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MOTIVATION

Physical systems

• finite connectivity:

more realistic than full connectivity

• vector spins:
more realistic than Ising or spherical spins

• matrix interactions:

e.g. coupled oscillators, Josephson junctions

Theory

• how far can we push our present techniques?

• more intuition on finitely connected continuous spins
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3



DEFINITIONS

N unit-length vector spins,

σi ∈ Sd−1, {σ} = (σ1, . . . ,σN)

H({σ}) = −J ∑

i<j

cijσi · U ijσj +
∑

i

V (σi)

quenched disorder:

• random lattice: cij ∈ {0, 1}

Prob(cij) =
c

N
δcij ,1 + (1 − c

N
)δcij ,0 for all i < j

c = O(N0), Erdös-Rényi graph

• interactions between spins:

random matrices U ij ∈ SO(3) (rotations in IRd)
independently drawn from P (U), with P (U †) = P (U)
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d = 3: σi = (sin θi cosφi, sin θi sinφi, cos θi)

H = −J ∑

i<j cijσi · U ijσj +
∑

i V (σi)

random U ij ∈ SO(3)

d = 2: σi = (cosφi, sinφi)

H = −J ∑

i<j cij cos(φi− φj− ωij) +
∑

i V (φi)

random ωij ∈ [0, 2π]

random graph: Prob(cij) = c
N δcij ,1 + (1 − c

N )δcij,0
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Technicalities

Complicating model ingredients:

(i) spin variables continuous
(ii) spin variables vectorial

(iii) spin-interactions represented by random matrices

• RS order parameter is a functional

• finding phase transitions:

– involves functional moment expansions
– nontrivial eigenvalue problems

• finding order parameters:

– population dynamics nontrivial: iterating functionals
– numerically demanding and potentially difficult to converge

• numerical simulations:

– generating suitable random matrices
– Langevin dynamics too slow
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REPLICA ANALYSIS

Disorder-averaged free energy per spin:

f = lim
n→0

1

n







− lim
N→∞

1

βN
log

∫

[
∏

i

n
∏

α=1
dσα

i ] e−β
∑n

α=1
H({σα})







Disorder average:

e−β
∑

α H({σα}) = exp







−β ∑

iα

V (σα
i ) + O(N0)

+
c

2N

∑

ij

[∫

dUP (U )eβJ
∑

α σα
i ·Uσα

j − 1
]







Order parameters:

{σ} = (σ1, . . . ,σn), σα,σα
i ∈ Sd−1 P ({σ}) =

1

N

∑

i

∏

α
δ[σ − σα

i ]
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minor technicalities

• functional δ-distributions to isolate order parameters P ({σ})
integral representations: conjugate functions P̂ ({σ})

• continuum limit for domain Sd−1 of σα,

gives path integral measure:

∏

{σ}
[dP ({σ})dP̂ ({σ})/2π] = {dPdP̂}

f = − lim
n→0

1

βn
extr{P,P̂}

{

i
∫

{dσ}P ({σ})P̂ ({σ}) + log
∫

{dσ} e−β
∑

α V (σα)−iP̂ ({σ})

+
1

2
c

∫

{dσdσ′}P ({σ})P ({σ′})[
∫

dUP (U )eβJ
∑

α σα·Uσ′

α− 1]

}

saddle-point eqns

P ({σ}) =
e−β

∑

α V (σα)−iP̂ ({σ})
∫{dσ′} e−β

∑

α V (σ′

α)−iP̂ ({σ′})

P̂ ({σ}) = ic
∫

{dσ′} P ({σ′})[
∫

dUP (U)eβJ
∑

α σα·Uσ′

α− 1]
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Replica symmetric theory

P (σ1, . . . ,σn) =
1

N

∑

i

n
∏

α=1

δ[σα − σα
i ]

RS ansatz for
continuous variables:

• let P [φ|µ] denote a complete parametrized family of functions on Sd−1

µ = (µ0, µ1, µ2, . . .)

PRS(σ1, . . . ,σn) =
∫

dµ w(µ)
∏

α
P [σα|µ],

∫

dµ w(µ) = 1

• representation-independent formulation:

PRS(σ1, . . . ,σn) =
∫

{dP} W [{P}] ∏

α
P (σα)

RS order parameter:
functional measure W [{P}]

physical interpretation:
∫

{dP} W [{P}] ∏

α

[∫

dσ P (σ)fα(σ)
]

= lim
N→∞

1

N

∑

i

∏

α
〈fα(σi)〉
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insert RS ansatz:

fRS =
c

2β

∫

{dP1dP2} W [{P1}]W [{P2}]
∫

dUP (U ) log
[∫

dσdσ′P1(σ)P2(σ
′)eβJσ·Uσ′

]

−1

β

∑

ℓ≥0

pℓ

∫ ℓ
∏

k=1

[{dPk}W [{Pk}]dUkP (U k)]

× log





∫

dσ e−βV (σ)
ℓ

∏

k=1

∫

dσ′Pk(σ
′)eβJσ·U kσ′





pk = e−cck/k!

W [{P}] =
∑

ℓ≥0

pℓ

∫

∏

k≤ℓ

[{dPk}W [{Pk}]dUkP (U k)]

× ∏

σ∈Sd−1

δ





P (σ) − e−βV (σ) ∏ℓ
k=1

∫

dσ′Pk(σ
′)eβJσ·U kσ′

∫

dσ′′e−βV (σ′′) ∏ℓ
k=1

∫

dσ′Pk(σ′)eβJσ′′·U kσ′







paramagnetic state:

lim
β→0

W [{P}] =
∏

σ∈Sd−1

δ



P (σ) − 1

|Sd−1|



 lim
β→0

βfRS = − log |Sd−1|
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d=2: XY SPINS WITH CHIRAL INTERACTIONS

d = 2: σi = (cosφi, sinφi)

H = −J ∑

i<j cij cos(φi− φj− ωij) +
∑

i V (φi)

random ωij ∈ [0, 2π]

V = 0:

W [{P}] =
∑

k≥0

pk

∫

∏

ℓ≤k

[{dPℓ}W [{Pℓ}]dωℓP (ωℓ)]

× ∏

φ∈[0,2π]

δ



P (φ) −
∏k

ℓ=1

∫

dφ′Pℓ(φ
′)eβJ cos(φ−φ′−ωℓ)

∫

dφ′′
∏k

ℓ=1

∫

dφ′Pℓ(φ′)eβJ cos(φ′′−φ′−ωℓ)





paramagnetic state : lim
β→0

W [{P}] =
∏

φ∈[0,2π]

δ

[

P (φ) − 1

2π

]
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Phase transitions

Continuous bifurcations away from paramagnetic state

located by Guzai (i.e. functional moment) expansion

• transform:

P (φ) → 1

2π
+ ∆(φ), W [{P}] → W̃ [{∆}]

constraint:
W̃ [{∆}] = 0 if

∫ 2π

0
dφ ∆(φ) 6= 0

• expand saddle-point eqns
in functional moments

∫

{d∆}W̃ [{∆}]∆(φ1) . . .∆(φr)

• assume: close to continuous bifurcation
∃ǫ≪ 1 such that

∫

{d∆}W̃ [{∆}]∆(φ1) . . .∆(φr) = O(ǫr)
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Lowest order bifurcation ǫ1

Ψ(φ) =
c

2πI0(βJ)

∫ 2π

0
dφ′

∫

dω P (ω)eβJ cos(φ−φ′−ω)Ψ(φ′)
∫ 2π

0
dφ Ψ(φ) = 0

Ik(z):
modified Bessel functions

• soln: Fourier modes Ψ(φ) = eikφ

c = min
k>0







Ik(βJ)

I0(βJ)

∫ π

−π
dω P (ω) cos(kω)







−1

• bifurcating state:

lim
N→∞

1

N

∑

i

〈




cos(φi)
sin(φi)



〉 =
1

2
ǫ δk1





cos(λ)
sin(λ)



 + . . .

P→F : c =







I1(βJ)

I0(βJ)

∫ π

−π
dω P (ω) cos(ω)







−1

KT : c = min
k>1







Ik(βJ)

I0(βJ)

∫ π

−π
dω P (ω) cos(kω)







−1
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Lowest order bifurcation ǫ2

Ψ(φ1, φ2) = c
∫ dφ′1dφ

′
2

[2πI0(βJ)]2

[∫

dω P (ω)eβJ cos(φ1−φ′

1
−ω)+βJ cos(φ2−φ′

2
−ω)

]

Ψ(φ′1, φ
′
2)

∫

dφ1 Ψ(φ1, φ2) =
∫

dφ2 Ψ(φ1, φ2) = 0

• soln: Fourier modes Ψ(φ1, φ2) = ei(k1φ1+k2φ2)

• bifurcating state:
no global ferromagn order, yet

lim
N→∞

1

N

∑

i

[

〈cos(φi)〉2 + 〈sin(φi)〉2
]

> 0

P → SG : c = I2
0(βJ)/I2

1(βJ)
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Phase diagrams

P→F : c−1 = [I1(βJ)/I0(βJ)]
∫ π

−π
dω P (ω) cos(ω)

P→SG : c−1 = [I1(βJ)/I0(βJ)]2

F→SG : cannot yet calculate . . .

Parisi−Toulouse hypothesis ?

Example:

P (ω) = 1/2π
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Example:

P (ω) = 1
2δ(ω − ω) + 1

2δ(ω + ω)
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Theory versus simulations

Numerical solution of order parameter equations:
population dynamics with truncated parametrizations w(µ) of functional W [{P}]

m2 =





1

N

∑

i

〈cos(φi)〉




2

+





1

N

∑

i

〈sin(φi)〉




2

q =
1

2N

∑

i

[

〈cos(φi)〉2 + 〈sin(φi)〉2
]

Example:

P (ω) = 1/2π
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c−1

upper: T/J = 0.1
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◦: m
⊔⊓: q
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Example:

P (ω) = δ(ω)

◦: m
⊔⊓: q

0 0.2 0.4 0.6 0.8 1 1.2 1.4
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c−1

q,m

T/J = 0.1, 0.3

−1 −0.5 0 0.5 1
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4

φ/π

P (φ)

c = 10

c = 5

T/J = 0.1

Example:

P (ω) = 1
2
δ(ω − π

4
) + 1

2
δ(ω + π

4
)
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0.8
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c−1

q,m

T/J = 0.2

confirms
Parisi-Toulouse
for F→SG transition
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d=3,4,...: HEISENBERG SPINS AND BEYOND

σi ∈ Sd−1

H = −J ∑

i<j cijσi · U ijσj +
∑

i V (σi)

random U ij ∈ SO(3)

V = 0:

W [{P}] =
∑

ℓ≥0

pℓ

∫

∏

k≤ℓ

[{dPk}W [{Pk}]dU kP (U k)]

× ∏

σ∈Sd−1

δ





P (σ) −
∏ℓ

k=1

∫

dσ′Pk(σ
′)eβJσ·U kσ′

∫

dσ′′ ∏ℓ
k=1

∫

dσ′Pk(σ′)eβJσ′′·U kσ′







paramagnetic state : lim
β→0

W [{P}] =
∏

σ∈Sd−1

δ



P (σ) − 1

|Sd−1|





19



Phase transitions

Continuous bifurcations away from paramagnetic state
located by Guzai (i.e. functional moment) expansion

P (σ) → |Sd−1|−1 + ∆(σ), W [{P}] → W̃ [{∆}]

functional moments
∫

{d∆}W̃ [{∆}]∆(σ1) . . .∆(σr)

assume

∃ǫ≪ 1 such that
∫

{d∆}W̃ [{∆}]∆(σ1) . . .∆(σr) = O(ǫr)

generalized
modified Bessel function:

I0,d(z) = |Sd−1|−1 ∫

Sd−1
dσ ezσ1
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Lowest order ǫ1

Ψ(σ) =
c

I0,d(βJ)

∫

Sd−1

dσ′

|Sd−1|
Ψ(σ′)

∫

dUP (U)eβJσ·Uσ′
∫

Sd−1

dσ Ψ(σ) = 0

commuting operators:
KLΨ = c−1I0,d(βJ)Ψ

(KΨ)(σ) =
∫

Sd−1

dτ

|Sd−1|
eβJσ·τ Ψ(τ ) (LΨ)(σ) =

∫

dUP (U )Ψ(U †σ)

Lowest order ǫ2

Ψ(σ1,σ2) =
c

I2
0,d(βJ)

∫

Sd−1

dτ 1dτ 2

|Sd−1|2
Ψ(τ 1, τ 2)

∫

dUP (U )eβJ(σ1·Uτ 1+σ2·Uτ 2)

∫

Sd−1

dσ1 Ψ(σ1,σ2) =
∫

Sd−1

dσ2 Ψ(σ1,σ2) = 0

commuting operators:
KLΨ = c−1I2

0,d(βJ)Ψ

(KΨ)(σ1,σ2) =
∫

Sd−1

dτ 1dτ 2

|Sd−1|2
eβJ(σ1·τ 1+σ2·τ 2)Ψ(τ 1, τ 2)

(LΨ)(σ1,σ2) =
∫

dUP (U )Ψ(U †σ1,U †σ2)
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Continuous phase transitions for d = 3: classical Heisenberg spins

Euler angle representation

of random rotations in IR3:

P (U ) = ǫδ[U − 1I] +
1 − ǫ

8π2

∫ 2π

0
dα

∫ π

0
dβ

∫ 2π

0
dγ sin(β)δ [U − Rz(α)Ry(β)Rz(γ)]

Rz(α) =





cosα sin α 0
− sinα cosα 0

0 0 1



 Ry(β) =





cosβ 0 − sinβ
0 1 0

sinβ 0 cosβ



 Rz(γ) =





cos γ sin γ 0
− sinγ cos γ 0

0 0 1





P→F :
∫ 1

0
dy I0(βJ

√
1−x2

√

1−y2) sinh(βJxy)ρ(y) =
sinh(βJ)

ǫβJc
ρ(x)

P→SG :
∫ 1

−1

dydsdt

4π
I0(βJ

√
1−s2

√
1−x2) eβJ [sx+t] θ[(1−s2)(1−t2) − (y−st)2]

√

(1−s2)(1−t2) − (y−st)2
ψ(y)

=
sinh2(βJ)

c(βJ)2
ψ(x)

subject to constraint
∫ 1

−1
dy ψ(y) = 0
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Phase diagrams for d = 3
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Theory versus simulations

population dynamics with truncated parametrizations w(µ) of functional W [{P}]

m =
√

m2
x +m2

y +m2
z q =

1

3
(qx + qy + qz)

mx = lim
N→∞

1

N

∑

i

〈cos(φi) sin(θi)〉 qx = lim
N→∞

1

N

∑

i

〈cos(φi) sin(θi)〉2

my = lim
N→∞

1

N

∑

i

〈sin(φi) sin(θi)〉 qy = lim
N→∞

1

N

∑

i

〈sin(φi) sin(θi)〉2

mz = lim
N→∞

1

N

∑

i

〈cos(θi)〉 qz = lim
N→∞

1

N

∑

i

〈cos(θi)〉2
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c = 3, 4, 5, 6 (left to right) confirmation of Parisi-Toulouse
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SUMMARY

• finitely connected vector spin models with random matrix interactions

are solvable with presently available methods

• RS order parameter is a functional W [{P}]
• continuous transition lines within RS can be calculated exactly

using Guzai (functional moment) expansions of the functional W [{P}]

• Parisi-Toulouse hypothesis (F→SG transition) appears correct

• RSB effects are only modest, limited to very low temperatures

• obvious possible extensions:

– RSB

– non-Poissonian graphs

• less obvious extensions: dynamics
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