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Stochastic processes on networks

Protein interaction networks

proteins: hetero-polymers that interact
via temporary complexes

reaction eqns:

d

dt
xαi =

∑
j

cij

∑
β

[kαβ−ij xij−kαβ+
ij xαi xβj ] + θαi − γαi xαi + noise

d

dt
xij = cij

∑
αβ

[kαβ+
ij xαi xβj − kαβ−ij xij ] + noise

nodes: proteins i , j = 1 . . .N
links: cij =cji =1 if i binds to j

cij =cji =0 otherwise

N∼104, ∼7 links/node
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Gene regulation networks

gene expression level σi :
degree to which gene i is ‘switched on’

Boolean models:
σi ∈ {−1, 1},
discrete time

σi (t + 1) = Fi (σ1(t), . . . , σN(t))

Fi (σ1, . . . , σN) = sgn[hi (σ1, . . . , σN) + noise]

hi (σ1, . . . , σN) =
∑

j

Jijσj +
∑

jk

Jijkσjσk + . . .

nodes: genes i , j = 1 . . .N
links: cij =1 if σj appears in Fi (σ1, . . . , σN)

cij =0 otherwise

directed network!

N∼104, ∼5 links/node
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Tailoring random graphs
statistical mechanics of processes on network c?,
using random graph c as proxy

tailored random graph ensemble ΩL:

maximum entropy ensemble constrained by
values of L observables ω(c) = {ω1(c), . . . , ωL(c)}

Ωhard
L : pL,h(c) = Z−1

L,h

∏
`≤L

δω`(c),ω`(c?)

Ωsoft
L : pL,s(c) = Z−1

L,s e
∑L
`=1 ω̂`ω`(c),

∑
c

pL,s(c)ω`(c) = ω`(c?) ∀`

approximate model solution:

average generating functions
of process over c in ΩL

larger L→ better approximation

'

&

$

%

all nondirected graphs'

&

$

%

Ω1(c) = Ω1(c?)'
&

$
%

Ω2(c) = Ω2(c?)�
�
�
�Ω3(c) = Ω3(c?)

• c?
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How to choose observables ω(c) = {ω1(c), . . . , ωL(c)}
to carry over from c? to the ensemble?

e.g. spin models H(σ) = −
∑

i<j cijJijσiσj

statics: replica method

e−β
∑n
α=1 H(σα) =

∑
c δω,ω(c)e

∑
i<j cij Aij∑

c δω,ω(c)
, Aij = βJij

n∑
α=1

σαi σ
α
j

dynamics: generating functional analysis

e−i
∑

it ĥi (t)
∑

j cij Jijσj (t) =

∑
c δω,ω(c)e

∑
i<j cij Aij∑

c δω,ω(c)
, Aij = −iJij

∑
t

[ĥi (t)σj (t)+ĥj (t)σi (t)]

in both cases
to be done analytically:

∑
c

δω,ω(c)e
∑

i<j cij Aij
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calculations feasible for:

p(k |c) =
1
N

∑
i

δk,
∑

j cij , W (k , k ′|c) =
1

k̄N

∑
ij

cij δk,
∑

r cir δk′,
∑

r cjr

• c?

'

&

$

%

all nondirected graphs

'

&

$

%

k̄(c) = k̄(c?)'

&

$

%

∀k: p(k |c) = p(k |c?)'

&

$

%
∀k , k ′: W (k , k ′|c) = W (k , k ′|c?)
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critical temperatures of Ising spin models

ΩA: graphs with imposed k̄ =
∑

k k p(k |c?)
ΩB : graphs with imposed p(k |c?)
ΩC : graphs with imposed p(k |c?) and W (k , k ′|c?)

c? = d-dim cubic lattice
p(k) = δk,2d

0

2

4

6

8

10

ΩA ΩB ΩC

Tc(d)

Tc (1) = 0

Tc (2) = 2/log(1+
√

2)

Tc (3)≈4.512

Tc (4)≈6.687

c? = ‘small world’ lattice
p(k≥2) = e−qqk−2/(k−2)!

0

1

2

3

4

5

6

ΩA ΩB ΩC

Tc(q)

Tc (0) = 0

Tc (1) = 2/log(1+
√

2)

Tc (2) = 2/log( 3
4 + 1

4
√

17)

Tc (3) = 2/log( 2
3 + 1

3
√

7)
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The problem of short loops

most informative
next observable ω(c)?

random graphs with prescribed p(k |c?)
and W (k , k ′|c?): locally tree-like ...

protein interaction networks c?:
have many short loops ...

geometric (eg lattice-like) networks c?:
have many short loops ...

1
N Tr(c

3)

0

5

10

15

0 100000 200000 300000

randomisation steps

human protein
interaction network

←

ω(c) must count short loops,
but stat mech methods (replicas, GFA, cavity,
belief prop) require locally tree-like graphs ...
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simplest ensemble with controlled
nr of triangles (Strauss): p(c) ∼ eu

∑
ij cij +v

∑
ijk cij cjk cki

let us count graphs first
(simpler than averaging over them?)

combine:∑
ij

cij = N
∫

dµ µ2%(µ|c),
∑

ijk

cijcjk cki = N
∫

dµ µ3%(µ|c)

%(µ|c) =
2

Nπ
lim
ε↓0

Im
∂

∂µ
log Z (µ+iε|c), Z (µ|c) =

∫
dφ e−

1
2 iφ·[c−µ1I]φ

S = −
∑

c

p(c) log p(c)

=
(

1−u
∂

∂u
−v

∂

∂v

)
lim
ε,∆↓0

log
∑

c

∏
µ

[
Z (µ+iε|c)−iZ ∗(µ+iε|c)i

]∆
π

(2uµ+3vµ2)

replica analysis with finite
imaginary replica dimension?
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Model of Agliari and Barra

B-cell clones bµ
each B-clone can recognise
and attack specific antigen aµ

T-cell clones σi

coordinate B-clones via
cytokine signals ξµi = −1, 0, 1
(−1: contract, +1: expand)

energy function:

p(σ,b) =
e−
√
βH(σ,b)

Z
H(σ,b) =

1
2
√
β

NB∑
µ=1

b2
µ −

NB∑
µ=1

bµ

expansion force on clone µ︷ ︸︸ ︷( NT∑
i=1

ξµi σi +λµaµ
)
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randomly drawn cytokine variables:
(bi-partite random graph)

p(ξµi ) =
c

2N

[
δξµi ,1

+ δξµi ,−1

]
+ (1− c

N
)δξµi ,0

c : promiscuity

NB = αN∼108

N ∼ 2.108

‘integrate out’ the B-clones,
gives system of interacting T-clones:

p(σ) =
e−βHeff (σ)

ZT
Heff(σ) = −1

2

N∑
i,j=1

σiσj

αN∑
µ=1

ξµi ξ
µ
j −

N∑
i=1

σi

αN∑
µ=1

λµgµξµi
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Immune versus neural network models
mathematically very similar ...
both store and recall information ...

p(σ) =
e−βH(σ)

ZT
H(σ) = −1

2

N∑
i,j=1

σiσjJij −
αN∑
µ=1

hµ
N∑

i=1

σiξ
µ
i

Hopfield model: bond dilution
cij : finitely connected tree-like graph

Jij = cij

αN∑
µ=1

ξµi ξ
µ
j , hµ = O(

1
N

), p(ξµi ) =
1
2

[
δξµi ,1

+ δξµi ,−1

]
recall of one N-bit pattern at a time

Immune model: pattern dilution

Jij =
αN∑
µ=1

ξµi ξ
µ
j , hµ = O(1), p(ξµi ) =

c
2N

[
δξµi ,1

+ δξµi ,−1

]
+ (1− c

N
)δξµi ,0

need recall of O(N) c-bit patterns ...

but analysis & solution very different!!
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topological features
of the effective T-T graph

Jij =
∑αN
µ=1 ξ

µ
i ξ
µ
j

αc2 < 1 αc2 = 1 αc2 > 1

percolation transition:
αc2 = 1
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Statistical mechanical analysis

H(σ) = − 1
2c

αN∑
µ

M2
µ(σ)−

αN∑
µ=1

ψµMµ(σ), Mµ(σ) =
N∑

i=1

ξµi σi

To calculate:

f = − lim
N→∞

1
βN

log ZN , ZN =
∑

σ∈{−1,1}N

e
β
2c

∑
µ M2

µ(σ)+β
∑
µ ψµMµ(σ)

Mµ(σ) > 0: pos signal to B-clone, bµ ↑
Mµ(σ) < 0: neg signal to B-clone, bµ ↓

P(M, ψ|σ) =
1
αN

αN∑
µ=1

δM,Mµ(σ)δ(ψ − ψµ) ψµ : antigen trigger

Disorder:

αN2 frozen
random vars {ξµi }

p(ξµi ) =
c

2N

[
δξµi ,1

+ δξµi ,−1

]
+ (1− c

N
)δξµi ,0
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bookkeeping: f = − lim
N→∞

1
βN

log
∑
σ

e
β
2c

∑αN
µ=1 M2

µ(σ)+β
∑αN
µ=1 ψµMµ(σ)

= − lim
N→∞

1
βN

log
∑
σ

eαβN
∫

dψ
∑

M P(M,ψ|σ)
(

M2/2c+Mψ
)

insert:
1 =

∏
M,ψ

∫
dP(M, ψ) δ

[
P(M,ψ)− 1

αN

αN∑
µ=1

δM,Mµ(σ)δ(ψ−ψµ)
]

path integral form:

f = − lim
N→∞

1
βN

log
∫
{dPdP̂} eN

{
i
∫

dψ
∑

M P(M,ψ)P̂(M,ψ)+αβ
∫

dψ
∑

M P(M,ψ)
(

M2
2c +Mψ

)
+Ω[P̂|{ξ}]

}
Ω[P̂|{ξ}] = lim

N→∞

1
N

log
∑
σ

e−
i
α

∑
µ P̂(Mµ(σ),ψµ)

steepest descent:

f = extr{P,P̂}f [{P, P̂}]

−βf [{P, P̂}] =

harmless terms︷ ︸︸ ︷
i

∫
dψ
∑

M

P(M, ψ)P̂(M, ψ) + αβ

∫
dψ
∑

M

P(M, ψ)
(M2

2c
+Mψ

)
+

the problem︷ ︸︸ ︷
Ω[P̂|{ξ}]
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Disorder average – replica method

focus on disorder-averaged free energy f ,
work out saddle-point eqns:

f = f [χ]
∣∣∣
χ(M,ψ)= M2

2c +Mψ
, P(M, ψ) = − 1

α

δf [χ]

δχ(M, ψ)

∣∣∣
χ(M,ψ)= M2

2c +Mψ

f [χ] = − lim
N→∞

1
βN

log
∑
σ

e
β
∑αN
µ=1 χ(Mµ(σ),ψµ)

, Mµ(σ) =
∑

i

σiξ
µ
i

replica identity (Kac):
log z = limn→0 n−1 log zn

log
∑
σ

eG(σ) = lim
n→0

1
n

log
(∑
σ

eG(σ)
)n

= lim
n→0

1
n

log
∑
σ1

. . .
∑
σn

e
∑n
α=1 G(σα)

Hence

f [χ] = − lim
N→∞

lim
n→0

1
βNn

log
∑
σ1...σn

e
β
∑n
α=1

∑αN
µ=1 χ(Mµ(σα),ψµ)

= − lim
N→∞

lim
n→0

1
βNn

log
{∏
αµ

[ ∞∑
Mαµ=−∞

∫ π

−π

dωαµ
2π

]
ei

∑
αµ ωαµMαµ+

∑
αµ βχ(Mαµ ,ψµ)

×
∑
σ1...σn

e−i
∑

i
∑
αµ ωαµσ

α
i ξ
µ
i

}
ACC Coolen (KCL/LIMS) Solvable immune network models 23 / 38



(i) carry out disorder average
(ii) manipulations, path integrals, steepest descent ...

f [χ] = − lim
n→0

1
βn

extr{Q,L} Ψn[{Q, L}|χ], Ψn[{Q, L}|χ] = complicated functional

Q = {Q(M)}, M∈ZZn

L = {L(σ)}, σ∈{−1, 1}n

saddle point eqns:

Q(M) =

∫ π

−π
dω cos(ω ·M) exp

[
c
∑
σ cos(ω ·σ)eL(σ)∑

σ eL(σ)

]
ω∈ [−π, π]n

L(σ) = αc e
βn
2c

∫
dψ P(ψ)

{∑
M Q(M)eβ

∑
α χ(Mα,ψ) cosh[β( 1

c M · σ+ψ
∑
α σα)]∑

M Q(M)eβ
∑
α χ(Mα,ψ)

}

next:
solve, then analytical
continuation n→ 0 in

P(M|ψ) = lim
n→0

∑
M

(
1
n

∑n
γ=1 δM,Mγ

)
eβ

∑
α χ(Mα,ψ)Q(M)∑

M eβ
∑
α χ(Mα,ψ)Q(M)

∣∣∣∣∣
χ(M,ψ)=M2/2c+Mψ

.
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Replica symmetric solutions
replica symmetric (RS)
ansatz for saddle point:

L(σ) = αc
∫

dh W (h)
n∏
α=1

eβhσα , Q(M) = ec
∫
{dπ}W [{π}]

n∏
α=1

π(Mα),

W (h): normalised distr, W (h) = W (−h)
W [π]: normalised functional distr, non-zero iff

∑
M∈ZZ π(M) = 1

RS saddle point eqns,
for n→ 0:

W (h) =

∫
{dπ}W [π]

∫
dψ P(ψ)

∑
τ=±1

δ

[
h− τψ − 1

2β
log
(∑

M π(M)eβ(M2/2c+M(ψ+τ/c))∑
M π(M)eβ(M2/2c+M(ψ−τ/c))

)]

W [π] = e−c
∑
k≥0

ck

k !
e−αck

∑
r≥0

(αc)r

r !

∫ ∞
−∞

[∏
s≤r

dhsW (hs)
] ∑
`1...`r≤k

×
∏
M

δ

[
π(M)−

∑
σ1...σk =±1 e

β
∑

s≤r hsσ`s δM,
∑
`≤k σ`∑

σ1...σk =±1 e
β
∑

s≤r hsσ`s

]
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Eliminate W [π]:

W (h) = e−c
∑
k≥0

ck

k !
e−αck

∑
r≥0

(αc)r

r !

∫ ∞
−∞

[∏
s≤r

dhsW (hs)
] ∑
`1...`r≤k

∫
dψ P(ψ)

×
∑
τ=±1

δ

h−τψ− 1
2β

log

∑σ1...σk =±1 e
β(

∑
`≤kσ`)2/2c+β(

∑
`≤kσ`)(ψ+τ/c)+β

∑
s≤r hsσ`s∑

σ1...σk =±1 e
β(

∑
`≤kσ`)2/2c+β(

∑
`≤kσ`)(ψ−τ/c)+β

∑
s≤r hsσ`s



P(M|ψ) =
∑
k≥0

p(k)P(M|k , ψ), p(k) = e−cck/k !

P(M|k , ψ) = e−αck
∑
r≥0

(αc)r

r !

∫ ∞
−∞

[∏
s≤r

dhsW (hs)
] ∑
`1...`r≤k

×


∑
σ1...σk =±1 δM,

∑
`≤kσ`

eβ(
∑
`≤k σ`)2/2c+βψ

∑
`≤k σ`+β

∑
s≤r hsσ`s∑

σ1...σk =±1 e
β(

∑
`≤k σ`)2/2c+βψ

∑
`≤k σ`+β

∑
s≤r hsσ`s


h: clonal interference field
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state without clonal cross-talk

W (h) = δ(h),
always a soln, for any (α,T , c)

k > 0 :

P(M|k , ψ) = e−αck
∑
r≥0

(αc)r

r !

∑
`1...`r≤k


∑
σ1...σk =±1 δM,

∑
`≤k σ`

eβ(
∑
`≤k σ`)2/2c+βψ

∑
`≤k σ`∑

σ1...σk =±1 e
β(

∑
`≤k σ`)2/2c+βψ

∑
`≤k σ`


at T = 0:

ψ 6= 0 : P(M|k , ψ) = δM,k sgn(ψ)

i .e. error free activation or inhibition
of stored strategy with k nonzero entries

ψ = 0 : P(M|k , ψ) =
1
2

[δM,k + δM,−k ]

weak ergodicity breaking,
clone oscillates randomly between Mµ>0 and Mµ<0 states,
important for homeostasis!
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Phase diagram

continuous bifurcations
away from W (h) = δ(h):

1 = αc2
∑
k≥0

e−c ck

k !

{∫
dz e−

1
2 z2

tanh(z
√
β/c+β/c) coshk+1(z

√
β/c+β/c)∫

dz e−
1
2 z2 coshk+1(z

√
β/c+β/c)

}2

0 0.5 1 1.5 2 2.5 30

0.5

1

1.5

2

2.5

c = 2

c = 1

c = 3

c = 4

αc2

T

W (h) 6= δ(h)
clonal cross-talk

W (h) = δ(h)
no clonal cross-talk

circles:
numerical soln

of W (h) eqn
for c =1
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Simulations and population dynamics

numerical soln of eqn for W (h)
via population dynamics algorithm
(here c = 1)

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 10
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α = 2.12

α = 2.75

β

∫
dh W (h)h2

↑↑↑
predicted βc
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clonal cross-talk interference field
distribution W (h) below Tc

(here c = 2, α = 2 and β = 6.2)
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overlap statistics in W (h) = δ(h) regime
(here k = 6, c = 1)
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overlap statistics:
W (h) = δ(h) regime vs W (h) 6= δ(h) regime
(here k = 6, β = 0.8)
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Summary

Processes on finitely connected graphs

some spin models on graphs with many short loops are solvable

here: c = A†A
A: p×N matrix with indep distributed {Aµi}

allows for Hubbard-Stratonovich type transformation to
equivalent theory with spins + scalar Gaussian fields,
and for doing disorder average

Z =
∑
σ

eβ
∑

i<j cijσiσj =

∫
dz

(2π)p/2

∑
σ

e
√
β
∑
µi zµAµiσi− 1

2
∑
µ z2
µ

further work:

– systematic approximation of arbitrary ‘loopy’ graphs by
graphs of the type c = A†A, with indep {Aij}?

– entropy of Strauss model via imaginary replicas?
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Immune system modelling

promiscuous T-cells can coordinate an extensive number of B-cells effectively

two phases, separated by continuous phase transition (within RS):
W (h) = δ(h), phase without clonal cross-talk
W (h) 6= δ(h), phase with clonal cross-talk

without antigen triggers:
weak ergodicity breaking,
stochastic clonal oscillation between activation and suppression
(important for homeostasis)

further work:

– replica symmetry breaking?
– nonequilibrium statistical mechanics (GFA)
– more realistic models, including dendritic cells,

B-lymphocyte families, hypersomatic mutation etc
– immune-tumour interaction
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