Generating functional analysis of complex formation

and dissociation in large protein interaction networks
A pilot study

ACC Coolen

Dept of Mathematics and Randall Division
King's College London

IWSMI-2009, Sep 13-16, Kyoto

ACC Coolen (KCL) Dynamics of protein interaction networks IWSMI-2009



e Introduction

@ Model definitions
@ Elementary processes and dynamical equations
@ Interaction network and reaction rates

e Generating functional analysis
@ Disorder-averaged generating functional
@ Dynamical order parameters
@ Saddle point equations
@ Implications of causality
@ Cavity interpretation

6 Solution of the macroscopic equations
@ Remaining problem
@ Solution in simplifying limits
@ |deas that don’t work
@ Alternative routes

e Summary

ACC Coolen (KCL) Dynamics of protein interaction networks IWSMI-2009



Introduction - signalling in the cell
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Introduction - protein interaction networks

@ function of a protein:
controlled by conformation (3-dim shape)

@ protein interaction:
form complexes, trigger shape
changes in other proteins
via temporary complexes

Table 2. Model Equations

d(RD)/dr — kg RDA — kigRD « A + kayRDE — ky3RD - £ — kioRD + kgt R+ D 4k RT = kyyRD - M

1 - . d(RT)/dt — kssRTE — kssRT - E + koaR + T — kasRT — k3 RT + kssRTA ~ kagRT « A — komRT < € + kyoM + ki2RD - M
° usual descrlptlon. d(RDE) /dt k’uRD-E—skuRDEngu;ﬂF‘D,—gkuRDg‘— k;‘RT} " " "
k_ . . d(RE)/dt — k3sRDE — kusRE - D + kssRTE — kusRE - T+ kouR - E — koRE
d(RTE)/dt — kasRE - T — ksaRTE 4 kysRT - E — ks, RTE — ks3RTE
inetic equations e i eyt

d(RA)/dt = kezRTA — kogRA T + kosR - A — kioRA + ks:RDA — kysRA - D

d(RDA)/dt — kisRTA + kogRA - D — ksrRDA + kgD - A — ke RDA

d(R)/dt ~ ksoRT ~ kyzR T + KioRE ~ koaR - E - kioRD — kot R D + kysRA — kspR - A
d(EN/dt ~ knRDE — kiR - E + ksaRTE — kasRT - E + kiR — koaR - £ — kuuRT - E + kM
dIA)/dt = kDA — KisRD - A + keoRTA — kaeRT - A -+ KooRA — Koo - A

diM)/dt ~ kBT -~ koM

Model equations correspond to the reaction scheme shown in Figure 1. Numbering of the reaction rate constants
follows the conventions introduced in Table 3

‘The most significant challenges that face mechanistic modeling are the lack
of quantitative kinetic data and the combinatorial increase in the number of
distinct species ... of the protein network ... (Kholodenko 2006)

ACC Coolen (KCL) Dynamics of protein interaction networks IWSMI-2009 4/31



Model definitions - elementary processes

@ N protein species, labeledi =1,... N
post-translational states, labeled « =1....,q
complex where i binds to j: (ixj)

@ concentration of (i, a): x

concentration of (ixj): x; (Xij = i)

@ elementary events: rate:
binary complex formation:  (i,a) + (. 3) — (i=]) ki "xox/
binary complex dissociation: (i=j) — (| @)+ (j, 8) k;‘ﬁ‘xij
degradation/removal: (il,a) — YEXE
synthesis: 0 — (i, a) o

@ protein interaction network: ¢ = {c;}
cj=cj=1 if (ixj) possible
Cij=C;j=0 otherwise
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Model definitions - microscopic equations

@ Michaelis-Menten reaction equations:

d o ap— (e} (e (o3 Oy O
¢ = E Cj E [kijﬁ X —K; Ay x]ﬂ] + 0% — 4o
i B

d aBtoa af—
= G Dk — k)
ab

@ solve eqns for {x; }:
%xi"‘(t) = > ¢ /dsZWa;pA(t_S|kij)Xip(s)xjk(s)"’eia(t)_Via(t)xia(t)
i pA

effective protein interaction
Waioa (7lk) = k[ Sk =b[rle™ ™ —da,0(7)
B

limitations:
no higher order complexes, no spatial variation of concentrations
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Model definitions - interaction network, reaction rates

@ disordered system on
finitely connected random graph
disorder: {c;, k*"*}
N ~210% (k)~7

@ protein interaction network c:
degrees {k;} random, from realistic p(k)

P(c) = % H 6kiyzj#i Cjj - H |:C06Cii»1 + (1_00)6(3“,0}
i :

@ ‘on/off’ rates kjj = {kijo‘ﬁi}:
random, from realistic P (k)

necessary symmetry: P(Sk) = P (k) for all k
where (Sk)®#+ = kBa+t
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Model definitions - can we trust network data?

Interactome data suffer from methodological bias ...

Species Average Degree Kmax Detection Method Reference Distance
C.elegans 2.96 99 Y2H Simonis et al. 2008
C jejuni 17.5 207 Y2H Parrish et al. 2007 0 10 15
D.melanogaster ~ 6.85 176 DD Stark et al. 2006 L L L
E.coli 7.05 641 AP-MS' Arifuzzaman et al. 2006 C jejuni
H.pylori 387 55 Y2H Rain et al. 2001 S.cerevisiae X
H.sapiens | 337 125 |Y2H Rual et al. 2005 S.cerevisiae VIII
H.sapiens Il 37 95 Y2H Stelzl et al. 2005 N ;:erevisiae )YI 1
H.sapiens Il 5.67 314 AP-MS! Ewing et al. 2007 ) Tpallidum
H.sapiens IV 7.52 247 DD Prasad et al 2008 i
M.loti 343 401 Y2H Shimoda et al. 2008 Swevisij"v"” H
P falciparum 417 51 Y2H Lacount et al. 2005 H.sapiens |
S.cerevisiae | 1.82 24 Y2H Uetz et al. 2000 H.sapiens Il
S.cerevisiae Il 1.91 55 Y2H Ito et al. 2001 (core) S.cerevisiae Xl
Scerevisiaelll  2.69 279 Y2H Ito et al. 2001 S.cerevisiae Il
Scerevisiae IV 4.58 62 AP-MS' Ho etal. 2002 S.cerevisiae |
ScerevisiaeV  9.05 18 DI Von Mering et al. 2002 S'Ce’e"'sh'j‘f l_”
Scerevisiae VI 473 53 AP-MS' Gavin etal. 2003 C clogans
S.cerevisiae VII 361 32 DI Han et al. 2004 Synechocystis
S.cerevisiae VIl 16.77 955 AP-MS? Gavin et al. 2006 H.pylori
S.cerevisiael X 5.25 141 AP-MS’ Krogan et al. 2006 H.sapiens Il
S.cerevisiae X 11.15 127 AP-MS? Collins et al. 2007 D.melanogaster
S.cerevisiae XI 4.7 58 PCA Tarassov et al. 2008 P falciparum
Scerevisiae XIl 234 86 Y2H Yu etal. 2009 S.cerevisiae IV
Synechocysti 3.25 51 Y2H Sato et al. 2007 S.cerevisiae IX
T pallidum 10.01 285 | Y2H Titz et al. 2008 S.carevisiae VI
a H.sapiens IV

I Yeast-two-Hybrid Database Datasets

Data Integration

Afinity Purification-Mass Spectrometry'
I Afinity Purification-Mass Spectrometry?

Protein Complementary Assay
IWSMI-2009 10/31
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GFA - the disorder-averaged functional

let dx2 (t)/dt = Fo[t, {x}]:

@ De Dominicis: 7l = /[de } o Sia St v (X ()

lat

X Ha[ (t+dt) —x (1) —F2t, {x}]dt}

iat

@ average over {c;, k" }: Z[¢p] — Z[¢]
@ calculate observables without solving egns:

5
x(t) = l’l}JTO St )Z["»b]

« B ! — _ h 62 ZTal]

KO = = i Sty o

@ statistical mechanics: calculate limy_ o, Z[v]
(saddle-point integration, closed eqns for dynamical order parameters)
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GFA - introduction of dynamical order parameters

@ to achieve factorization in Z[+)] we need
PLOGO R R o] = % Z H S[{Xa} —{X" o[ {Xa} — (%} ]e™
@ fory — O:

Jim N“logZ[] = extrp,q) { WI{P. Q) + @[{P}] + QU{Q}] + const}

v = - [lexaplx QLX) - 5 K)

o = %(k)/{dxdﬁdx’dﬁ’}P[{x,>A<}]P[{x’,)2’}] x

_ "W ok o [ S o (1) € (=00 (0470 (Oxa (1)
= <Iog 27Te' /{dxdx}e‘

—T

<e*ifdthZpAk””Xp(t*T)X§(t*T){elT]e’rT Zagk"ﬁ’[>”<a(t)+>”<£a(t)]*J(T)[ip(t)M&(t)]} >k
Q

XeQ[{Xf(}]e—iw<e_is o Stdr Wa;p)\(‘r“()ﬁa(t)Xp(t—T)X)\(t—T)> >
k,s/{0,7,k}
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GFA - saddle-point equations

1) 1)
WW[{RQ}] + mq’[{P}] =0
1)
W‘U[{RQ}]‘F(;Q[{X }]Q[{Q}]

@ transform:
W[{x}{y}] = /{d)?}P[{x,f(}]e*ifdtZaya(t)?a(t)
@ physical meaning:

WDV = 5 S0 TXT — O3 b it o) ve
j

pick randomly a species j, remove one binding partner,
and increase production rates of j by {y}
what is probability to observe for j the concentrations {x}?

@ implications:
J{ax} W[{x}|{y}] =1forall {y}, and causality
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GFA - implications of causality

explicit closed eqn for W [{x}|{y}],
exact for N — oo

witai) = 30 PEEREEN T {tacaywiin v
k

€<k

X H5[}/za(t)*/d7ZWa;pA(T|Skg)xep(t7T)X/\(t,T)] }
at A
x H 5{dxa(t) —dt [9a(t) FYal(t) = Ya(t)Xa(t) + 2; /dT X, (t—7)

X (SWa;p)\(T“()X)\(t*T)+ZWa;pA(T|kl)X€)\(t7T)):| }>
<k

k75§{kl}7{077|k}

physical measure without node removal: D[{x }|{y }]
eqn for D: replace p(k+1)(k+1)/(k) — p(k) in RHS
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GFA - cavity interpretation of order parameter egns

On"+ Y (X, xn})

@ A: site i with four partners (the set d;)
B: modified graph: flow from i — &, is prohibited (i effectively removed),
production rates of all j € g; adjusted to compensate

compare Ato B: eqgn for D[{x}|{y}] in terms of W[{x}|{y}]

@ C: further modification: flow from j — g is prohibited (j is removed),
production rates of nodes in 9, = {m,n} adjusted to compensate

compare Bto C: eqn for W[{x}|{y}] in terms of W[{x}|{y}]

argument requires:
tree-like nature of graph, absence of degree-degree correlations
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Macroscopic equation to be solved

Exact for N — oo,
all ingredients have clear interpretation

wipayy = 30 RS T {taaywii ivo)
k

<k
% T 6[yea(t) - / 3 o (/8K e, (=0 (t=7)] )
at oA
< TTo{a(®) — a0 (t) + ya(t) —s(Oxa(®) + 3 /dT X, (t—7)

k,si{ke},{0,v[k}

X (SWaop (TIPA(E=7)+ D Wappn (rlkexaa (t=7) ) | })
<k
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Solution of macroscopic egns - simplifying limits

@ low connectivity, p(k) — &1

WIHY I = (TTo{oa(t) = dt[0a(t) + yalt) = va(ta(t)

+s %: /dT Waiox (T|k)xp(t —7)Xa(t _T))} }>k,s,{9,7}

@ high connectivity: k%" = k%+/(k), (k) — oo
closed eqn for W[{x}] = W[{x}|{0}]

WIxH = (TT8]dxa(t)=dt (0a(6) = va(Oxa(0)
+sZ/dT Wi (7 k)X, (=7 )X (= 7)
pPA

s,k.k,{0,7}

+§ e Wosriskpat-r) [ty wipxge-n)])
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Solution of macroscopic egns - ideas that don’t work

@ Numerical solution?

W [{x}|{y}]: nr of order parameters grows exponentially with time
here: arguments of W [{x }|{y }] are continuous paths ...

Variational methods?

rationale: exploit origin of theory as a saddle-point eqns of functional
apply transformations directly to W[{P,Q}] + ®[{P}] + Q[{Q}]:

kernel to specify protein-protein interaction

MUy Xy )] = (TTo[va(0 [ o (rloxa(t-r)x t-7)
at PA

X Hd[yg(t)f/dTZ wa;pA(T|Sk)x,g(tfT)xA(th)} >k
at pPA
and F[{6};s,K] as soln of

%Xu(t) = Oa(t) = 7a()Xa(t) +s Z /dT Wa;pA(le)XP(t_T)XA(t_T)
PA
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Solution of macroscopic egns - ideas that don’t work

@ surface being extremized:

LHV.WY = 5 [ WIKGHY VI ]
e / {axdyaey’} W[{x}] {y }] M[{x,y <y} WKy}
+Zp (10g ftex} [ TT [(@yav et 10x)] (5[ 0x) —F {e+zye} s.k|))

<k

@ construct L[{W }] whose minimum gives true solution?
systematic variational approximations of W?

never possible!
if W obeys causality: L[{V,W }] independent of M[.; ] ...
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Solution of macroscopic eqgns - alternative routes

iterative soln of W [{x}|{y}] = Q[{x}/{y},W]?
Waa[{XF{y} = QX I{y }Wal,  Wol[{x}{y}] = d[{x}]

@ n = 1: environment of ‘free’ nodes

1)(k+1)

WAl{} {y}] = Zp(”w (5[t} —F[{o+y)is.]])
k

k,s,{6,vIk}

@ n = 2: environment of interacting nodes

waltx) )] = 0 PEEEER T {(axaywatixale
k

<k

< L8 [yia0) [dr S Wapa(riSkoxen(t=r)xat-7)] }
oA

at

<I1 5{dxa(t) —dt [9a(t) +Yalt) — aOxa®) + Y /dT X, (t—7)
X (SWarpr (7R (E=7)+ D Wappr (rlkexa(t=7) ) | })
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Solution of macroscopic eqgns - alternative routes

GFA is fully exact, but
nr of order parameters grows exponentially with time ...

Dynamical replica method (DRT)?

@ choose macroscopic observables Q(x) = (Q1(x), ..., Qu(x))
formalism gives

dQ/dt = FlQ] Q= lm Q)

best possible closed eqns for chosen observables
but no direct prescription for choice ...

@ Do observables 2(x) exists for which DRT is exact?
yes! nr of order parameters grows linearly with time
@ tasks:

(i) connect two formalisms,
Q,DRTeqns < WI[{x}|{y}], GFA eans

(ii) identify simplest observables Q(x)
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@ GFA can be applied successfully to protein interaction networks
@ stochastic process for nontrivial ‘effective single protein’
@ order parameter W [{x }|{y }] (path response function on cavity graph)

@ present focus: solving closed eqn for W[{x}|{y }]

@ Outlook

o closed egns for stationary state order parameters?
working out solutions for realistic choices of p(k) and P (k)
phase diagrams, analysis of instabilities

inclusion of higher order complexes

connections with experiment, verifiable predictions
integration with ‘small module’ reaction equations

more sophisticated random graph ensembles
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