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Phenomenology of overfitting

deteriorating outcome
prediction performance
on unseen data ...

multivariate
Cox regression:

predict whether event before
or after a cutoff time point
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Phenomenology of overfitting

deteriorating outcome
prediction performance
on unseen data ...

multivariate
Cox regression:

predict whether event before
or after a cutoff time point

primitive rule of thumb:
Prmax ~ #events/10

> too optimistic?
> indep of association strengths?
» indep of covariate correlations?
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bias in inferred association parameters ...

B, true associations
Bu: multivariate regression

synthetic survival data, generated from Cox model with N=400




bias in inferred base hazard rates ...

A(t) = [ydt’ A(t')
p/N = 0.05 — 0.55

A(t)=1 Mt)=a/Vt
A(t) A(t)

synthetic survival data,
generated from Cox model with N=400
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Failure of our low-dimensional intuition

low-dim ML/MAP regime: N— oo, p fixed
high-dim regime: N,p— o0, p/N finite

> p-values are blind to overfitting ...

» hyperparameters of priors (regularizers) must be p-dependent ...

» for sufficiently large N:
regression possible even when p > N ...
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Failure of our low-dimensional intuition

low-dim ML/MAP regime: N— oo,

p fixed

high-dim regime: N,p— o0, p/N finite

> p-values are blind to overfitting ...
> hyperparameters of priors (regularizers) must be p-dependent ...

» for sufficiently large N:

regression possible even when p > N ...

notation:

data :

Cox model :

ML inference :

MAP inference :

Z; € RP covariates
D=A{(z1.11),.... (2w, tn)} t,~l> 0  event time

plt]z,6,2) = — < expl-eP (1]

N
(B,3) = argmaxg , { 3" log p(t121, 8, 1) |
i=1

rior
N P

A A ~ =
(B.3) = argmaxg , { " log p(tl2;, 8, \) +log p(B) }
i=1
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scaling of hyperparameters
in regularised Cox regression

N
(B.3) = argmaxg , { 3" log p(t|2:. 8. ) +log p(8)}
i=1

d 3.z P
p(t‘zaﬁa)‘) = _CTt exp[—e /\(t)]a IB'Z = Zﬂuzu

p=1

e.g. p(B) e Zu=tB/7l pg) ez ShaBulo o hyperpar
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scaling of hyperparameters
in regularised Cox regression

N
(B.3) = argmaxg , { > log p(t|2;, 3, A) + log p(5) }
i=1

d 3.z P
p(t‘zaﬁa)‘) = _CTt exp[—e /\(t)]a /8'2 = Zﬂuzu

p=1

e.g. p(B) e Zu=tB/7l pg) ez ShaBulo o hyperpar

claim: o= O(p*%) as p—oo

» general theory

> simple scaling argument:
By = O(1): b_1BuZ, = O(/P) = t€{0,00}
Bu=0(p ") P _ Buz,=0(1) = tfinite

finite event times = prior knowledge!
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regression with p> N in principle possible

provided N is large enough

» N 1: prob of false positive associations |
» p1: prob of false positive associations 1
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regression with p> N in principle possible
provided N is large enough

» N 1: prob of false positive associations |
» p1: prob of false positive associations 1

uncorr covars: N > N(p, 3): prob of finding one or more spurious univariate
associations of strength >|3| is less than q

2 1/ liog(1— 2
No(p, B) = = [Erf 1(eplog(1 q))] / 18] = 0.1
1000 4
Ne(p; 8) // |8] =0.2
- 181 =03
100 / / 18] = 0.4

oy 0 100 1000 q=0.05
p
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Intuition for the problem

» information-theoretic interpretation of ML regression
assumed model: pg
OML

= argmaxg p(D|09)
= argming D(p||pg)

N
1 . i
p(t,z) = N ;:1 o(t—1)o(z—z)) (empirical distribution)

D(pllpg) = fataz p(t, 2)ioa[ PUZ)] - (KL distance)
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Intuition for the problem

» information-theoretic interpretation of ML regression
assumed model: pg
OML

= argmaxg p(D|09)
= argming D(p||pg)

N
1 . i
p(t,z) = N ;:1 o(t—1)o(z—z)) (empirical distribution)

D(pllpg) = fataz p(t, 2)ioa[ PUZ)] - (KL distance)

> so ML regression pushes p(t|z, )
as close as possible towards p(t|z)

true pars: 6
> fixed p, N— oo: p(t,z) = p(t,z|0*), soO Ou = 6"
» p=0O(N), N—oo: p(t,z) # p(t,z|0*), SO Om. # 60" X
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Quantitative theory of overfitting

The basic ideas
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The basic ideas
Step1 — identify quantity to calculate

> DPg+: empirical distr of (¢, z),
for data generated with 6*

ML regression: minimize D(pg+||Pg)
optimal stopping point: 6 = 0*
D(pg+1Ipg) = D(Pg+|lPg+) < zeroiff p<N
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The basic ideas

Step1 — identify quantity to calculate
> DPg+: empirical distr of (¢, z),
for data generated with 6*
ML regression: minimize D(pg+||Pg)
optimal stopping point: 6 = 0*
D(pg+|lpg) = D(Pg+|lpg+) < zero iff p< N
define:
E(6",D) = min D(pg-lrg) — D(bg+IlPg+)
E(6*,D) > 0: underfitting
E(6*,D) < 0: overfitting
» Typical behaviour

E6") = <E(0*, ®)>D

= (g S rea [SEEG,
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Step 2 — remove minimisation over 6

E0") = (min{y, 2_log Eain
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Step 2 — remove minimisation over 6

E(9*)=<mm{ Z' g[p((t},‘\zz',’, ))]}>@

> Laplace identity

f(x)
S0 Jdxef(x)
7I|_>moo = log /dXe = 7I|_)mOO 7fdx o) = Maxx f(x)
use in reverse:
. p(t|z:,6)
E®*) = - lim —— Io de Hen
( ) 'Yﬁ‘OQN g/ H tl|zl,9 )] >

interpretation:
stochastic minimisation, with noise ~ 1/~
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Quantitative theory of overfitting

The replica method

19/31



The replica method

aim: make hard analytical calculations easy ...
here: compute the average over D

X . p(ti|z;, 0)
E(O ) = *’yleoo N IOg/dO H p(t‘,‘z,7 ] >’D
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The replica method

aim:

here:

make hard analytical calculations easy ...
compute the average over D

* _ T tl‘zla
EE) = V'LmooN 'Og/de H blilz. ) )»
replica method (logZ) = Iimo%log (Z™)
n—

— evaluate for integer n,
— analytical continuation to non-integer n

20/31



The replica method

aim: make hard analytical calculations easy ...
here: compute the average over D

x . p(ti|zi, 6
E®*) = - | | | ’
) SN N (log /de p(ti|zi, 6" ] >D
> replica method (logZ) = Iimo%log (Z™)
n—

— evaluate for integer n,
— analytical continuation to non-integer n

> application

€0y = g2 Yoo [ fao [T [ESZTT),

= — lim Iim N——Iog/de1 de”[/dzdt p(2)p(t|z, 6" )H[ZE;‘\Z z(:))} }

~y—00 n—0
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Applications of the theory
Cox regression
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Application to Cox regression

> explicit formula for E(S, \*, ()

¢(=p/N, S=[B"|
8%, A*(t): true associations and base hazard rate
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Application to Cox regression

> explicit formula for E(S, \*, ()

(=p/N, S=|B"|

8%, A*(t): true associations and base hazard rate

> requires solving u, v, w, \(t) from

¢V

2
_ / DzDy / at p(t]Sy. 3*) i~ W(Fe e (1))]
W(u26u2+wy+vz/\(t))
= [DzDy [ dt p(t|Sy, \*
[ pey [atpttisy ) e )
= /Dszy/dt p(tSy, )\*)W(uze“z*""y*"z/\(t))

oo , , ) W(u26u2+wy+vz/\(t/))
= /Dsz/[ dt’ p(t'|Sy, \*) A(T)

Dz = (2r) /% bz
W: Lambert function
p(t|E, A) = A(t)es PO
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interpretation:
slope: k=w/S

width: oc=v/\/p

all we need for
overfitting correction!
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> interpretation:
slope: k=w/S

width: oc=v/\/p

all we need for
overfitting correction!

» challenge: eqn for A(t)

t>1: log A(t) = plog A*(t) + (1—p)loglog A*(t) + ...

p:%(ﬂk\/W)

> variational approx:
A(t) = k[N (D)])°

A*(t) drops out of equations!

Ao(t)=1
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width o and slope «
of data clouds

lines: variational theory
forS=0.5and (f) =1

simulations:
o: N=200
x: N =400
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Applications of the theory

Regularized Cox regression

25/31



Application to regularized Cox regression

N,p—o0, (=p/N,
L2-prior: p(B) o exp(—npB?)

main changes:

» dependence of theory on eigenvalue spectrum
o(a) of covariate correlation matrix

> two extra order parameters,
closed equations for u, v, w, f, g, A(t)

> no longer a phase transition at ¢ =1,
but inference well-defined for any ¢ > 0

> closed eqn for optimal hyperparameter 7,
defined by demanding absent bias, i.e. slope k = 1
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uncorrelated
covariates

pairwise
correlated
covariates

n = 0.025, top row p=2000, bottom row Np=400,000

Order parameter w
S N

S

[——w (order parameten)
X w (syntnetic data) | T

A

Order parameter v
o

—— v (order parameter)
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overfitting correction pars: slope k=w/ S, widtho = v
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final overfitting correction protocol

1.

estimate covariate correlation matrix A,
compute its eigenvalue spectrum o(a)

. carry out regularized Cox regression,

with prior p(3) « exp(—npB?) (small > 0)
result: (3 and A(t) (Breslow estimator)

. calculate 3- AB

solve coupled nonlinear eqns for (u, v, w, f, g, k, p),
alongside v2+w? = 3- A3
(replaces unknown variable S)

calculate slope « and noise amplitude o

compute corrected estimators:

B=r""B, A(t)=[A(t)/K]""

use o to correct p-values
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Applications of the theory

Other extensions
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Other extensions

> survival analysis with censoring

— end-of-trial censoring: minimal change to the theory
— censoring by competing risks: more complex but doable
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Other extensions

> survival analysis with censoring
— end-of-trial censoring: minimal change to the theory
— censoring by competing risks: more complex but doable

» generalized linear models:
p(y|2) = p(ylB' z,..., 8" z;w)

e.g.
Logistic regression

ye{-1,1} p(y|z) =

Ordinal class regression

oV(B-Z+50)
2cosh(B -z + o)

ye {1 e, C} p(ylz) —e exp(,@Z) Syrsy Ay e~ exp(,@Z) sy Ay

Latent class survival analysis

t>0 pltiz) = 3w [Ai(t)e 2B D 0]

=1

~
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Summary

> OQverfitting in Cox regression

(i) bias in regression parameters: 3 ~ k8", k> 1
(i) bias in base hazard rates
(iii) extra noise, not captured by p-values
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Summary

> OQverfitting in Cox regression

(i) bias in regression parameters: 3 ~ k8", k> 1
(i) bias in base hazard rates
(iii) extra noise, not captured by p-values

> Analytical approach based on the replica method

nontrivial closed equations for {u, v, w, \(t)}
variational approximation for A(¢)
predictions for slope x and noise o

phase transition at p/N = 1

» [2-regularized Cox regression

theory involves spectrum of covariate correlation matrix
p-dependent hyperparameter
phase transition removed

reliable basis for overfitting corrections, https://nms.kcl.ac.uk/ton.coolen

easily extended to arbitrary generalized linear models Thank you!
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