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Attractor neural networks

Attractor neural networks

N~10"2="* brain cells (neurons),
each connected to ~10%~° others
@ simplest two-state model neurons

oi=1 (i fires electric pulses)
oi=—1 (i is atrest)

@ dynamics activation signal

——"~——~ threshold, noise

N e
oi(t+1) = sgn[ ZJijUj(t) + 0i + zi(t) }

j=1

0; € R: firing threshold of neuron i non-local ‘distributed’ storage
Jj € R: synaptic connection j— i of ‘program’ and ‘data’

@ learning = adaptation of {Jj, 0;}



Attractor neural networks

Attractor neural networks
models for associative memory in the brain

@ represent ‘information patterns’
as micro-states € = (&1, ... ,&n)

e.g. N=400,
10 patterns:

Py
===

B —F3]

—————3J

i

@ information storage

modify synapses {Jj, 6} such that £ is
stable state (attractor) of the neuronal dynamics

@ information recall

from initial state o(t=0):
evolution to nearest attractor

if o(0) close (i.e. similar) to &: t=0
o(t=00) =&



Attractor neural networks

Learning rule

recipe for creating attractors
via adaptation of {Jj, 6;}

@ create fixed-point attractor
(Hebb, 1949) AJ,‘I‘ X E,‘é/

N L
choose Jf/ = Nglgl’ ;=0 pattern overlap

N

o(t+1) = sgn[ZJ,,a, )+ 2(t)] = sanei( 1, Zf,o, 1)) +2(1)]

j=1

= & son[ Z o(t) + €20

if m(t)= NZ/ 1 &oj(t) sufficiently large: oi(t+1)=¢
now: m(t+1)>m(t), m(t+2)>m(t+1), .....

continues until o(co) =& (i.e. m(oco)=1)



Attractor neural networks
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@ create p fixed-point attractors ¢:  J;= 1N Zﬁ:1 3X31

— many alternative flavours, to deal with pattern correlations etc

— storage capacity for random binary patterns: p/N<a¢ ~ 0.138
(proved using replica method)

— works for sequential and parallel dynamics



Attractor neural networks

@ more general programming rule:

if in state &, go to state &1 AJj < £/¢;
choose Jj= 1N§,f§j, 0;=0,
define m(t)=1 Y1, &oy(t), m'(H)=1 SN, o)

pattern overlap

oi(t+1) = sgn[zN: Jjoj(t) + z,'(t)} = sgn [g,f ( 1N zi\,: §,-a,-(t)> + z;(t)}

=1

N
= & sgn[ 1> &oy(t) + (1)
Jj=1

if m(t)= NZ/ 1 &oj(t) sufficiently large: o(f+1)=¢/
now m(t+1)<m(t), m'(t+1) > m'(¢) ...



Attractor neural networks

£3 s oA
& ‘
e h \
.1 6 /

@ create a dynamical attractor, in the form of
a sequence of patterns &' —&*— ... &P Jj=4 3P el
— many alternative flavours, to deal with pattern correlations etc
— storage capacity for random patterns: p/N < ag ~ 0.27 (simulations)
— works for parallel dynamics only ...
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Sequence attractors

Sequence attractors

Definitions

@ neurons oi=+1, i=1...N
synapses

Jj = NZ&““ , &e{-1,1} (random)

@ parallel dynamics
ﬁ”l hi(o )
prii(o ZW[cr o'lp(e’),  Wio,o']l= HW

U):ZJ/I'U/'a h;(a):Z{f‘Hmu(crL my(o)= NquUI
) p=1

@ macroscopic probabilities
P(m)=> p(o)sm-m(c)], m=(m,...,m,)
g
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Sequence attractors

Dynamical solution for finite p

@ macroscopic dynamics
Pry1(m) = me(a)é[m—m(a)]
o

oBYioi X, & mu (o)
= > dm-m(o)] — ,
oo [[;2cosh[532, & myu(a')]

eNB >u My, 1M (0)

Pm) 2 2 coshis S & mu(o)]

pi(c”)

pi(c’)

o’

with D(m) =" s[m-m(c)]

@ insert1 = [dm’ §[m'—m(c’)]

eNB Z;L my 41 m:t

Pta(m) = D(m) [dm IT,2cosh[3 Y, £#+1

eNB Z}L my, 1 m:;

. ;Pz(ff’)ﬂm’—m(o")]

D(m) [ dm’

™ [I,2cosh[5 3, & '] Pi(m)
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Sequence attractors

P 1(m) = /dm’eN“"""‘ P(m’)

|09 D(m)+5 Z M1y, sz: log[2 cosh(B ZM: & 'm

®(m,m’)

@ N—oo: steepest descent integration
Pipi(m) = P(m*(m)),  m*(m) = argmax,, Nlim o(m, m’)
— 00

if P((m) =d6[m—m(t)] = Pri1(m)=0[m—m(t+1)]
m(o) evolves deterministically

@ link between m(t) and m(t+1)
m(t) = argmaxy |8 m1(t+1)x,— (log[2cosh(8 Y~ €+ x, )¢

differentiate wrt X, : M,y (t+1) = (€“ tanh(8 Zf"HXV»

result
m,(t+1) = (" tanh(8 Z et m,,(t))>£ (see exercises)

v
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Sequence attractors

Generalisations

1 P
Jj = N Z giuAupgf : my(t+1) = (¢ tanh(ﬁngAAﬂmr)(t)»g

up=1 Ap

@ Axp = vnp+(1=1)0x pt1: . 11— &
’ P g Pl e
combine fixed-point Ji = N ;6’ §+ N ;f" ¢
and sequence storage "= ) v
m,(t+1) = (¢* tanh[B > (1" +(1 *'/)5“'1)”7/)(?)])5

p=1

N
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Sequence attractors

Simulations : ]
Jj = Z Eu+1 a=0.15: -~ 1
random binary "
patterns {£"} E s 7 += 2.
N::?/(\)/O’ = a=0.20: - 1
o= o= | ]
mM:“NZig,HUI o = s = 2o
plotted versus time, ) .
forp=1...20 o ]
a=0.25: ) ]

transition at

ac ~ 0.277

requires GFA ... a=0.30:




O cra
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GFA of sequence processing network

Definitions

@ neurons o;j==+1, i=1...N
synapses

Jj = NZ§“+1 , &'e{-1,1} (random)

@ parallel dynamics
ﬁo,h (t,o")

prate) = S Wiowlote). Wloo1 =T peaeions o7
0’ = ZJ,']O’]-&-@,‘
)
@ generating functional

Zl= Y. Plo(0),...,o(r)] e X v
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Work out generating functional
(see earlier section, 7=0(1))

introduction of deltas generating fields

T—1 e N
2= 3 mie() / [H VLR e—i¢<f>ﬂ<f>]

..... o(T) t=0

SBO (1) ()
H— o1 59 S (a0
[1,2cosh(Bh(1)) | ~———

disorder average
process dynamics

@ disorder average

e T o) A S Sl Sl e o)

o S D1 [y Tl o] [ ¢ o)

sequence recall solutions

m(t)= ZS/U, t) = 0(1), Vit %foai(f)zO(N*%)
Nzgt+1 o(1),  Vn#t: %fo““f’f(f):(?(N’%)
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non-condensed patterns

@ large N:
central limit theorem,

AR ACES D SR ONAORE S SERI0)

all zero average Gaussian RVs

@ covariances with wv#t

X, (D% (F) = Zh, Yyt )er e+t = ( Zh(t Yhi(t )
V0] = & S oG = (S o))
ij i
5O 0) = 3 S RO =50 (520 BlDoi(t))
if i

@ correlations between {x,(s), y.(s)} and {m(s), k(s)}:
all of order O(N~2)
18/41



(2m/N)"

1= / _dkdk v, ko -4 5 g o)
(2m/N)7

@ insert 1= / dmdm s, moimn 4 5 €loiol

1:/&7&2@2/« SN~ 4 5 oil)oy(t)]
(2m/N)”

_ / dQd@ VT QDA R
(2r/N)

1= /%ewzf’@ RLOK(GE )= 4 55 o Bi(E)]
(2m/N)”

@ disorder dependent factor

e 12 i 2 hi(hej(t) _ e INXicr KOM+O() (=130, >0 Xicr 2t Xu ()Y (D)

so: average only over patterns that are non-condensed,
i.e. those in {x.(t), y.(t)}, not those in {m(t), k(t)}
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Generating functional in saddle point form

choose po(o(0)) =[], pio(ci(0)),
P(x,y|C, Q,K): Gaussian distr of {x,(t), y.(t)},
p=aN

Z[y] = c" / dmdrdkdkdCd€dQdQdKdK

« eNEier (MO M)+ (kD) —k(OMOIHN Sy o [C(1)C(51)+Q(EE)Q(EE )+R(8,1)K(8,)]

“ / dxdy P(x,y|C, Q,K) ¢~ Zi% Secr T2 (0+0(/N)

,1 fg —i ’ C,’o‘ o(t
XH{ Z P/o i) +m(0)&o () —i X Ot ) (Do (')

a(0),..

Bo(t+1)h(t N o
/H dh(t) dh BTN hinn—0,(0—KE! 15 S [ A ROAE ) R ) (0 (r')]}
(2

) 2cosh(6h(t))e
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rewrite

Z[p] = c / dmdridkdkdCdBAQAQdKAR e[V 1ol T+l 1] +ovm)

V.. ] iy Im(tym(t) + k(t)k(t) — k(tym(1)]
t<t
+i Y (G ) C( 1) + QU )AL ) + K(t, K (t, 1)]
<t
oL.] = A/Zlog{ 3" Pio(o(0))e DML (O E e LN (Do ()
i a(0),..., o(T)

dh t) eﬂa(t+1)h(1‘)
/ H (27r 2cosh(Bh(1)*

ih(t)[A(t)—6;() —k(H)gl ] —i ZH/<T[@(1,t')ﬁ(t)ﬁ(t')+R(!,t’)a(t)?7(t’)} }

QL.] =

N log / dxdy P(x,y|C, Q, K) e~ Ziitr Xi<r Xex(0r(h
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Saddle point equations

e Saddle point equations
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Saddle point equations

Solving the saddle point equations

The saddle point equations

@ variation of

m,k,C,Q, K
8?17“(,1‘) - m(t) = k(1)
a%) —0:  k(t)=m(1)
s acen =% 0=y
st aaen =0 A0 =ia0
o ok =0 KOO =g
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Saddle point equations

@ variation of {(,é Q,K, A
use (h(t))i=(h(t)h(t'))i=0, (a(t)h(t"))i=iGi(t, 1)

ov o H~1
——+—=—-=0: k(t) = lim —
ok(1) " ok(t) NWsz

- ih =y = i l ol(t)o P
ety o) o C“’”*N'E“OONQ (Do (t'):

t)h(t

ov o | S
o0(t.r) od(t) 0: Q)= fm 5 Z<h(f)h(f )i
o + hd =0: K(t,t) = I|m *Z o(O)h(t)); = iG(t, 1)

oK(t,t) oK (t, 1)

t+1
after v —0, 6;(t) — £10(1)
3 (o J{dhdMI Wil{o, h, BHe ™ Str<r
5 oy HARARY W, b, BfJe ™ it COOD7 00 QLUMORI R () (0]

(60t (0 )+ RO )R OFE] g

9(--)i=

Bo(t+1)h(t) .
T > / {ahdR}Wl(o, )] — 1

Wi 0‘«’77’3 = pjo(c(0 B
o, b, i} = pio(e(0) TT [thosh(ﬁhm) -

t<r



Saddle point equations

Reduced problem

= lim —Zg,(a(t C(t,t')= lim 72 K(t,t')=iG(t, 1)
99[C.0.K] 90[C.Q.K] 99[C.0.K]
CtO=%ciry  AO=50m eo KEN=1 500

Z#(t) = Xu71 (t), s,uu - 5,u,1/71:

Q[C,Q,K] = 1n log / dydz P(y,z|C, Q, K) ¢ Xl Rrr X082 (h

/ dydz P(y,2|C, Q, K)z,.(1)2,(t') = 6., Q(t, )
[ ayiz 9(y.2.C.Q. Ky (Oy.(t) = 5,.C(8. 1)

/dydz P(y,2IC,Q,K)y.(t)z,(t') = 6, K(t, 1)
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Saddle point equations

Gaussian integral Q

@ notation D=A®B: Dy v =AuB(t 1), Dy =A.B(,1)

P(y,2/C,Q,K) = =

:/ dudv —3(y )l
(

N

(e (Y)

_( (1xC) (I®K))
(2r)2P-7)DetC’

C={aek™ (12Q)

)+i(y<u+z-v)

<C

2r)2re-7) ©

1 dydzdudv  —3( v)e(Y)iyurzv-ysenz
lo ——————— e
2n)F )

_1(u . u +iz-v
/1\/'0{ (2617:){%9 el 5[U—(S®I)Z]}

log {Det(ST®I) /W e

=

26/41



Saddle point equations

@ use K = iG and integrate over (u, V)
i~ T 1
Q[C,Q,iG] = NIogDet(S ®I)—WlogDet(I®C)
*217v log Det[12Q+[(12G) (S 1) (12C) "[(19G)— (S 1]

(see exercises)

@ small Q:
use log Det(M-+¢) = log Det(M)+Tr(M~'€)+0O(€%)
9IC.Q, iG] =~ log Det (80 1) (106" ~ T (S 1) (18 6) - Te1]]
T [(186) - (Se 1] (180)[(126) (8" 1] (12Q)] + O(Q)

(see exercises)

27/41



Saddle point equations

final result for Q.. ], using STS = 1

Q[C,Q,iG] = ’1N log Det(I 1-S"®G)
1

_ﬁﬂ[(J[@;@I—s"i@;@c;)*1 (IeC)(IeI-S®G") ' (12Q)] +0O(Q%)

@ order parameter eqns, use log DetA = Trlog A

ety = 1% —0
Kit) = % = *%%bgDet(I@IfST@G)

- _%Tralog(;g(ltjﬁs)%e) = 1NT1' (1®173T®G)’1%}
Qt) = 1% o0

- fﬁ/ﬂ-[u@lfs%e)q(1@0)(1@173@05*1gg(@im
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Saddle point equations

@ next hurdle

56 Ve = 5035500 (G017 ) = St
1NTr [Agg((??;] = Z Apus.vs O dstdsir = 1 ZAM ut!
vss’
%Tr[A%} N Avss Suudador = 3 ZAM v Sun
pvss’
@ result
Ritt) = 1NTr[(I®IfST®G)*1%]
- NZ(1®1 8'®G), . Su
at)y = fWTr[(IQ@IfST@G)”(I®C)(I®I*S®GT)_1ggﬁ%]

- —WZ[(I®1—8T®G)‘1(I®C)(I®I—S®GT)_1}

pt’,ut
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Saddle point equations

geometric series: (1-2)7' =3",., 2"
apply to matrices -

(191-80GT) ' =3 (50G") = 3 (s)®(G")"

£>0 >0
(I91-8'®G) "' =) (S"0G) =) (8")'®(G")
£>0 £>0
now, with STS = 1
Kty = NZ(I®I S'®G) 1, Suv = ZZ[(SZ (G utver Sy
Z>0 nv
s Benlern - 45 [Be e
>0 p=1 >0 p=1

= 1NZ [§5l171L—4—1](G£)(L t/) =0

>0 p=t
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Saddle point equations

i

Qi t) = a2 [(I01-S"G6) ' (I8C)(In1-S®G") '] ,
CaSlmereeen(Se e,
3 ) e

lé’>0 H=T
_ 7% “ZN) [; m] (G'CG™)(t, 1)
_ O‘N R =cDI()
£>0
hence

at, 1) — f%aiZ(G“CG[)(t, ') for N=oo

>0
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Recall transition

e Recall transition
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Recall transition

The sequence recall transition

Final saddle point equations

o
G(t, 1) = lim NZg”‘

let pio(a(0)) = po(c(0))
3 oy JIdRdRY W[{ o} { A ]e! e POIO~(m) ot 0= go S RLOROA) g )

(o ))i = Z{a}f{dhdh}W[{a}Hh}]e‘zi DI —(mO)+0(0)eF 1= Fa Sy At
eBo(t+A(D)
W{o}|{h}] = O))HW R(t.t) = > (G™CG)(t, 1)

£>0
we can now do sums over {c} ...
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Recall transition

@ focus on m(t) and G(t, t),
relevant sums:

D WHot{ml =1, > o(t)WI[{o}|{n}] = tanh(8h(t-1))
{o} {o}
(see exercises)
hence
f{dhdf,}eizsﬁ(s[h(s)—(m(s)+e< &= FoXaer Rl MNONS) tanh(Bh(t—1))

(o ()i = P55 A —(M(8)+0(9)ES |- bad oy A(s,5A(S)A(S')
f{dhdh}e

@ transform:

h(s)=¢&""[m(s)+6(s)+vav(s)l, h(s)=&""w(s)/va

(o(t))i = {?gd)W} o S5 VWIS)— 5 g €1 €7 T Als. s Jw(9w(s)
™

x tanh[B(m(t—1)+0(t—1)+Vav(t—1))]
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Recall transition

@ eqns for m(t) and G(t, t'):
m(t) = lim NZ&, ai(

) dVdW} s+l +1 R0 o /
— iim {dvdw} ol S VW)~ g €117 T R(s,S Yw(s)w(s)
N Z 2m)"

x tanh[B(m(t—1)+0(t—1)+av(t—1))]

N— oo

/

t>t:

G(t,t) = lim fZé/“ 89(t,)< ai(1))

— by I|m 72 {dVdW} ol s V(9) IW(S)— 5D es &,.SHEIS/“H(s,s’)w(s)w(s')

x 3 [1 ftanhz[ﬁ(m(tf1)+9(tf1 )+Vav(t—1 ))]]

{dvdW} ol D VW)~ } T €5H1es 1 R(s, s )w(s)w(s')
= Sy 15[17 lim NZ/ :

x tanh?[B(m(t—1 )+9(t—1)+\/&V(t—1))l]
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Recall transition

Stationary state

@ setd(t)=0, send r— oo and initial time to —oo,
look for time-translation-invariant solutions,

mity=m, Gt t)=B0pi(1-8), C(tt)=C(t—t)
now

m= /dx P(x)tanh[s(m+xva)], §= /dx P(x) tanh®[B(m+xv/a)]

P(x) = lim lz {dvAw} 52, viopts) 500 €716 Al S WM gy (0)]

N— oo N (271')
_ NleOONZ/{dVdW} 15 v(S)W(S)— 5 X ger R(s,8" )W(s)W! §[X 5: ()]
_ {dvdw} ol D VW)~ 1 gy Rls,s oW ) (| 1 e
e (3 Sc-co)
{dvdw} ol T UOW(S)— Ty R(s.8 W(s)w(s) 1o 1
_ (1AW} s vew(s)- ey AlsS WEWS) g1
- % s~ v(0)]
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Recall transition

@ P(x): zero average Gaussian, with covariance

2 _ [1dVAW} s wepws) - § e Alss wsws) 2
[ax 00 = @) O
_ [ fdvy iy @S v W2(0) = R(0,0)

v/ (27)"DetR

@ G'(t,t)=8(1-8) 0tvre, GT(t,1)=B"(1-8) 00

hence
R(0,0) = Y > G™(0,5)C(s—s")G(s’,0)

£>0 ss’

= Y B (1-8)* D 0,5 ¢C(5—8)5s
>0 ss’

1
o 2004  =N20
£>0
@ final result — /.Dx tanh <Bm+ﬁX7ﬁ>

. “ 1-32(1-3)?

g= [ Dx tanh? <5m+ dxi\/EN)
1_32(1_Q)2 37/41



Recall transition

The recall transition

@ recall phase (R): m # 0, stable sequence recall
paramagnetic phase (P): m = 0, no sequence recall

P phase: g= /DX tanh? (ﬂx—\/a~>
. 1-32(1-§)2
@ P—R transition:
turns out to be 1o
discontinuous I
0.8 ‘L
r \w“;& P
0.6 \«"x
. .
e
0.4 ¢ N
LN
a=p/N, T=1/8 [ R e
0.2
markers: t 0’5?;
simulations with N=10* 0.0 ]
0.0 0.1 0.2 03
o
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Storage capacity

e Storage capacity
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Storage capacity

Storage capacity for sequences

maximum «: found for T=0

@ define f(1—q)=u, assume m>0

m :/DX tanh (ﬂer Bxya ), u :/Dxﬁ[1 —tanh? (5m+ pxva )]

Vi-? Vi-?
take 8 — oo
_ _0 _ xya
m=J(m,u), u= amJ(m, u), J(m,u) _/Dx sgn(m+ m)

@ compute J(m, u), abbreviate v1—u2=yv2a/m
X ©dx 1,2 V2 dx 1,
Dxsgn(1+——= :/ ——e 2" 7/ e 2%
/ & ( y\@) —yvaV2n —oo V27

YWV2 gx 1,2 2 (Y 2
2/ —— 72X = —/ dx e ™™ =Erf
; o N )

J(m, u)
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Storage capacity

@ final eqns for T=0

ay d
m = Exf(y), u:a—,};@Erf(y)

2
m = Erf(y), + 1—2::7}2/ :%%e_yz

eliminate m:

2 2
Erf?(y)—2ay? = “Le_zy2 = yVa= f\/Erfz(y) — 4Lc*2y2
™ ™

solve numerically for y, s
find largest « for which a=0.2
nontrivial solns exist

o ~ 0.269 7
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