Fk [{x′,y ′,z′}]

Fk [{x , y , z}] =
[∏
`≤k

∫
{dx`dy`dz`}W[{x`, y`, z`}]

]
δF

 x − F [x1, . . . , xk ]
y −G[x1, y1, . . . , xk , yk ]
z −G[x1, z1, . . . , xk , zk ]



tree-like limit:
%̂(µ)→ 0:
A[{x , y , z}]→ 1

W[{x , y , z}] =
∑
k>0

p(k)
k
〈k〉Fk−1[{x , y , z}]

structure of message-passing algorithms,
e.g. belief propagation, cavity method

meaning of A[{x , y , z}] 6= 1?
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define stochastic
message passing process:

(i) Draw degree k at random with probability P(k) = p(k)k/〈k〉
(iii) Draw new state {x ′, y ′, z′} at random according to Fk−1[{x ′, y ′, z′}]
(iii) Accept {x ′, y ′, z′} with probability P[{x ′, y ′, z′}|k ],

otherwise stay at {x , y , z}
(iv) Return to (i)

with

Fk−1[{x , y , z}] =
[∏
`<k

∫
{dx`dy`dz`}W[{x`, y`, z`}]

]
δF

 x − F [x1, . . . , xk ]
y −G[x1, y1, . . . , xk , yk ]
z −G[x1, z1, . . . , xk , zk ]



posterior measure W′[{x , y , z}] after one iteration:

W
′[{x , y , z}] =

∑
k

p(k)
k
〈k〉P[{x , y , z}|k ]Fk−1[{x , y , z}]

+ W[{x , y , z}]
[
1−
∑

k

p(k)
k
〈k〉

∫
{dx ′dy ′dz′}P[{x ′, y ′, z′}|k ]Fk−1[{x ′, y ′, z′}]

]
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invariant measure:

W[{x , y , z}] =

∑
k p(k) k

〈k〉P[{x , y , z}|k ]Fk−1[{x , y , z}]∑
k p(k) k

〈k〉

∫
{dx ′dy ′dz′}P[{x ′, y ′, z′}|k ]Fk−1[{x ′, y ′, z′}]

comparison with
present RS theory:

order parameter equation
=

stationarity condition for process of the above form
with move acceptance probabilities

P[{x , y , z}|k ] ∝ A[{x,y,z}]∫
{dx′dy′dz′}A[{x′,y′,z′}]Fk [{x′,y′,z′}]

tells us how to solve eqn via population dynamics algorithm

standard (tree-like) belief propagation: A[{x , y , z}] = 1, accept all moves

correct loopy belief propagation: nontrivial message acceptance probs
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Regular loopy graphs
simplest soln:

W[{x , y , z}] = W[{x}]δ[{y}]δ[{z}], W[{x}] =
A[{x}]Fk−1[{x}]∫

{dx ′}A[{x ′}]Fk−1[{x ′}]

spectrum:

%(µ) = −C2

2
d

dµ

∫
{dxdx ′}W[{x}]W[{x ′}]B[{x}, {x ′}]

×
{
θ[x(µ)x ′(µ)]sgn

[
x(µ)+x ′(µ)]

[
1 + (k−2)θ[1−x(µ)x ′(µ)]

]}
with

C
2 =

∫
{dx}A[{x}]Fk−1[{x}]∫
{dx}A[{x}]Fk [{x}]

, Fk [{x}] =
[∏
`≤k

∫
{dx`}W[{x`}]

]
δF
[
x−F [x1, . . . , xk ]

]
A[{x}] = e

− 1
2
∫

dµ %̂(µ) d
dµ

sgn[x(µ)]

B[{x}, {x ′}] = e
∫

dµ %̂(µ) d
dµ

[
θ[x(µ)x′(µ)]θ[1−x(µ)x′(µ)]sgn[x(µ)+x′(µ)]

]
can also be written in terms

of marginal distributions W(x |µ)
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for each µ ∈ IR:

W(x) =
eΛ sgn(x)F(x)∫

dx ′ eΛ sgn(x′)F(x ′)
F(x) =

∫ ∏
`<k

[
dx` W(x`)

]
δ
[
x + µ+

∑
`<k

1
x`

]

|µ| > 2
√

k−1: W(x) = δ
[
x +

1
2
µ+

1
2
µ
√

1−4(k−1)/µ2
]

|µ| < 2
√

k−1, Λ = 0: W(x) =
1
π

√
k−1− 1

4µ
2

(x + 1
2µ)2 + k−1− 1

4µ
2

k = 2: W(x) =
1
Z

eΛ sgn(x)

(x +µ)2 W(
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control triangles : p(c) ∝ eαTr(c3)
∏

i

δ3,
∑

j cij
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control squares : p(c) ∝ eαTr(c4)
∏

i

δ3,
∑

j cij
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Ising models on loopy graphs

Hamiltonian and
free energy density
for interacting
spins on graph c:

H(σ1, . . . , σN |c) = −J
∑
i<j

cijσiσj − h
∑

i

σi

f (c) = − 1
βN

log
∑

σ1...σN

exp[−βH(σ1, . . . , σN |c)]

average free energy density
(use log Z = limn→0

1
n log Z n)

f̄ = − lim
N→∞

lim
n→0

1
βNn

log
∑

σ1...σN

eβh
∑n
α=1

∑
i σ
α
i −βNEeff (σ1,...,σN )

effective
interaction energy
for replicated spins
σi = (σ1

i , . . . , σ
n
i )

Eeff(σ1, . . . ,σN) = − 1
βN

log
∑

c

p(c)eβJ
∑

i<j cij
∑n
α=1 σ

α
i σ

α
j

p(c) ∝ eN
∫

dµ %̂(µ)%(µ|c)
∏

i

δki ,
∑

j cij
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new generating function

ΦK [%̂, {σ}] =
1
N

log
∑

c

eN
∫

dµ %̂(µ)%(µ|c)+K
∑

i<j cijσi ·σj

N∏
i=1

δki ,
∑

j cij

limK→0 ΦK [%̂, {σ}] = Φ[%̂]

N→∞: dependence
of ΦK on spins only via D(σ, k) =

1
N

∑
i

δk,ki δσ,σ i , σ ∈ {−1, 1}n

graph problem coupled to spin problem,
connected via D:

−βEeff [D] = ΦK [%̂,D]− Φ[%̂]

−β f̄ = lim
n→0

extr{D,D̂}
1
n

{
i
∑
σ,k

D̂(σ, k)D(σ, k)− βEeff [D]

+
∑

k

p(k) log
∑
σ

eβh
∑
α σα−iD̂(σ,k)

}
two types of replicas and analytical continuations:
αµ=1 . . . nµ, βµ=1 . . .mµ: as before (nµ,mµ imaginary)
α=1 . . . n: spin related, n→ 0
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spin part of the problem

replica
symmetric
ansatz

DRS(σ, k) =
∑

k

p(k)

∫
dx Wk (x)

eβx
∑n
α=1 σα

[2 cosh(βx)]n

Wk (x): distr of effective fields
at sites with degree k

simple manipulations,
replica limit n→0 where possible:

−βf RS = extr{Wk}

{∑
k

p(k)

∫
dx Wk (x)

[
βh tanh(βx) + log[2 cosh(βx)]

]
− lim

n→0

β

n
Eeff [DRS]−

∑
k

p(k)

∫
dx log cosh(βx)

∫
dx̂
2π

eix̂x Ŵk (x̂) log Ŵk (x̂)
}

Ŵk (x̂) =
∫
dx Wk (x)e−ix̂x

physical
observables m = lim

N→∞

1
N

∑
i

〈σi〉 =
∑

k

p(k)

∫
dx Wk (x) tanh(βx)

q = lim
N→∞

1
N

∑
i

〈σi〉2 =
∑

k

p(k)

∫
dx Wk (x) tanh2(βx)
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resulting
theory −βE [{Wk}] = complicated formula involving

order parameter WK [{x , y , z},v ]

WK [{x , y , z},v ] = soln of complicated order parameter eqn

simplest solns:
WK [{x , y , z},v ] = WK [{x},v ]δ[{y}]δ[{z}]

WK [{x}, v ] =
1
C2

∑
k>0

p(k)
k
〈k〉

∫
du Wk (u)

∫
dv̂
2π

eiv̂(v−u)

×
A[{x}]

[∏
`<k

∫
{dx`}dv` WK [{x`},v`]e−iv̂H(v`)

]
δF
[
x − F [x1, . . . , xk−1]

]
∫
{dx ′}A[{x ′}]

[∏
`≤k

∫
{dx`}dv` WK [{x`},v`]e−iv̂H(v`)

]
δF
[
x ′− F [x1, . . . , xk ]

]
H(v) =

1
β
atanh[tanh(βv) tanh(K )]

note:
∫
dv WK [{x , y , z}, v ] = W[{x , y , z}]

WK [v |{x , y , z}]: effect of local topology on magnetic ordering
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Test: disconnected graph and spin variables

regular loopy graphs,
with k = 2d , but

WK [{x , y , z}, v ] = W[{x , y , z}]WK (v)

saddle point eqn:

WK (v) =

∫
du W (u)

∫
dv̂
2π

eiv̂(v−u)
(∫

dv ′ WK (v ′)e−iv̂H(v′)
)−1

inverse soln:

Ŵ (v̂) = ŴK (v̂)

∫
dv WK (v)e−iv̂H(v)

interaction energy:

−βE [{W}] = d log cosh(K ) + 2d
∫

dvdv̂
2π

eiv̂v Ŵ (v̂) log cosh(βv) log
[
Ŵ (v̂)/ŴK (v̂)

]
+d
∫

dv ′ WK (v ′) log
(1+sinh2(βv ′)/ cosh2(K )

cosh2(βv ′)

)
−d
∫

dvdv ′ WK (v)WK (v ′) log[1+tanh(K ) tanh(βv) tanh(βv ′)]
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in homogeneous
systems: soln of spin
eqn of the form

W (x) = δ[x − β−1atanh(m)]

giving f RS = extrm

{
E [m]−hm− 1

β
log 2+

1
2β

log(1−m2)+
m atanh(m)

β

}
resulting eqns for
m and WK (v): m = tanh

[
β
(
h − dE [m]/dm

)]
e−iv̂ atanh(m)/β = ŴK (v̂)

∫
dv WK (v)e−iv̂H(v)

soln:
WK (v) = δ(v−v?), m =

tanh(βv?)[1 + tanh(K )]

1− tanh2(βv?) tanh(K )

E [m] decouples from
spectral features of the graph:

−βE [m] = 2dm
[
atanh(m)−βv?

]
+ d log

( cosh2(βv?)+sinh2(K )

cosh(K ) cosh2(βv?)+sinh(K ) sinh2(βv?)

)
zero field phase transition:
recovers Bethe lattice result

Tc = 2J/ log
[
d/(d−1)

]
X
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Discussion and summary

new analytical approach to (processes on) loopy networks,
based on max entropy graph ensembles characterised by
degrees and spectrum

replica formula for tricky constraint
that allows sum over graphs to be done
(via Edwards-Jones)

eN
∫

dµ %̂(µ)%(µ|c) = lim
ε,∆↓0

∏
µ

[
Z (µ+iε|c)in(µ) Z (µ+iε|c)

−in(µ)
]

Z (µ|c) =

∫
dφ e−

1
2 iφ·[c−µ1I]φ, n(µ) =

∆

π

d

dµ
%̂(µ)

if spectrum imposed via hard constraint:
same eqns, but ensemble entropy reduced by a (diverging) constant

closed explicit order parameter eqns
in replica language

RS order parameter equations for loopy graphs
interpreted as stationary state of message passing
with nontrivial acceptance probabilities
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Work to do ...

Use of graphicality conditions
∫
dµ µ%(µ)=0 and

∫
dµ µ2%(µ)=〈k〉

to identify physical saddle-point

Analytical solution of order parameter eqn for regular loopy graphs?

W(x) =
[1− τ sgn(x)]Fk−1(x)

1− τ
∫
dx ′ sgn(x ′)]Fk−1(x ′)

, τ ∈ (−1, 1)

Fk−1(x) =
[ ∫ ∏

`<k

dx`W(x`)
]
δ
[
x +µ+

∑
`<k

1
x`

]
Analytical solution of %̂(µ) for regular cubic lattice spectra?
Predicted zero field transition temperatures, critical exponents?

Proof that f is self-averaging, i.e. limN→∞
[
f 2(c)− f (c)

2]
= 0?

transitions to W[{x , y , z}] 6= W[{x}]δ[{y}]δ[{z}]?

replica symmetry breaking transitions? (two types)
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