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Notation and definitions

short-hands and conventions

step function : θ(x) =

{
1 for x>0
0 for x<0

sign function : sgn(x) =

{
1 for x>0
−1 for x<0

indicator function : I[S] =

{
1 if statement S is true
0 if statement S is false

Kronecker symbol : δij = 1 if i = j, δij = 0 if i 6= j

complex numbers : z = a + ib with a, b ∈ IR, z̄ = a− ib

integral boundaries :

∫
dx f (x) =

∫ ∞
−∞

dx f (x)

averages : 〈f (x)〉 =

∫
dx p(x)f (x)
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Hyperbolic functions

cosh(x) =
1
2

(ex +e−x ), sinh(x) =
1
2

(ex−e−x ), tanh(x) =
sinh(x)

cosh(x)

Taylor series

ex =
∑
n≥0

xn

n!
, for x ∈ IR

sin(x) =
1
2i

(eix−e−ix ) =
∑
n≥0

(−1)n x2n+1

(2n+1)!
, for x ∈ IR

cos(x) =
1
2

(eix +e−ix ) =
∑
n≥0

(−1)n x2n

(2n)!
, for x ∈ IR

(1−x)−1 =
∑
n≥0

xn, for |x |<1

log(1+x) =
∑
n≥1

1
n

(−1)n+1xn, for |x |<1
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vectors and
matrices

vectors in IRN : x = (x1, . . . , xN)

null vector : 0 = (0, . . . , 0)

dot product : x · y =
∑

i

x̄iyi

orthogonal vectors x, y : x · y = 0

N × N matrices : A = {Aij}, i, j = 1 . . .N

matrix determinant : Det(A)

matrix conjugate A† : x·(Ay)=(A†x)·y ∀(x, y), (A†)ij = Āji

Hermitian matrix : A† = A
symmetric matrix : Aij = Aji for all (i, j)

matrix multiplication : (AB)ij =
∑

k

Aik Bkj

identity matrix in IRN : 1I, with entries 1Iij = δij

inverse A−1 of A : A−1A = AA−1 = 1I
unitary matrix U : UU† = U†U = 1I

5 / 28



Definitions Symmetric matrices Gaussian integrals Delta distribution Steepest descent integration Exponential distributions

1 Definitions

2 Symmetric matrices

3 Gaussian integrals

4 Delta distribution

5 Steepest descent integration

6 Exponential distributions

6 / 28



Definitions Symmetric matrices Gaussian integrals Delta distribution Steepest descent integration Exponential distributions

Symmetric matrices

symmetric real-valued N×N matrices A
with entries Aij (i, j = 1 . . .N)

eigenvectors, eigenvalues:

Ax = λx with x 6= 0
{
λ : eigenvalue
x : eigenvector

general properties

eigenvalue eqn Det(A− λ1I) = 0 is of order N,
hence eigenvalue problem has N solutions λ (which may coincide)
all eigenvalues λ of A are real
all eigenvectors x of A can be chosen real-valued
there exists a complete orthogonal basis in IRN of eigenvectors:
N vectors êi = (êi

1, . . . , ê
i
N), i =1 . . .N, such that

Aêi = λi êi λi ∈ IR, êi · êj =
∑

k

êi
k êj

k = δij

∀x ∈ IRN : x =
∑

k

(êk · x)êk
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closure: if {êi} is a normalised orthogonal basis,
then

∑
k êk

i êk
j = δij

proof:
for any x ∈ IRN :

∑
j

(∑
k

êk
i êk

j

)
xj =

∑
k

êk
i (êk · x) = xi

Diagonalisation of A

construct a new (real-valued) matrix U from the components of the
normalized eigenvectors {êi}, according to Uij = êj

i

claim: U is unitary, i.e. U†U = UU† = 1I∑
j

(U†U)ijxj =
∑

jk

UkiUkjxj =
∑

jk

êi
k êj

k xj =
∑

j

δijxj = xi∑
j

(UU†)ijxj =
∑

jk

Uik Ujk xj =
∑

jk

êk
i êk

j xj =
∑

j

δijxj = xi

U brings A onto diagonal form:

(U†AU)ij =
N∑

kl=1

U†ik AklUlj =
N∑

kl=1

êi
k Akl êj

l = λj

N∑
k=1

êi
k êj

k = λjδij
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other properties

we can always write Aij =
∑

k λk êk
i êk

j

if all λi 6= 0: inverse A−1 exists, and (A−1)ij =
∑

k λ
−1
k êk

i êk
j

A positive definite symmetric: x · Ax > 0 for all x ∈ IRN , x 6= 0
equivalently: all eigenvalues of A have λk > 0

A non-negative definite symmetric: x · Ax ≥ 0 for all x ∈ IRN , x 6= 0
equivalently: all eigenvalues of A have λk ≥ 0

any N × N matrix of the form Aij =
∑L
`=1 yi`yj`, with yi` ∈ IR,

is non-negative definite

proof:
x · Ax =

N∑
ij=1

xiAijxj =
L∑
`=1

( N∑
i=1

xiyi`

)2
≥ 0
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Gaussian integrals

one-dimensional:∫
dx

σ
√

2π
e−

1
2 x2/σ2

= 1,
∫

dx
σ
√

2π
x e−

1
2 x2/σ2

= 0,
∫

dx
σ
√

2π
x2e−

1
2 x2/σ2

= σ2

∫
dx√
2π

ekx− 1
2 x2

= e
1
2 k2

(k ∈ |C)

N-dimensional,
with positive definite C:∫

dx√
(2π)NDetC

e−
1
2 x·C−1x = 1,

∫
dx√

(2π)NDetC
xie−

1
2 x·C−1x = 0,

∫
dx√

(2π)NDetC
xixje−

1
2 x·C−1x = Cij
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general Gaussian distribution
for random variables x ∈ IRN

p(x) =
1√

(2π)NDetC
e−

1
2 (x−µ)·C−1(x−µ)

with µ ∈ IRN ,
C positive definite and symmetric

properties
∫

dx p(x)xi = µi∫
dx p(x)(xi−µi )(xj−µj ) = Cij∫
dx p(x)eik·x = eik·µ−

1
2 k·Ck
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The δ-distribution

intuitive definition of δ(x):

prob distribution for a ‘random’ variable x
that is always zero

〈f 〉 =

∫ ∞
−∞

dx f (x)δ(x) = f (0) for any f

for instance

δ(x) = lim
σ↓0

1
σ
√

2π
e−x2/2σ2

0

1

2

3

-3 -2 -1 0 1 2 3

not a function: δ(x 6=0)=0, δ(0)=∞,
∫
dx δ(x)=1

δ(x) only has a meaning inside an integration,
take σ↓0 after performing the integration∫ ∞
−∞

dx f (x)δ(x) = lim
σ↓0

∫ ∞
−∞

dx f (x)
e−x2/2σ2

σ
√

2π
= lim
σ↓0

∫ ∞
−∞

dx f (xσ)
e−x2/2

√
2π

= f (0)

f (x) must be smooth!
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differentiation of δ(x):∫ ∞
−∞

dx f (x)δ′(x) =

∫ ∞
−∞

dx
{ d
dx

(
f (x)δ(x)

)
− f ′(x)δ(x)

}
= lim

σ↓0

[
f (x)

e−x2/2σ2

σ
√

2π

]x=∞

x=−∞
− f ′(0) = −f ′(0)

generalization:∫ ∞
−∞

dx f (x)
dn

dxn δ(x) = (−1)n lim
x→0

dn

dxn f (x) (n = 0, 1, 2, . . .)

integration of δ(x):
δ(x) =

d
dx
θ(x)

θ(x<0) = 0
θ(x>0) = 1

proof: both give same result in integrals∫
dx
{
δ(x)− d

dx
θ(x)

}
f (x) = f (0)−lim

ε↓0

∫ ε

−ε
dx
{

d
dx

(
θ(x)f (x)

)
−f ′(x)θ(x)

}
= f (0)− lim

ε↓0
[f (ε)−0] + lim

ε↓0

∫ ε

0
dx f ′(x) = 0
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common expressions for δ(x):

δ(x) = lim
ε↓0

e−x2/2ε2

ε
√

2π
, δ(x) = lim

ε↓0

ε

π

1
ε2 +x2 , δ(x) = lim

ε↓0

sin(x/ε)
πx

integral representation:

use defns of Fourier transforms and their inverse:

f̂ (k) =
∫∞
−∞dx e−2πikx f (x)

f (x) =
∫∞
−∞dk e2πikx f̂ (k)

⇒ f (x) =

∫ ∞
−∞

dk e2πikx
∫ ∞
−∞

dy e−2πiky f (y)

apply to δ(x):
δ(x) =

∫ ∞
−∞

dk e2πikx =

∫ ∞
−∞

dk
2π

eikx
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generalization
to vector arguments: x ∈ IRN : δ(x) =

N∏
i=1

δ(xi )

probability densities for functions of random variables

x ∈ IRd , distributed according to p(x),
averages 〈f (x)〉 =

∫
dx p(x)f (x),

prob distribution of f (x): p(f ) = 〈δ[f−f (x)]〉

proof: both give identical averages for all g(f )∫
df p(f )g(f ) =

∫
df g(f )〈δ[f−f (x)]〉

=
〈∫

df g(f )δ[f−f (x)]
〉

= 〈g(f (x))〉
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invertible functions of x
as arguments: δ [g(x)− g(a)] =

δ(x − a)

|g′(a)|

proof: both give the same result in integrals∫ ∞
−∞

dx f (x)

{
δ [g(x)−g(a)]− δ(x−a)

|g′(a)|

}
=

∫ ∞
−∞

dx g′(x)
f (x)

g′(x)
δ [g(x)−g(a)]− f (a)

|g′(a)|

=

∫ g(∞)

g(−∞)

dk
f (ginv(k))

g′(ginv(k))
δ [k−g(a)]− f (a)

|g′(a)|

= sgn[g′(a)]
f (a)

g′(a)
− f (a)

|g′(a)| = 0

more formal definitions and proofs:
distribution theory
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Steepest descent integration

Objective of steepest descent
(or ‘saddle-point’) integration:
large N behavior of integrals of the type

IN =

∫
IRp

dx g(x) e−Nf (x)

f (x) real-valued, smooth, bounded from below,
and with unique minimum at x?

expand f around minimum:

f (x) = f (x?) +
1
2

p∑
ij=1

Aij (xi−x?i )(xj−x?j ) +O(|x−x?|3) Aij =
∂2f
∂xi∂xj

∣∣∣∣
x?

Insert into integral,
transform x = x?+y/

√
N:

IN = e−Nf (x?)
∫

IRp
dx g(x)e−

1
2 N

∑
ij (xi−x?

i )Aij (xj−x?
j )+O(N|x−x?|3)

= N−
p
2 e−Nf (x?)

∫
IRp

dy g
(

x?+
y√
N

)
e−

1
2
∑

ij yi Aij yj+O(|y|3/
√

N)
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∫
IRp

dx g(x) e−Nf (x) = N−
p
2 e−Nf (x?)

∫
IRp

dy g
(

x?+
y√
N

)
e−

1
2
∑

ij yi Aij yj+O(|y|3/
√

N)

first result, for p � N/ log N:

− lim
N→∞

1
N

log
∫

IRp
dx e−Nf (x) = f (x?)

proof:

− lim
N→∞

1
N

log
∫

IRp
dx e−Nf (x)

= f (x?) + lim
N→∞

[
p log N

2N
− 1

N
log
∫

IRp
dy e−

1
2
∑

ij yi Aij yj+O(|y|3/
√

N)

]
= f (x?) + lim

N→∞

[
p log N

2N
− 1

2N
log
( (2π)p

det A

)
− 1

N
log
(

1+O(
p3/2

√
N

)
)]

= f (x?) + lim
N→∞

[
p log N

2N
+O(

p
N

) +O(
p3/2

N3/2 )

]
= f (x?)
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∫
IRp

dx g(x) e−Nf (x) = N−
p
2 e−Nf (x?)

∫
IRp

dy g
(

x?+
y√
N

)
e−

1
2
∑

ij yi Aij yj+O(|y|3/
√

N)

second result, for p � N1/3:

lim
N→∞

∫
dx g(x)e−Nf (x)∫
dx e−Nf (x) = g(x?)

proof:

lim
N→∞

∫
dx g(x)e−Nf (x)∫
dx e−Nf (x) = lim

N→∞

[∫
IRpdy g(x?+y/

√
N) e−

1
2
∑

ij yi Aij yj+O(|y|3/
√

N)∫
IRpdy e−

1
2
∑

ij yi Aij yj+O(|y|3/
√

N)

]

= lim
N→∞

g(x?)
(

1 +O( p2

N )
)√

(2π)p
det A

(
1+O( p3/2

√
N

)
)

√
(2π)p
det A

(
1+O( p3/2

√
N

)
) = g(x?)
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f (x) complex-valued:

– deform integration path in complex plane, using Cauchy’s theorem,
such that along deformed path the imaginary part of f (x) is constant

– proceed using Laplace’s argument, and find the leading order in N by
extremization of the real part of f (x)

similar fomulae, but with (possibly complex) extrema
that need no longer be maxima:

− lim
N→∞

1
N

log
∫

IRp
dx e−Nf (x) = extrx∈IRp f (x)

lim
N→∞

∫
IRpdx g(x)e−Nf (x)∫

IRpdx e−Nf (x) = g
(
arg extrx∈IRp f (x)

)
stuff not mentioned in papers ...

– in practice we often cannot do the contour deformation in detail
– multiple extrema? need criteria to pick physical saddle point
– often we can choose the scaling with N of terms in the exponent,

what to do? (check Curie-Weiss magnet, very instructive!)
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can the requirement p�N/ log N be weakened?

more detailed analysis:

− 1
N

log
∫

IRp
dx e−Nf (x) = f (x?) +

p
2N

log(
N
2π

) +
1

2N

p∑
i=1

log ai

+
p2

N2O(S2
1,p) +

p
N2O(S2,p)

Sr,p =
1
p

p∑
i=1

a−r
i , ai : eigenvalues of A

e.g. if Sr,p = O(1):
can use steepest descent for p�N
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Exponential distributions

stochastic processes for microscopic x∈X⊆ IRN , often with large N,
that evolve to a stationary state, with prob distribution p(x)
many of the exponential form ...

stationary state is minimally informative,
subject to a number of constraints∑

x∈X

p(x)ω1(x) = Ω1, . . . ,
∑
x∈X

p(x)ωL(x) = ΩL, (Ω1, . . . ,ΩL) : macroscopic
description
with L�N

this is enough to calculate p(x):
information content of x: Shannon entropy S

maximize S = −
∑
x∈X

p(x) log p(x)

subject to

{
p(x) ≥ 0 ∀x,

∑
x∈X p(x) = 1∑

x∈X p(x)ω`(x) = Ω` for all ` = 1 . . . L
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solution using Lagrange’s method:

∂

∂p(x)

{
λ0

∑
x′∈X

p(x′) +
L∑
`=1

λ`
∑
x′∈X

p(x′)ω`(x′)−
∑
x′∈X

p(x′) log p(x′)
}

= 0

λ0 +
L∑
`=1

λ`ω`(x)− 1− log p(x) = 0 ⇒ p(x) = eλ0−1+
∑L

`=1 λ`ω`(x)

(p(x) ≥ 0 automatically satisfied)

‘exponential distribution’:

p(x) =
e
∑L

`=1 λ`ω`(x)

Z (λ)
, Z (λ) =

∑
x∈X

e
∑L

`=1 λ`ω`(x)

λ = (λ1, . . . , λL) : solved from
∑
x∈X

p(x)ω`(x) = Ω` (` = 1 . . . L)

example: physical systems in equilibrium
L=1, ω(x)=E(x) (energy), λ=−1/kBT

p(x) =
e−E(x)/kBT

Z (T )
, Z (T ) =

∑
x∈X

e−E(x)/kBT
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Generating functions

p(x) =
e
∑L

`=1 λ`ω`(x)

Z (λ)
, Z (λ) =

∑
x∈X

e
∑L

`=1 λ`ω`(x), 〈f 〉 =
∑
x∈X

p(x)f (x)

idea behind generating functions:
reduce nr of averages to be calculated ...

define

F (λ) = log Z (λ)
∂F (λ)

∂λk
=

∑
x∈X ωk (x)e

∑L
`=1 λ`ω`(x)∑

x∈X e
∑L

`=1 λ`ω`(x)
= 〈ωk (x)〉

how to calculate
arbitrary state average 〈ψ〉?

F (λ, µ) = log
[∑

x∈X

eµψ(x)+
∑

` λ`ω`(x)
]

〈ψ〉 = lim
µ→0

∂F (λ, µ)

∂µ
, 〈ω`〉 = lim

µ→0

∂F (λ, µ)

∂λ`
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