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Linear separability of data

Motivation: dimension mismatch and overfitting
two clinical outcomes (A,B),
4 patients, 60 gene expression levels ...

A : (100101001010010101010010001010111001001001001001001000011111)
A : (010001000010101001010101010010101000111100101001001010101000)
B : (001010001110101101100100100111001110010100101010101000101010)
B : (101011001010110010100100111100100101100111010111010001010010)

prognostic signature!
A : (100101001010010101010010001010111001001001001001001000011111)
A : (010001000010101001010101010010101000111100101001001010101000)
B : (001010001110101101100100100111001110010100101010101000101010)
B : (101011001010110010100100111100100101100111010111010001010010)

shuffle outcome labels ...
A : (100101001010010101010010001010111001001001001001001000011111)
B : (010001000010101001010101010010101000111100101001001010101000)
A : (001010001110101101100100100111001110010100101010101000101010)
B : (101011001010110010100100111100100101100111010111010001010010)

overfitting, no reproducibility ...
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suppose we have data D on N patients,
pairs of measurement vectors + clinical outcome labels

D = {(x1, t1), . . . , (xN , tN)}, xi ∈{−1, 1}p, t i ∈{−1, 1}, p,N � 1

e.g. xi= gene expressions of patient i (each component on/off)
t i= treatment response of i (yes/no)

assumed model:

t(x) =

{
1 if

∑p
µ=1 θµxµ > 0

−1 if
∑p
µ=1 θµxµ < 0

= sgn
[ p∑
µ=1

θµxµ
]

+: t i =1
o : t i =−1

classification task:
find parameters (θ1 . . . , θp)
such that

for all i = 1 . . .N : t i =sgn
[ p∑
µ=1

θµx i
µ

]
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data D explained perfectly
by model with θ=(θ1, . . . , θp) if

for all i = 1 . . .N : t i = sgn
(
θ · xi), i.e. t i (θ · xi ) > 0

separating plane in input space : θ · x = 0

distance ∆i between xi and separating plane : di = t i (θ · xi )/|θ|
|θ| irrelevant , so choose |θ|2 = p

defn: version space

all θ that solve above eqns
with distances κ or larger

volume of version space: V (κ) =

∫
dθ δ(θ2−p)

N∏
i=1

θ
[ t i (θ · xi )√

p
− κ
]

(i) if V (κ) large: many choices of θ possible, easy problem
(ii) if V (κ) small: few choices of θ possible, hard problem
(iii) if V (κ)=0: data not linearly separable
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high dimensional data: p large, α = N/p
α>1: fewer parameters than constraints
α<1: more parameters than constraints

V (κ) scales exponentially with p,
so define

F =
1
p

log V (κ) =
1
p

log
∫

dθ δ(θ2−p)
N∏

i=1

θ
[ t i (θ · xi )√

p
− κ
]

since V (κ)=epF :

F = −∞: V (κ)=0, no solutions θ exist,
data D not linearly separable

F = finite: V (κ)>0, solutions θ exist,
data D linearly separable
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Overfitting

parameters θ define a ‘rule’ for computing answers t i to questions xi ,
what if we choose random data D?

D ={(x1, t1), . . . , (xN , tN)}, xi ∈{−1, 1}p, t i ∈{−1, 1}, fully random

typical classification
performance: F =

1
p

log
∫

dθ δ(p−θ2)
N∏

i=1

θ
[ t i (θ · xi )√

p
− κ
]

=
1
p

log
∫

dz
2π

eizp

∫
dθ e−izθ2

N∏
i=1

θ
[ t i (θ · xi )√

p
− κ
]

introduce δ-functions,

1 =

∫
dyi δ

[
yi −

t i (θ · xi )√
p

]
=

∫
dyidŷi

2π
eiŷi yi−iŷi t

i (θ·xi )/
√

p

F =
1
p

log
∫

dzdydŷdθ
(2π)N+1 eizp+iŷ·y−izθ2

( N∏
i=1

θ(yi−κ)e−iŷi t i (θ·xi )/
√

p
)
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Gardner theory

large p, large N,
N = αp:

F = lim
p→∞

1
p

log
∫

dzdydŷdθ
(2π)N+1 eizp+iŷ·y−izθ2

( N∏
i=1

θ(yi−κ)e−iŷi t i (θ·xi )/
√

p
)

replica identity

log Z = limn→0 n−1 log Z n

F = lim
p→∞

lim
n→0

1
pn

log
[ ∫ dzdydŷdθ

(2π)N+1 eizp+iŷ·y−izθ2
( N∏

i=1

θ(yi−κ)e−iŷi t i (θ·xi )/
√

p
)]n

= lim
p→∞

lim
n→0

1
pn

log
∫ n∏
α=1

[dzαdyαdŷαdθα

(2π)N+1 eipzα+iŷα·yα−izα(θα)2
N∏

i=1

θ[yαi −κ]
]

×e−i
∑N

i=1
∑n
α=1 ŷαi t i (θα·xi )/

√
p
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average over data D

Ξ = e−i
∑N

i=1
∑n
α=1 ŷαi t i (θα·xi )/

√
p = e−i

∑p
µ=1

∑N
i=1 t i x i

µ

∑n
α=1 ŷαi θ

α
µ/
√

p

=

p∏
µ=1

N∏
i=1

e−ix i
µ

∑n
α=1 ŷαi θ

α
µ/
√

p =

p∏
µ=1

N∏
i=1

cos
[ 1√

p

n∑
α=1

ŷαi θ
α
µ

]

=

p∏
µ=1

N∏
i=1

{
1− 1

2p

( n∑
α=1

ŷαi θ
α
µ

)2
+O(

1
p2 )
}

= e−
1

2p
∑p
µ=1

∑N
i=1

∑n
α,β=1 ŷαi ŷβi θ

α
µθ
β
µ+O(p0)

F = lim
p→∞

lim
n→0

1
pn

log
∫ n∏
α=1

[dzαdydŷαdθα

(2π)N+1 eipzα+iŷα·yα−iz(θα)2
N∏

i=1

θ(yαi −κ)
]

× e−
1

2p
∑p
µ=1

∑N
i=1

∑n
α,β=1 ŷαi ŷβi θ

α
µθ
β
µ+O(p0)

= −α log(2π) + lim
p→∞

lim
n→0

1
pn

log
∫ n∏
α=1

(
dzαdθαeipzα−izα(θα)2

)
×

N∏
i=1

∫ n∏
α=1

[
dyαi dŷαi ei

∑
α ŷαi yαi θ[yαi −κ]

]
e−

1
2
∑
α,β ŷαi ŷβi [ 1

p
∑p
µ=1 θ

α
µθ
β
µ ]
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with y = (y1, . . . , yn), ŷ = (ŷ1, . . . , ŷn),
z = (z1, . . . , zn):

F = −α log(2π) + lim
p→∞

lim
n→0

1
pn

log
∫

dz
( n∏
α=1

dθαeipzα−izα(θα)2
)

×
{∫

dydŷ eiŷ·y
n∏
α=1

θ[yα−κ] e−
1
2
∑
α,β ŷα ŷβ [ 1

p
∑p
µ=1 θ

α
µθ
β
µ ]
}N

insert

1 =

∫
dqαβ δ

[
qαβ −

1
p

p∑
µ=1

θαµθ
β
µ

]
=

∫
dqαβdq̂αβ

2π/p
e
ipq̂αβ

[
qαβ− 1

p
∑p
µ=1 θ

α
µθ
β
µ

]

F = −α log(2π) + lim
p→∞

lim
n→0

1
pn

log
∫

dzdqdq̂ eip
∑n
αβ=1 q̂αβqαβ+ip

∑n
α=1 zα

×
{∫

dydŷ eiŷ·y
n∏
α=1

θ[yα−κ] e−
1
2 ŷ·qŷ

}N

×
∫ n∏
α=1

(
dθαe−izα(θα)2

)
e−i

∑p
µ=1

∑
αβ q̂αβθ

α
µθ
β
µ
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with θ = (θ1, . . . , θn):
(N = αp)

F = −α log(2π) + lim
p→∞

lim
n→0

1
pn

log
∫

dzdqdq̂ eip
∑n
αβ=1 q̂αβqαβ+ip

∑n
α=1 zα

×
{∫

dydŷ eiŷ·y
n∏
α=1

θ[yα−κ] e−
1
2 ŷ·qŷ

}αp{∫
dθ e−i

∑n
α=1 zαθ2

α−iθ·q̂θ
}p

= lim
p→∞

lim
n→0

1
pn

log
∫

dzdqdq̂ epΨ(z,q,q̂)

Ψ(. . .) = i
n∑

αβ=1

q̂αβqαβ + i
n∑
α=1

zα + log
∫

dθ e−i
∑n
α=1 zαθ2

α−iθ·q̂θ

+α log
∫

dydŷ eiŷ·y
n∏
α=1

θ[yα−κ] e−
1
2 ŷ·qŷ − αn log(2π)

assume limits n→0 and p→∞ commute,
steepest descent integration

F = lim
n→0

1
n

extrz,q,q̂Ψ(z,q, q̂)
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Order parameter equations

Ψ(z,q, q̂) = i
n∑

αβ=1

q̂αβqαβ + i
n∑
α=1

zα + log
∫

dθ e−i
∑n
α=1 zαθ2

α−iθ·q̂θ

+ α log
∫

dydŷ eiŷ·y
n∏
α=1

θ[yα−κ] e−
1
2 ŷ·qŷ − αn log(2π)

transform q̂αβ = − 1
2 ikαβ−zαδαβ ,

integrate over ŷ

Ψ(z,q, k) =
1
2

n∑
αβ=1

kαβqαβ + i
n∑
α=1

zα(1−qαα) + log
∫

dθ e−
1
2θ·kθ

+α log
∫

dy
n∏
α=1

θ[yα−κ]

∫
dŷ eiŷ·y− 1

2 ŷ·qŷ − αn log(2π)

=
1
2

n∑
αβ=1

kαβqαβ + i
n∑
α=1

zα(1−qαα) + log
(2π)n/2

√
Detk

+α log
∫

dy
n∏
α=1

θ[yα−κ]
(2π)n/2

√
Detq

e−
1
2 y·q−1y − αn log(2π)
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re-organise

Ψ(z,q, k) =
1
2

n∑
αβ=1

kαβqαβ + i
n∑
α=1

zα(1−qαα)− 1
2

log Det k− 1
2
α log Det q

+ α log
∫

dy
n∏
α=1

θ[yα−κ]e−
1
2 y·q−1y +

1
2

n(1−α) log(2π)

extremise with respect to z,
∂Ψ/∂zα = 0 : qαα = 1 for all α

Ψ(q, k) =
1
2

n(1−α) log(2π) +
1
2

n∑
αβ=1

kαβqαβ −
1
2

log Det k− 1
2
α log Det q

+ α log
∫

dy
n∏
α=1

θ[yα−κ]e−
1
2 y·q−1y

next: ergodicity assumption,
replica-symmetric form for q and k ...
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Replica symmetric solution

Ψ(q, k) =
1
2

n(1−α) log(2π) +
1
2

n∑
αβ=1

kαβqαβ −
1
2

log Det k− 1
2
α log Det q

+ α log
∫

dy
n∏
α=1

θ[yα−κ]e−
1
2 y·q−1y

RS saddle-points

qαβ = δαβ + (1−δαβ)q, kαβ = K δαβ + (1−δαβ)k

eigenvalues:

x = (1, . . . , 1) : (kx)α =
n∑
β=1

[k +(K−k)δαβ ]xβ = nk +K−k

eigenval : λ = nk +K−k
n∑
α=1

xα = 0 : (kx)α =
n∑
β=1

[k +(K−k)δαβ ]xβ = (K−k)xα

eigenval : λ = K−k (n−1 fold)
hence

Det k = (nk +K−k)(K−k)n−1, Det q = (nq+1−q)(1−q)n−1
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invert q, try (q−1)αβ = r + (R − r)δαβ

δαβ = (qq−1)αβ =
∑
γ

(q + (1−q)δαγ)(r + (R−r)δγβ)

= nqr + q(R−r) + r(1−q) + (R−r)(1−q)δαβ

so nqr + q(R−r) + r(1−q) = 0, (R−r)(1−q) = 1

R = r +
1

1−q
, r = − q

(1−q)(1−q+nq)

hence, using exp[ 1
2 x2] =

∫
Dz exz

log
∫

dy
n∏
α=1

θ[yα−κ]e−
1
2 y·q−1y = log

∫
dy

n∏
α=1

θ[yα−κ]e−
1
2
∑
αβ yα[r+(R−r)δαβ ]yβ

= log
∫

dy
n∏
α=1

θ[yα−κ]e−
1
2 r [

∑
α yα]2− 1

2 (R−r)
∑
α y2

α

= log
∫

Dz
∫

dy
n∏
α=1

θ[yα−κ]ez
√
−r

∑
α yα− 1

2 (R−r)
∑
α y2

α

= log
∫

Dz
[ ∫ ∞

κ

dy ez
√
−ry− 1

2 (R−r)y2
]n
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put everything together ...

1
n

Ψ(q, k) =
1
2

(1−α) log(2π) +
1
2

K +
1
2

(n−1)qk − 1
2n

log[(nk +K−k)(K−k)n−1]

− α

2n
log[(nq+1−q)(1−q)n−1] +

α

n
log
∫

Dz
[ ∫ ∞

κ

dy ez
√
−ry− 1

2 (R−r)y2
]n

=
1
2

(1−α) log(2π) +
1
2

(K−qk)− 1
2n

log(1+
nk

K−k
)− 1

2
log(K−k)

− α

2n
log(1+

nq
1−q

)− α

2
log(1−q) +O(n)

+
α

n
log
∫

Dz
[
1 + n log

∫ ∞
κ

dy ezy
√

q/(1−q)− 1
2(1−q)

y2
+O(n2)

]
take n→ 0:

2F = (1−α) log(2π) + extrK ,k,q

{
K−qk − k

K−k
− log(K−k)

− αq
1−q

− α log(1−q) + 2α
∫

Dz log
∫ ∞
κ

dy ezy
√

q/(1−q)− 1
2(1−q)

y2}
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2F = (1−α) log(2π) + extrK ,k,q

{
K−qk − k

K−k
− log(K−k)

− αq
1−q

− α log(1−q) + 2α
∫

Dz log
∫ ∞
κ

dy ezy
√

q/(1−q)− 1
2(1−q)

y2}

extremise over K and k{
∂
∂K = 0 : 1 + k

(K−k)2 − 1
K−k = 0

∂
∂k = 0 : −q − 1

K−k −
k

(K−k)2 + 1
K−k = 0

⇒ K =
1−2q

(1−q)2 , k = − q
(1−q)2

2F = (1−α) log(2π) + extrq

{ 1
1−q

− αq
1−q

+ (1−α) log(1−q)

+ 2α
∫

Dz log
∫ ∞
κ

dy ezy
√

q/(1−q)− 1
2(1−q)

y2}
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in terms of error function, Erf(x) = 2√
π

∫ x
0 dt e−t2

:∫ ∞
κ

dy ezy
√

q/(1−q)− 1
2(1−q)

y2
= e

qz2
2(1−q)

∫ ∞
κ

dy e−
[y−z
√

q]2

2(1−q)

=
√

2(1−q) e
qz2

2(1−q)

√
π

2

{
1−Erf

[ K−z
√

q√
2(1−q)

]}

2F = logπ + (1−2α) log 2

+ extrq

{ 1
1−q

+ log(1−q) + 2α
∫

Dz log
[
1−Erf

( K−z
√

q√
2(1−q)

)]}

extremisation with respect to q

short-hand u(z, q) = (κ−z
√

q)/
√

2(1−q),
use Erf ′(x) = 2√

π
exp[−x2]

d
dq

= 0 :
1

(1−q)2 −
1

1−q
− 2α

∫
Dz

(∂u
∂q

) Erf ′ u(z, q)

1−Erf u(z, q)
= 0
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work out further

q
(1−q)2 =

4α√
π

∫
Dz

(∂u
∂q

) e−u2(z,q)

1−Erf u(z, q)

∂u
∂q

=
1√
2
∂

∂q
κ−z

√
q

(1−q)1/2 = . . . =
κ
√

q − z
2
√

2q(1−q)3/2

insert:

q
√

q = α

√
2
π

√
1−q

∫
Dz

e−u2(z,q)(κ
√

q−z)

1−Erf u(z, q)

2F = logπ + (1−2α) log 2 +
1

1−q
+ log(1−q) + 2α

∫
Dz log

[
1−Erf u(z, q)

]
q
√

q = α

√
2
π

√
1−q

∫
Dz

e−u2(z,q)(κ
√

q−z)

1−Erf u(z, q)
, u(z, q) =

κ−z
√

q√
2(1−q)

remember:
F =finite: random data linearly separable with margin κ
F = −∞: random data not linearly separable with margin κ

21 / 24



Linear separability of data Gardner theory Replica symmetric solution

α = 0 (so 1�N�p):

q = 0, 2F = logπ+log 2+1 random data linearly separable (overfitting)

α > 0 (so 1�N∼p):

transition point: value of α where q → 1

1 = αc(κ)

√
2
π

∫
Dz lim

q→1

√
1−q

e
−[ K−z√

2(1−q)
]2

(κ− z)

1−Erf
[

κ−z√
2(1−q)

]
αc(κ) =

[
1√
π

∫
Dz (κ+z) lim

γ→∞

1
γ

e−γ
2(κ+z)2

1−Erf[γ(κ+z)]

]−1
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remaining limit:

lim
γ→∞

1
γ

e−γ
2Q2

1−Erf[γQ]
= Q

√
π θ(Q)

proof:

Q < 0 : Erf[γQ]→ −1 so lim
γ→∞

1
γ

e−γ
2Q2

1−Erf[γQ]
= 0

Q > 0 : Erf[γQ] = 1− 1
γQ
√
π

e−γ
2Q2
(

1 +O(
1

γ2Q2 )
)

lim
γ→∞

1
γ

e−γ
2Q2

1−Erf[γQ]
= lim
γ→∞

1
γ

e−γ
2Q2

1
γQ
√
π
e−γ2Q2

(
1 +O( 1

γ2Q2 )
) = Q

√
π
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Final result

αc(κ) =
[ ∫ ∞
−κ

Dz (κ+z)2
]−1

αc(0) =
[ ∫ ∞

0
Dz z2

]−1
= [

1
2

]−1 = 2

p covariates, N patients
binary outcomes,
p and N large

random data
(i.e. pure binary noise)
is perfectly separable if
N/p < αc(κ)

machine learning algorithms
will find pararameters θ1 . . . θp

such that ti = sgn[
∑p
µ=1 θµx i

µ]
for all i = 1 . . .N 0.0

0.5

1.0

1.5

2.0

0 1 2 3 4 5
classification margin κ

α = N
p

��
���

αc(κ)

massive
overfitting
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