Modelling of Complex Real-World Systems
Part A. General Methods

A1. Mathematical preliminaries
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Definitions

Notation and definitions

short-hands and conventions

step function : 0(x) = { 3) iz; iig
sign function : sgn(x) = { 1_1 izi §z8

indicator function :

18] = 1 if statement S is true
1 0 ifstatement Sis false

Kronecker symbol : o5 =1 1ifi=j, 0;=0 if i#j
complex numbers : z=a+ib with a,be R, z=a—-ib

integral boundaries : /dx f(x) = / dx f(x)

averages : (f(x)) = /dX p(x)f(x)



Hyperbolic functions

R : _1x o« _ sinh(x)
cosh(x) = é(e +e™ "), sinh(x) = E(e e "), tanh(x)= cosh(x)
Taylor series
XI7
e = Z—I, for xelR
=
) 1 ; o 2n+1
sin(x) = Z(ex_e ) = Z( 1)" (2n+1)|, for xeR
n>0
cos(x) = (" +e ¥)=> (-1)" o for xelR
n>0 )
(1-x)" = an7 for |x|<1
n>0
1 n+1.n
= (- 1
log(1+x) ;n( N for |x|<



vectors and vectors in RV : X=(Xt,...,Xn)
matrices null vector : 0=(0,...,0)
dot product : X-y= Z Xi Vi
i
orthogonal vectors X,y : x-y=0

N x N matrices : A={A;}, i,j=1...N

matrix determinant : Det(A)
matrix conjugate A’ : x-(Ay)=(A"x)-y ¥(x,y), (A");=A;
Hermitian matrix : AT =A
symmetric matrix : Aj = A; for all (i,j)
matrix multiplication : (AB); = ZA;kBkj
k
identity matrix in R" : I, with entries I = §;
inverse A~ of A : AT'TA=AA" =1
unitary matrix U : u=u'u=1
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Symmetric matrices

Symmetric matrices

symmetric real-valued N x N matrices A
with entries A; (i,j=1...N)

eigenvectors, eigenvalues:

A eigenvalue
X: eigenvector

Ax = \x with Xx#0 {

general properties
@ eigenvalue eqn Det(A — A1) = O is of order N,
hence eigenvalue problem has N solutions A (which may coincide)
@ all eigenvalues ) of A are real
@ all eigenvectors x of A can be chosen real-valued
@ there exists a complete orthogonal basis in R" of eigenvectors:
N vectors & = (&},..., &), i=1...N, such that
Aéi:)\iéi )\,‘G]R7 é/~éj=ZéLé£:5ij
k
vxeRY: x=> (& x)&*
k



Symmetric matrices

@ closure: if {&'} is a normalised orthogonal basis,
then Y, &fef =g;

proof: for any x € R": Z (Z é,kelk) Z é;((ék- X) = X
i k

Diagonalisation of A

@ construct a new (real-valued) matrix U from the components of the
normalized eigenvectors {&'}, according to U; = &

claim: U is unitary, i.e. U'U = UU" = 1

Z U U)IIX/ Z UkIUk/X/ Z eke’ Xj = Z(S,/x] = X;
Z(UU )iXi = Z UUx; = z &g x = Z(S,-,-x,- =X
ik j

@ U brings A onto d|agonal form:

(UTAU)U = Z U[kAk/U/j Z ekAk/e’ = /\] Z = )\1'5,']'

ki=1 ki=1



Symmetric matrices

other properties

@ we can always write Aj = ", A&/ &/
@ ifall \; #0: inverse A" exists, and (A~"); =Y, A\, 'éfef

@ A positive definite symmetric: x - Ax > 0 forallx € RN, x # 0
equivalently: all eigenvalues of A have A > 0

@ A non-negative definite symmetric: x-Ax >0 forallx ¢ RY, x#0
equivalently: all eigenvalues of A have Ax > 0

@ any N x N matrix of the form A; = S>5_. yieyje, with yir € IR,
is non-negative definite

N L N 2
x~Ax:Zx;A;,-)q:Z (foy/z) >0

fj=1 =1 =1

proof:
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Gaussian integrals

Gaussian integrals

@ one-dimensional:

dx —1x%/o2 / dx _1x62 / dx o _1x2/52 2
e 2%/7 =1, xe 2%/7 =0, x2e 2/ = o
/0\/27r ovV2r ovenr

dx 1
€

= et (kep)
dx .
Var

@ N-dimensional,
with positive definite C:

/ dx e,%x.c—1x_1 / dx Xle,%x.c—u_ 0
/(2m)NDetC ’ V/(27)"DetC o

dx _ix.c!
/7 XiXje 2xC x:C,'j

/(2r)NDetC
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Gaussian integrals

general Gaussian distribution
for random variables x € RV

p(x) = ! I DR G D)

(2m)NDetC

with o € RV,
C positive definite and symmetric

properties /ldx P(X)Xi = pi

/ ax p(x) (x5 1) (% —17) = Cj

' . . 1
/dx p(x)ek* = ek K 3k Ck
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Delta distribution

The §-distribution

@ intuitive definition of §(x):

prob distribution for a ‘random’ variable x
that is always zero

(f) / dx f(x)o(x) = f(0)  for any f
for instance |
2 2
S5(x) = li P /20
( ) OI'J,mO o'\/ 0—3 -2 -1 0 1 2 3

not a function: §(x#£0)=0, §(0)=o0, [dx §(x)=

@ J(x) only has a meaning inside an integration,
take o |0 after performing the integration

[ o;dx (x)8(x) = lim [ O;dx f(x)<

f(x) must be smooth!

7X2/20 *X /2

Py —Ilm/ dx f(xa) ez = f(0)

14/28



Delta distribution

@ differentiation of §(x):

/Oodx f(x)8'(x)

— o0

/ dx{ - ((x)a(x))—f 6(x)}

— 00

7X2/20 X=o00

pav=al N

lim [f(x)e

al0

— f(0) = —f(0)

generalization:
n

/xdx f(x)%é(x):(—ﬂ” im - fx) (n=01,2,...)

x—0 dx”

@ integration of §(x): _d f(x<0)=0
50 = 50 0(x>0) = 1

proof: both give same result in integrals

/ dx {5()()—%9()()} fx) = f(0)-lim 1 ldx {%(9(x)f(x)) —f/(x)a(x)}

= f(0)— LTS [f(e)—0] + LTS /0 dx f'(x) =
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Delta distribution

@ common expressions for §(x):
e /2 1 in(x

o(x) = lim & lim 57, ) =lim sin(x/¢)

el e\/2r el0 7 €2+ X2 07X

5(x) =

@ integral representation:

use defns of Fourier transforms and their inverse:

(k) = [°_dx e 2R f(x o o [ A
( ) f;ooo ez - ( ) - f(X) — / dk ekaX/ dy e—27r1kyf(y)
f(x) = [°°_dk 2™ kR (k) e e

apply to o(x): oo ; oo ;
pply (X) (S(X) _ / dk eZﬂ'lkX _ / (217k elkX
—o0 J—oc €T
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Delta distribution

@ generalization N
to vector arguments: ~ x € R": 4(x) = [[d(x)

@ probability densities for functions of random variables

x € RY, distributed according to p(x),
averages (f(x)) = [dx p(x)f(x),

prob distribution of f(x): p(f) = (5[f—f(x)])

proof: both give identical averages for all g(f)

/dfp(f)g(f) = /dfg(f)<5[fff(X)]>
</df g(f)é[fff(X)]> = (9(f(x)))
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Delta distribution

@ invertible functions of x Sy
as arguments: dlg(x) —g(a)] = o|(;(/(a)a‘)
proof: both give the same result in integrals
_dx=a)
| axi0 {1900 -tan - S5}
_ 10y F) _ _ _f(a)
= [ gt slato-atal - 2

0 Hg™K) (@)
/g<,oo)dk g (g k) F9@1 = 15
@  fa)

f
g@ lg@]

= sgnlg(a)]

more formal definitions and proofs:
distribution theory
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Steepest descent integration

Steepest descent integration

Objective of steepest descent
(or ‘'saddle-point’) integration: Iy = / dx g(x) e~V
large N behavior of integrals of the type RP

@ f(x) real-valued, smooth, bounded from below,
and with unigue minimum at x*

expand f around minimum
*f
*13 .
flx) = f(x HZZAU —X0g—x) +Ox—X[) A= o)

ij=1

Insert into integral,
transform x = x*4+y/v/N:

In = e_M(x*)/ dXQ(X)e‘zNZv(X' XA (=X )+ O(NIx—x* )
RP

_ -2 7Nl(x*)/ ( e ) -3 S iAoy /VN)
= N z2e d X'+—= e 2=07"01
) PN
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Steepest descent integration

dx g(x) e N = N—ge—Nf(X*)/ d x*+L) o3 Sy yiAp+O(yI®/ V)
. WY IR

RP

@ first result, for p < N/ Iog N:

— Jim Slog [ dx e M = £(x*)

N N Jeo
proof:
= Jim —Iog dx e N
=f(x*) + lim plogN _ 1, g [ dye 2ZivAwrOUyP/ VR
N— o0 2N RP
3/2

=16y im (P50 oy on (Get) — oo (1o )|

[plog N
=10)+ Jim | 5N (N

3/2
B)+O(53/2)} — f(x")
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Steepest descent integration

dx g(x) e MO — N g M(x )/ ay g(x+ Y o= % SyrAiy+OUyl*/ V)
Jpx o Rl v

@ second result, for p < N'/3:

Jdx gx)e e

Nlinoc de o Nix) g(x)
proof:
Jadxg(e® L fmedy gy /VN) e 2 YA O/ V)
N—>oo de e—N() T Nooo f]dey e*% i YiAy+O(yI13 /VN)

(1 o) VER (1+0m) -
e VR (1+0) ’
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Steepest descent integration

@ f(x) complex-valued:

— deform integration path in complex plane, using Cauchy’s theorem,
such that along deformed path the imaginary part of f(x) is constant

— proceed using Laplace’s argument, and find the leading order in N by
extremization of the real part of f(x)

similar fomulae, but with (possibly complex) extrema
that need no longer be maxima:

. 1 ' _
— Jim ~log [ dxe MO = extryemef(X)
0 JIRP
_[pdx g(x)e M)
LTl R
Nes oo fmpdx o—NF(x) gl arg extrycre ( )

@ stuff not mentioned in papers ...

— in practice we often cannot do the contour deformation in detail
— multiple extrema? need criteria to pick physical saddle point
— often we can choose the scaling with N of terms in the exponent,

what to do? (check Curie-Weiss magnet, very instructive!)
23/28



Steepest descent integration

can the requirement p< N/ log N be weakened?

more detailed analysis:

1 NI
—509 [ dxe = fxX)+ 55 Iog Zloga,

RP
+ WO(sip) + WO(sz,p)

1
Srp=— Z a’, a: eigenvalues of A

e.g. if S;p=0(1):
can use steepest descent for p< N

24/28
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Exponential distributions

Exponential distributions

stochastic processes for microscopic xe X CIRV, often with large N,

that evolve to a stationary state, with prob distribution p(x)
many of the exponential form ...

@ stationary state is minimally informative,
subject to a number of constraints

> opX)wi(X) =Q1, oy > pX)wi(X) =Q, (..., Q)

xeX xeX

this is enough to calculate p(x):
@ information content of x: Shannon entropy S

maximize S = — Z p(x) log p(x)

xeX

p(x) >0 ¥X, > cxp(X) =1
subject to

> xex PX)we(X) = Qe foralld=1...

macroscopic
description
with L< N

L

26/28



Exponential distributions

@ solution using Lagrange’s method:

o N o / ,
M{on%p(x )+ ;/\gz PO )we(X') = 3 p(x)log p(x') } =0
L

x’eX x’eX

Ao+ D Awe(x) =1 —logp(x) =0 =  p(x)= 0~ T e )
=1
(p(x) > 0 automatically satisfied)

@ ‘exponential distribution’:

L
CZ['J Agwpe(X)

— i1 Aewe(x)
p(x)*w, Z()\)—Z(, (=17t
xeX
A= (A,...,A): solved from Zp(x)w/(x) =Q, ((=1...L)
xeX
example: physical systems in equilibrium
L=1, w(x)=E(x) (energy), A=—1/kgT
o F0/keT —E(0/kgT
P(X)—W7 Z(T)—g(e
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Exponential distributions

Generating functions

Shoq Aewe(X) L
€ w
PO = —Zay—  ZA) =3 e () =3 p0)i(x)
xeX xeX
idea behind generating functions:
reduce nr of averages to be calculated ...

@ define

L
= IF(A) _ D xex Wk(X)eZZ:1 Agwp(x) o,
F(X) =log Z(X\) O Y e e (wi (X))

@ how to calculate
arbitrary state average (¢)?

F(X, 1) = log [Zew(mz/ Agwe(x)

xeX
RO — tim 2Fu1)
W= o 0 W= My,
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