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Disorder averaging in dynamics

Disorder averaging in dynamics

Objective

find disorder averages of dynamical order parameters

for models with interaction disorder ... ‘generating functional analysis’

‘path integral formalism’

@ inspiration from statics, ‘dynamic mean-field theory’

why did replicas help?

SKmodel: hi(o) =3, Jioj+60, Jj= 52
z; = z;: drawn indep from p(z) = (27r)*%e’%z2

(i) disorder-averaged observables follow from generating function f

(if) average over disorder in f transformed to averages of the form

eXi<iZi% = Hez"fQ’i = ... =e2Zi<i 057 done analytically!
i<j
(iii) large N: mapping to homogeneous system

is there an equivalent for dynamics?
especially for systems without detailed balance ...



Disorder averaging in dynamics

Strategy

(i) find generating function for disorder-averaged dynamical observables
(i) transform average over disorder in to averages of the form

e>i<i %% = H 0 = .. =2 Ti<i Offz', done analytically!
i<j
(iii) large N: mapping to homogeneous dynamical system?
consider discrete o€ {—1,1}"
with parallel dynamics

@ think in terms of paths o(0) = o(1)—...— 0 (tmax),
with path probabilities P[o(0), ..., o (tmax)]
and averages (...) = 3 ;0. ...o(tmax) V10(0); - -5 0 (tmax)] ...

@ add time-dep perturbations: hi(a(t)) — hi(a(t))+6i(t)
define generating functional:

Zp] = (e % ¥ pma i(tei(0))



Disorder averaging in dynamics

@ generating functional Z[] = <efiz,. 3 imax w,'(I)o';(i)>

generates averages
and correlation and response functions

o OZ[Y] / , PZ[4p]
i(f)) =1 lim , Ci(t,t)=— lm ——————
=t M aan O =T e aunou D)
N Z[)]
Gj(t,t') =1 lim ———1—
(68 =1 00 30.(006,()
@ disorder-averaged
generating functional  Z[¢)] = (e 2 Spme $i(Dai(D)y
generates
disorder-averaged quantities
s OZ[] - PZI]
i(t)y =1 | — , Ci(t, t")=— 1 TN
i) L0 Dui(t)’ i) o0 ()0 (1)

S PZ[Y]
Gi(t,t) = ‘J,'TOW

objective (i) achieved



Disorder averaging in dynamics

Disorder-averaged generating functional

Z[UJ] _ <efiZiZ[wi(t)ffi(f)>

@ the process average (.. .)

<e*i2; Zt"/’/‘(t)a/‘(t)> _ Z Plo(0), ..., O'(tmax)]eii 2 2 vi(tei(t)
o(0),...,0(tmax)
tmax —1
Markov chain:  P[o(0),. .., o(tnax)] = po(o(0)) H Wy [o(t'4-1); o (t')]
/=0
eBoit+)h(t,o ()

Welo (t5-1); o H 2coshiah(t,o(ry) ho) = Z,:J"’"”(”*e’“)

our aim: average (e~ >i 2t ¥i07i(0) over the {J;},
not obvious yet that this is possible ...

way out: use delta functions cleverly



Disorder averaging in dynamics

(e i wiloiy = Z P[o(0), - . ., o (fmax)] 2 2t vl
(0),...,0(tmax)

note: {J;} appear only in hi(t, o(t))
@ insert for all (l7 t) 1= /dh,(t) §|:h/(t)*h,(t,0'(t))i|
Plor(0 fax)] = 0 dhi(t) 8 [hi(t)—hi(t (t))]M
[0’( )""70( max)]_po(o'( ))];[ / ’( ) |: /( /( O 2COSh[ﬁh,(t)]

_ dhi(t)dhi(t) imommo-neowy e IO
—po(o(O))IZI{ T on ¢ 2cosh[Bh;(1)]
ahi(t t) m h( eBoilt+1)hi(t)
Flo(0),. - o (tae)] = ol (0)) {/ " 5 oS
« o1 S PO (LO (1)

@ disorder average
e—i i (o (1) — =12k hi(t)0;(t) e i X hi(t)ej(1)

objective (ii) achieved



Disorder averaging in dynamics

Recap
short-hand x(t) = {xi(t)}

SraT Y — i i 0Z[¢] o (o () = — i PZ[Y]
A= el =My aug O = T Bu o)

introduction of deltas generating fields

tmax —1 ~ R /—’%
W= 3 po(a(o))/{ 11 dh((zf)Trci)fA"(f)em(r)»lh(t)—O(t)l enb(t)-a(t)}

a(0),..., o (tmax) t=0

tmax—1 BO(t+1)-h(t) —_—
% H _ & | et i Sihiteyt
[T, 2cosh(Bh (1)) | “——
t=0 disorder average
process dynamics
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lllustration

Getting used to GFA: parallel Curie-Weiss model

introduction of deltas generating fields

tmax —1 ~ R /—/ﬁ
W= % po(a(o))/[ 11 dh((zf)Trd)*A\’(T)eih(t)»[h(t)—O(t)l enb(r)-a(r)}

o (0),...,0(tmax) t=0

tmax— . —_—————
y Hﬂ o125 9 S0 h0o(0
[T, 2cosh(Bh (1)) | “——
t=0 disorder average
process dynamics

@ Curie-Weiss: Jj = J/N
insert [dm §[m—N~"3%", /]

S o) (S (Sihi0) (45 040)

B / Hdm(f)dm(t) iNﬁv(t)m(t)fiJm(l)Z,-fl,’(f)*im(t)ziai(t)}
= B L
27N

if po(o) =11, pi(ci): factorization over sites !
10/20
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@ exploit factorization

2~ | 1 mgmmon ]H{U(O) >

=0 i=1 \a(0),..., o(tmax)
tmax —1 7 tmax—1 o
« H Meiﬁ(r)[h(t)—Jm(t)—@f(t)]—i[m( )+i(D]e(t) pi(a(0)) H M
3 o " 2 cosh[sh(t)]

@ steepest descent form

Z[y] = CN/ [Hdm(t)dﬁq(t)] Nal{m i}it)

5(0),...,0(tmax)

tqu tmax—1 o(t+1)h
dh dh(t)dh(t) PO —Jm(D)—6;(D] i)+ v ()] (1) O))H 70
2cosh[,8h( )]
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lllustration

@ Z[v] as generator, for large N, (use Z[0]=1)
{m*, m*}: extremum of Q[...] (paths!)

35,[(1!;; w0 = I|m CN/[Hdm(t } NaL.. ](8 ())

im f[l'[,dm( ydm ] NEL.. ](Nan) oo ‘
$-0 [ [[, dm(t)dsn(t)|eret-] W TG0 | ey -0

_PZ[Y]
oi(t)on(t') l4p=0

2
A / [H dm(t)dn(t) "7t [aw,-é\t{?agj( oM (alzlzf(?) )(8/:2?(2) )
~ i ! [ amano] o s+ (2) 4 )
$-0 ST dm(t)dm(e)] enst-
{ oY /év)ddqﬂl(t/) + <()I:/)(/)(§:)) (dl:/l()(?/) ) H{m*fn*}?w,o

12/20
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lllustration

@ further useful identities, using Z[0] =1
{m*, m*}: extremum of Q.. .] (paths!)

L oZ[9] NOQ
0 = M Su0 ‘1/) 0 = W B0,(0) | (e ey 450
0 — jim LW
N B8:(1)06;() lp-0

N&*Q N NOQ
Jim { ae,(taae,(tf) + (ae(?(%) (ae,(r)) } ’{m*,fn*},q/):o

13/20



lllustration

notation
{0} = (0(0),..., 0(tmax)) | _ 'W o P DA
{h} = (h(0),..., A(tmax—1)} Pitlodi{h = H ZCosh[ﬁh(t)]
left to do

(i) compute derivatives of Q w.r.t. {;(t)}
(i) compute paths {m*, i} by extremization of Q

Q= 1Zﬁ7(t)m(t)

Z'Og {Z/({dhdh} Ho{hY] e i 32, [AOACt) — () e;(r)l—[m(r>+w,v<r)]a(r>}}
N 277 ) fmax !

more notation ...

(f(..)) = 5 oy S, {0} Y] € S POIO—m0 a0t suoie0] 1y
i

S f{dhdh} P[{o}|{h}] & St (OO0 —001- o)+ (0o (0]

27 )tmax

14/20



lllustration

@ derivatives wrt {1(t), 0;(t)}
NOQ ) NOQ

Gin( = e gumaer = LD~ (eOie(t)]
QN%(% i, % = o3 [(A(OA()s = (Bt )]
#agm = 33 [(o(OA(E))s — (o))

for N (D) = i%]{m ey pp = (O

(it)o,(1) = {aw,Naaz¢,(t/)+(6,:f(?)>(GZ?(%))HW m},p=0
= {eoti+ A -aeOuia@}|
0 - g’ei(% ey o0 = 1A >>f\{m*7m*}7¢:0

20 R
0= {89,2\:839,@) + (é\{g,a(gtz)) (8/\9/,8? )H{m m*}, = 0~ —oi(h(DA(t )>i‘{m*,fn*},’l/):0

15/20




lllustration

@ extremize Q over {m, M}

8;7%) —0:  im(f) - iNZ}a(t»,- =0 = m(n)= 1 Y (e()

@ summarize Nli_r)n (ai(t))y = (a(t))
Jim Cy(t,t) = 0y(e(D)a(t))i+ (1=6) (o (t)ilo(t));
Jim Gy(t,t) = —igy(o(Oh(t)),

macroscopic observables
mt) = fim %Zwt»f jim %Zwm»
c(t,t)y = lim —Z ai(t)oi(t)) = lim —Z(a(t)a(t

N— oo N

@
—~
—~

~
N

Il

NHOC N Z 80 (t/ Ul 1NILl')noo N Z
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@ put it all together, send ¢» — 0

2oy [ Gryimar éd"f”’} Pil{o}|{h}] e = POO—ImO-00l5( {5}
f _ ) fmax
< ({U})>/‘ Z{a} f({dhdh} Pil{o}{h}] ol ¢ At () —Jm(t)—6;(1)]

27\-)fmax

> f{ohPil{o} {m+6:}]
{o}

rmx—1 Bt DMt ) +0:(")]
{;} f({oHpi(o H L 2cosh[B(Jm(t)+6i(t"))]

looking ahead: what changes in presence of interaction disorder?
e.g. symmetric Gaussian J; = (1—4;)Jz;/V/N, insert

O b | /

i<j

o 38— Sl ()ei(0)]

_ o B Sor SO0+ B 0001 )y )+ )i (t)]

expressions with: 15" hi(t)hi(t), L3, 0i(t)oi(t), &3 oi(t)hi(t)
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Continuous time

e Continuous time
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Continuous time

Continuous time

Disorder-averaged generating functional

— —{o1(1), .., on(D)}
Z TS Tt withoiDy P 5t i) {o}={o1(
vl = (e ; [tele N paths, with >0

@ discretize: t=/A, A]O,
insert for all i and t: 1= /dh,-(t) §[hi(t)—hi(t, o (t))]

AlO

P} = Iim[ /dh’zﬁjh’ ) el ARt —hi(t,0 (¢ )]] Pl{o}{h}]

path integrals
—

[tahafy o E OO0 T TR0 ()

with
d Fio)ePoihitt) _ —Boihi(t)
Pl{e}l{h)]: solnof dtp,(a)=§i:p’( )

cosh(shi(t))

19/20



Continuous time

@ if factorising initial conditions

po(o) =TT [311+m(O)6,,1 + g[1-mi(0))5s, 1]

1

then in P[{e}|{h}]:

vt>0: plo)=]] [%[1 +mi(1))06,1 + %[1 —mf(f)]tsa,-ﬂ]

i

with

L (1) = tanh[Bh(1)] — mi(t)

V(i t): a

V(i,t) - mi(t) = mi(0)e '+ / tdt e~ tanh[Bhi(t)]

(see exercises)
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