


Stochastic dynamical spin systems
o(t) = (o1(t),...,on(1))

Ising variables, discrete time:

» Markovian parallel: oi(t+1) = sgnlhi(o(t))+ Tni(t)] Vi
dynamics:
sequential : oi(t+1) = sgn[hi(o(t))+ Tni(t)] if i=i
oi(t+1) = oi(t) if i it

ir = drawn indep from {1,..., N}

> local fields:
h,‘(O’) =0+ ZJUU/ + ZJijko'jUk —+ ...
) Kk
> noise 7;(t) € IR:
drawn indep from p(n), generalizations:
with p(—n) = p(n) random index sets S C {1,..., N}

updated at each step,
Potts spins o € {1,...,q},
efc



Continuous variables, continuous time:

» Langevin d ]
dyngmics: 3010 = (e (t)) +mi(t) Vi
> forces: f/(o-):6i+ZJﬁ0j+th[jkgjak+...
) jk

» Gaussian noise 7;(t) € R:
() =0, (mi(t)y(t')) = 2Toy6(t—t)

defined as limit A | 0 of
oi(t+A) = oi(t) + Afi(a(t)) + V2TAL(t)

ni(t) = &(1)/2T/A Ito &(t) indep Gaussian
Stratonovich . ;(t) correl Gaussian

generalizations:

non-Gaussian noise,

spherical spins, o?(t) = N,
etc



Description in term of state probabilities

> |sing spins, parallel dynamics:

oi(t+1) = sgnlhi(o())+ Tni(t)] Vi
54

pia(0) = Y Wioio'le’).  Wioio'] =[] 11 +aia(5hi(e)]

I

s=1T, g2 [ "y pin)

> Ising spins, sequential dynamics:
oi(l+1) = 6i,sgnhi(o(0))+ Tni(O)] + (16, )oi(€)
random step durations : prob(¢|t) = (t/A)‘e” 2/, A =N
&

Spilo) = [w(Fo)pi(Fio) — wi(o)pe)]  (master eqn)

1

F,'O‘ = (0’1,. ey, =0y .,0’/\/)7 W,(O’) = %[1 —O’,'g(ﬂh/(d))]



> continuous spins, Langevin dynamics:

Soilt) = (o) + () Vi

=

d 19} 0
gPile) =— z’: o [f,-(a)p;(a)— Ta—o_ipt(a)] (Fokker — Planck eqn)

common form
linear eqgns for p; = {p:(o)}
d
pri1 = Wpr, P = (W —1)p:

common questions

> existence & uniqueness of stationary states: Wp., = po
» formula for stationary states p
> transients, evolution towards po



Equilibrium states
special stationary solutions p(o)
that obey detailed balance:

(Vo,o') : Prob|observing o — '] = Prob[observing o’ — o |

for instance:

pras(e) = S Wi o/lpi): - Wiaio Io(e') = Wie'ialp(o)

FCEDY [M(Ec)pr(ﬁo)—m(o)pr(a)] . wi(Fio)p(Fie) = w(@)p(e)
Sp(0) = =3 L [H(0)p0)-Toopi()] : (e)p(o) =T plo)

many benefits!

— route for finding p(o), leads to equil stat mech

— prove unigqueness of p(o), and convergence

— FDT relations

— MCMC sampling but requires special properties of forces and noise!



detailed balance — tool for finding p(o)

if we choose
hi(o) = 225 Jjoy + 61 Jj = Ji
p(n) = S[1—tanh®(n)], so g(h) = tanh(h)

> |sing spins, sequential dyn (master eqn):

w(Fio)p(Fir) = wi(@)p(e), Ji=0:  plar) ox o[ 3oy,

> |sing spins, parallel dyn:

Wio;o'lp(c’) = W[o olp(a):  plo) o« e =it HCOSh[‘B(G/JrZJ,-,U,-)]
i )
_ Z eB I:Z,] J,'jo;o'ﬂ»zi 9,-(0,{+a,-):|

. . o’
> continuous spins:

(Fokker-Planck eqgn)
H(o)=T . logp(o)

f(o) = hi(o)+ a%,- V(o)) :

p(a') o e‘g [% Yjdjoioi+22 0ioi—32; V(”/)]



detailed balance — uniqueness and convergence,
the H-theorem
Po(o) = Z~" exp[-BH(o)]:
-1 o pr(o)l (o) /Poo (0 Isil
2 = L Dipdlp) = {5_12 pi(o)log [pi(e)/pss(o)] (SIng)
B B~ [do pi(o)log [pi(o)/pse(e)]  (continuous)
B { > o Pi(a)[H(e)+Tlogpi(o)]+4logZ  (Ising)
[do pi(o)[H(o)+Tlogpi(a)] + 5 logZ  (cont)
= E({t)—TS(t)+ B 'logZ (dynamic free energy)

if process ergodic:

> Ising spins: Ey(t) <0, stationary iff p= peo
master eqn dt
. s d
> continuous spins: —H(t) <0, stationary iff p= pe
Fokker-Planck egn dt (0 < yip=e
> |sing spins: H(t+1) — H(t) =2, not yet done,
parallel dynamics probably easy ...

detailed balance essential in proofs!



detailed balance — fluctuation dissipation theorems (FDT)
let 0,‘ — 0,(t)
Ci(t,t') = (ai(t)oj(t')),  Gy(t, ') = d(oi(t))/00;(t')

derivation:

(i) differentiate stat state eqn wrt external fields
(ii) use Cy(t,t') = Cj(t—t') and Gj(t,t') = Gj(t—t)
(iii) use detailed balance condition to simplify

> Ising spins, d

master eqn: Gj(r) = —p0() - Ci(7)

» continuous spins, N d
Fokker-Planck eqgn: Gi(7) = ﬂo(T)d—r Ci(7)
> lIsing spins, Gj(t>0) = —B[Cj(t+1)—Cj(r—1)]
parallel dyn: Gy(r < 0) =
(< 0) =

generalizations to higher order FDTs
detailed balance essential in derivations!



most real world processes
(physics, biology, chemistry, economics)

access to do not obey detailed balance ...

non-equilibrium
stationary state physics

microscopic ? microscopic
dynamical eqns > | Invariant measure
d
aiPt = (W-T)p P ()
macroscopic macroscopic
dynamical eqns > | stationary state

C(t, 1), G(t, 1), ... ? theory




Nonequilbrium steady states

most real world processes
do not obey detailed balance ...

yet many go to unique stationary state
(Perron-Frobenius theorem)
but p(o) tricky to compute ...

> |sing spins, , ,
parglle?dyn: pla) = Wioia'lp(o)
o-/

> |sing spins,

> [wilFio)p(Fio) — wi(o)p(e)] =0

master eqn: -
> continuous spins, o 9]
Langevin dyn: Z o, [f;(a’)p(a)— Taig,-p(a)] =0

i
detailed balance violations

— noise induced, i.e. p(n) # 3[1 — tanh?(n)]
— force induced, e.g. Jj # J;i ...



noise induced violation of detailed balance

e.g. master egn, Ising spins

hi(o) =3, Jjoj + 0i,
Jj=Ji, Ji=0

p(n) = 3l1—tanh?(n)] _ pn) = 27/V2r
9(x) = tanh(x) 9(x) = Exf(x/2)

stationary state eqn:

Z [p(,__/a)eo,tanh*1 [Erf(%(Q;Jij yon)] p(a)e—a,tanh*1 [EM(%(&HQ J,]-oj))]} _0

1

questions
> intuition:
‘internal’ forces still as in conventional defns,

Gaussian noise natural (CLT?) for representing environment,
why does a heat bath require p(n) = 3[1 —tanh?(n)]?

» mathematical: what is p(o)?



force induced violation of detailed balance

» e.g. Fokker-Planck eqn, p(o) = e PH@),
continuous spins, 0 SH(O"
special case: fi(o) = _@T,,H(U) + Fi(o)e”"”)
stationary state: OFi(o) _
Z do;i 0

> e.g. master egn, Ising spins

p(n) = 3[1—tanh®(n)], -
. — JF - Ji ij
hi(o) = djoj+0i, Ji=0  Jj=Jj +Jj, {JJ
ji ij

stationary state:

Boj 32 di of :
plo) = Q(U)eﬁzfef"f+%62ffJf7”f"f : q(o) = 2 = q(Fio)

Z‘e_BUI > o

1

question: whatis g(o)?
only first few orders in 3 expansion known ...



Generating functional analysis

derivation of macroscopic dynamical egns
for heterogeneous systems

> generating functional: average over all paths {o ()}
(ifteR: >, — [di)

Zly] = <e—izfzrwf(t)af(r>>
= > et =i S viei p( (o}
= ; o 2200 (5(0)) T Wilor(t+1); o(1)]
now 7 -
(oi(t) =i lim Q2L Do) _ e 92y

B0 DU(D) 0(E) e DU(D)IO(E)’

(ot = - Jm o 2]

o d0(Douy ) °°



disorder: {J;}

@) = lim 192141

> average over disorder $-o 8w,(t)
Z[y] = <e—izf2r¢i(’)“i(’)> : 7 '¢—>0 Ni(1)0y;(t)
i0°Z[4]
Gi(t,t') = lim —— =¥
) = 30,000, (0)

> computing Z[v]
insert integral over field paths: {h(t)}

1 = /Hdh(t) Ha[h,-(t) _ZJ,,gj(t) ~ (1)
dh(H)dh(t) 17 o
[ 3
so that
Z[] 0 t)dh t) 1h -h(t)—ith(t)-O (1) eBoilt1)hi(t)
(Y] = {ZU:}PO(O' ))/H e HW]

x e Zii Xehoi() easyl no need for DB...



impact of connectivity scaling ...
early results
» fully connected, e.g.
i<i ply) = (ke ™

SK type: o o
i>j: p(dy) =n (Kyzem 2KV L (1—n)s(dj—d)

. 1K 1
Hopfield type: Ji=x dogrer or Jyj= N S ogier
p=1
> extremely diluted, e.g.
aN
Cijj Cc c Cc
DGZ type:  Jyj= LY &g p(ey) = yde,i+(1= 3 )00, o
p=1

all cases: closed theory for C(t,t') and G(t, t'),
defined in terms of effective single spin egn
with non-white noise and (possibly) retarded self-interaction

stationary state, doable iff:

(i) fully asymmetric bonds (no retarded self-interaction), easy ...
(i) fully symmetric bonds (use FDT), hard ...



impact of connectivity scaling ...
more recent results

» finitely connected, i.e. c = O(1):

Jj=dJej,  p(€) x (Hﬁ(c,-,', C/i)) (H Ok, c,;)
i<j i
p(ci) = W(Cij) p(cilci) = €de;.q; + (1—€)w(ci)
(C’/) - 60// 1+( N)(SC//

more complex order pars, P(c|6)

— lm 13 ‘
_N%ON 79119,.0,.0

again defined in terms of
effective egn for single — 0
spin o = {o ()} Qo) = N N N (900, ‘9 =040, ki—k—1

stationary state, doable iff:

(i) fully asymmetric bonds, easy ...
(ii) fully symmetric bonds, only leading orders in ¢~ ', hard ...



simplest case we cannot (yet) do:

p(k) = k2,
e = 1 (detailed balance!),
initial time to —oo:

eBotN)le’ (D+a” (1)]

o ={o(t)}: Q(olo’) Z Q(UN|U)H 2cosh[sJ[o’(t)+0" (1)]]

o'’

questions:

(i) what is the stationary order parameter?
(i) eqgn for stationary order parameter?

why can’t we use equilibrium theory to guide us?
(not even a phase transition in this model ...)

— equilibrium (replica) theory: formulated in terms of effective fields
— dynamical (GFA) theory:  formulated in terms of real fields ...



Transients in complex equilibrium systems
disordered periodic 1-dimensional spin chain
with parallel dynamics
ePoihi(T’)

h,‘(O’) = Jia'i71 + Ji+10'i+1 + Qi, W[O’;O'/] = H W

» can use GFA, but model has spatial structure:
no longer mean-field order pars P(c|6), Q(o|0)

» dynamical version of trar]sfer matrix:
transfer operator (o, h,h|M|o’,h’,h’)
acting on paths o ={o(t)}, h={h(t)}, h={h(t)}

largest eigenvalue: single-site dynamical observables
(magnetizations, correlation- and response functions)

second largest eigenvalue: correlation lengths



e.g. anomalous relaxation in chains

p(6) = p(—0) i i
P(J) = 3(1=n)6(J—J) + z(1+n)d(J+J)

eﬁff(f+1)[9+30(f)+30”(0]
Qole) = ;Q(” '”)/(w p(e)Hcosh[25[9+30—(t)+30ff(t)]
C(t,t') = Za(t)a(t/)zO(a’\a')Q(a”|o")

o numerical soln of order par egn
x simulations, N = 10°
tt'=1...10

08

Ct, 1) ul

- simulations, 50 < t<t' <100

04

] T=0.1

analytical soln Q(o|o’)?



Dynamics of graphs
constrained

Ising spin dynamics
redefine

N=r?, o;=2Ak—1,

Mrow — kin_n
Mcol 2kout
then
Aj € {0,1},
subject to
Z A/J _ km
Zj Ajl — kout

for all columns r:
_ col
Zi in column r gi = Mf

T

1T for all rows ¢:

. pgrow
111 Ziinrowsa’_MS

stochastic evolution of graphs A = {A;},

with hard-constrained degrees

tricky new aspect: nr of possible moves not constant ...



why degree-constrained graph dynamics?

> generate soft-constrained
nondirected graphs ;
via MCMC eg. p(A)= e S5 ki(A)+5 1 K2 (A)

: . 2 2
constrained: (k)= NZK (A), (K?) NZk(A

B =10.01 B =10.02 B =0.03

a=4, N=300

5 ok 0 oo *or T oK 0 o “or 5 or 0



MCMC for graphs with hard constraints

MOVE SET INVARIANTS ACTION
link flips i o o
F, none I ,
{Fi} j o
hinge flips average degree f\ ok je /k
{’:Ijk} /_((A) = 1NZrSA(s ) H b
i i
edge swaps all individual degrees jI Ik o je—ek
{Fie} ki(A) = 32, Aj i ¢ ie—ey

move acceptance probability

to achieve p(A) «x exp[—H(A)]:

N(A Yo HHAI-HA)

A(AJA) =

n(A):

n(A")e~ 3[H(A)—H(A)] | n(A)e%[H(A)—H(A’ )l

nr of moves that can act on A



» edge swaps (conserve all degrees):

4 4 2

invariant

n(A) = TN2(K)? + TN(K) = SN(K?) + T (A4)+ “Tr(A%) — 7ZkA,,k
ij

state dependent

> directed graphs, A; # Aj, o
conserve all in- and out-degrees:
complication: edge swaps
not ergodic for directed graphs ’_\ <~ i :
further move type required:

no(A) = %N2<k>2—2 Kk %’l‘r(A2) ; r(ATAATA)+Tr(A%A' Zki“c,,-k;)“t
J
invariant state dependent

na (A)

%Tr(As) ~ Tr(AA?) 4 Tr(A%A) — %Tr(As)

state dependent with: (AT)ij = A, Aij = AjA;



picking candidate moves randomly ...

e.g. hinge flips

PROTOCOL 1:

(i) pick a site j with k;(A) > 0 je®
(i) pick a site i € 9;(A)

(iii) pick a site k ¢ 9;(A)U{i}

PROTOCOL 2:

(i) pick two disconnected sites
(i, k) with k;(A) > 0

(i) pick a site j € 9;(A)

PROTOCOL 3:

(i) pick two connected sites (i, j)
and a third site k

(i) while Ak = 1 return to (i)




N=3000, (k)=7

initial graph: power law p(k),
MCMC target: Poissonnian p(k)

dynamics highly sensitive
to correct move selection ...

015

005

015

005

015

005

PROTOCOL 1
PROTOCOL 2
PROTOCOL 3




Summary

> general, important and open
(apart from special cases):
computing microscopic invariant measure po. (o)
for spin systems without detailed balance

» general, important and open
(apart from special cases);
extraction stationary state equations from GFA formalism
for finitely connected random topologies
(not even done yet for detailed balance ...)

» dynamics of 1-dim disordered systems:
dynamical version of transfer matrix in GFA
generalization to 2-dim?

» hard-constrained MCMC of graphs:

interesting effects due to nr of possible moves not fixed
(changing connection between dynamics and invariant measure)

papers, seminars, notes:
https://nms.kcl.ac.uk/ton.coolen
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