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Tailoring random graphs

stat mech of process on complex network A*,
use random graph A as proxy

> max entropy ensembles,
constrained by values
of observables w1 (A)...w.(A)

hard constraints:  p(A) o< | [ Suya).we(ar)
<L

soft constraints:  p(A) oc e=i=1 P 1 (A)) = w(AY) Ve

> Iarger L— all graphs
better approximation




The problem

» nearly all real-world networks:
(physics, biology, economics,
computer science, ...)

— sparse graphs,
— many short loops

> max entropy graph ensembles
with prescribed degree stats:
— sparse graphs,
— locally tree-like

» realistic tailoring of graphs
requires enforcing short loops

but

most available analysis methods,
e.g. replicas, GFA, cavity, BP, ...
assume graphs are locally tree-like




Loopy random graph ensembles

» simplest model
(Strauss ‘86, Jonasson '99)

nondirected graphs

maximum entropy ensemble,
constrain average degree (k) P(A) o ¢ i Aith i A A
and density of triangles (m)

generating
function:

k) = 9¢/0
P(e, B) = 1N log y e X At P 2 A (k) = 99/
A

(m) = 0¢/0p

— tricky in finite connectivity regime (sum over graphs?)
— pathological behaviour ...



better loopy graph models?

— maximum entropy
— hard constrained degrees
— soft constrained nrs of short loops

> Tr(A) = N [du u’o(ulA), o
o(uA): spectrum of A p(A) oc e B TT 5 o
i
generating function:

A 1 (dp 6(p)o(p A~
ola] = A1og 37 eI NN T o o o) = 80/83(0)
A i

> simplest example

ki = g (regular random graphs)
o(1) = aye® (constrain nr of triangles)

aTr(A3 1 aTr(A3
p(A) oc I T dq . dla) = 5ilog D e [T 005,
i A i



Making calculations feasible

graph ensemble - p(A) = ZEA] N Jdn a(u)e(p1A) H‘SkuE, "

generating function : ®[o] = Iog Z N Jdi 2(m)elulA) Hdk 4

> derive via Edwards-Jones
spectrum formula:

N fdp é(p)e(nlA) _ ; Ny
e — lim im i H[Z(,u+1e|A)/ Z(uticA) ]

A0 — 2 o o)
Z(ulA) = / dgp o~ 3P A—R1P
]RN

. replica method

. path integral

. steepest descent for N —

. replica symmetric soln

. analytical continuation to imaginary (n,, m,)
. limits €0, A0

OO WM =



Replica symmetric theory

WI{x}]

1 kAT [{x3]
& 2P 5 T AL o)
S pik ) k J{dxFA{X T k-1 [{x}]

82
) RAGAXHT[{x}]

with k>0

Fe[{x}] 11 / ) WIxe)]] e x — Flx. ... ]

<k

Al{x}] e -3 fau Q(M)msgﬂ[x(ﬂ)]
spectrum:
RE Jdx} AL sem (1)
o) = 3t PO A
()€ [1axax PWLOTWIX V3100, ()]

<Ox ()X (1)10[1 —X(M)X'(u)]sgn[x(u)+X’(u)]}

B{x}, {x'}] = o/ 4 209 { 00X (1011 —x(u)x’ (lssnlxa)+x ()]}



Limit of locally tree-like graphs
o(pn) — 0 forall u: P(A)  IT; k.5, 4

> entropy per node:

N

S= %(k}[log(<k

o

)+1] 4+ p(k)log p(k) + en
k

> spectrum for regular graphs, k > 1:
McKay'’s ‘81 formula

o(i) = 0[2vk—1—|ul] ky/A(k=1)—p?

4
2m (K2 —p?)

> spectrum for arbitrary p(k):
Dorogovtsev et al '03 formula

Glaly) = 1= vz [ L e o (Gl (2vi2)



Regular treelike graphs:

W(x]|p)




Erdds-Rényi '
graphs:

06

oer (1)
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08 08




Spectra of loopy graphs 2016 ...

regular graphs, k = 3 what is going on?
8(n) = aTe(A%)
a=0.50 a=0.75 a=1.00 a=1.25
o(n)
N=5000

o(k)
popdyn




Possible causes of the deviation

» Numerical precision?

extend MCMC simulation times in graph generation,
relation between p-resolution in x(x) and pop dynamics convergence

> Analytical technicalities?

issues related to complex logarithm,
other saddle-point types,
order or limits €0, ALO, n,—i(A/7) 5 0(n), -

» Some fundamental problem in the theory?



Numerical generation of tailored loopy graphs

> desired o—HA) N
measure: P(A) Z H5k,,sz,j

i=1

> initialize A to any graph with correct degrees

» MCMC process: i i I
elementary moves: . : . . . ;
edge swaps
(preserve degrees)

£ k 4 k £ k

move acceptance prob:
]

WA = FA) = o oAH(A) T log(1 £ An(A)/n(A))]

> entropic term An(A)/n(A) reflects
change in nr of available moves
VI vy + YAy + Y vasy - L ST kak
n(A) = ZN (k)*+ 4N(k) - 2N(k )+ 4Tr(A )+ 2Tr(A ) 5 Iij,A,,k,

invariant

state dependent



Analytical technicalities

are we maybe too cavalier with complex logarithms?

» basic building block:
Edwards-Jones formula

. 2 0 . —lix~(A7,u,I)X
g 9 — 2
o(p) = Ie|¢mo NIm " log Zn(p+ie|lA),  Zn(p|A) / NdX e

> naive derivation uses log[];zi = >",log z
(true only for z; € R)

any conventional defn of
complex log (wherever the cut):

1 1 .
Jm SimlogZy = fim. Nlm(|og|zN\+lArg(zN))
— M L Arg(Zy) =0 ...
N— oo

» E-J formula has been very successful,
subtleties become problematic only for imaginary replicas?



Possible causes of the deviation

» Numerical precision?

extend MCMC simulation times in graph generation,
relation between p-resolution in x(u) and pop dynamics convergence

> Analytical technicalities?

issues related to complex logarithm,
other saddle-point types,
order or limits €0, A0, n,—i(A/7)4.8(k), -

» Some fundamental problem in the theory?

find exactly solvable loopy graph models
that don’t require imaginary replicas



Definition of the toy model

» ensemble of
degree-2 regular ol o graphs: sets of rings
control nrs or cycles e —
random graphs

—N— N
K
A) = =g tagne(A) o I |5 A
p( ) ZN(a) X € e 2,505 Aj

ny(A): nrof length-¢ cycles, K finite
> generating function

N
1 K 4 tagn
on(e) = ylog[Zu(a)/NY,  Zv(a) = D iz taen®) H52,2j Aj
A =1

fraction of nodes
in length-¢ cycles

me = 5 ((A) = (@)

> solution:

combinatorics of dividing N nodes into
closed rings of different lengths



Solution

» result of combinatorics

én(a) = 1-log / A itere)

N 27
ag iw) N 71wZ
fu(w,a) = 1w+z SN ; —

> Large N
o(a) = Nlim extry, fiv(w, )

> finite {ar}: m,=0 forall ¢,
{a¢} must scale differently with N
to induce finite cycle densities!
» ay=dp+ L "logN
K (&p—iw)e N - —iwe

7N(w,a) = iw+ZeT+ Z eQW

£=3 L=K+1



Phenomenology of the toy model

fraction of nodes K
in large rings Moo =1 =3 mi
h spect L 62— |ul)
graph spectrum: _
o(p) = me 0e(p) + Moo
(1) ; e 00(k) VAL

£2—1
oe(p) = ! Z‘W 2cos(2nr/¢)]

» Two phases

connected phase: M., > 0 K=4

presence of extensively large rings,

found for small {ov} disconnected

disconnected phase: m. =0

only short rings, nl
found for large {cw} connected

percolation transition: K _efd =2
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Graphs with degree k > 3 1 N

p(A) — ZN(a)eaans(A)JrM”A(A) H 53’21 A
no longer solvable directly, » =
but similar phenomenology ... g =3dy+L logN

04 04 04
03 03 03
o(m)
0.2 02 02
01 01 01
, L b :
3 2 4 0 1t 2 3 3 2 4 0 1 2 3 3 2 4 0 1 2 3



Lessons from the toy model

> to achieve O(1) short loop densities and modified spectra,
we need (for regular random graphs):

o(n) — log N () + o(k)
but this gives integrals in the replica theory
that may no longer be amenable to steepest descent ...
» options

1. keep g(p) = O(1):

study finite size corrections to loop numbers and spectra,
extend theory to include also sub-leading order in N

2. choose g(1) = O(log N):
requires extending steepest descent arguments
to expressions of the form

— im MF(x)
f_Mlinoo Mlog ]RMdXe



simulations indeed confirm that with §(x) = o, the deviations from McKay’s
spectrum, unexplained by the replica theory, were finite size effects ...

N =1000 , s o5

10% swaps/link|

-

N =2000

o s o5

10* swaps/lini(

N =5000 , s o5

10* swaps)/link




steepest descent type integrals
in high dimensions

» define

I(d,N) = 1NIog ]Rddx e V™ g N oo, d/N=a finite

> standard steepest descent:
d/N—0, sufficiently fast

» Fora > 0:
1 d a <
I(d, N) = miny®(x) + 3¢ Iog(%) + 24 ?:1 log a; + o(1)

(as if approx by Gaussian integral)
provided:

{aj}: eigenvals of curvature matrix of ¢ at minimum



Imaginary replica analysis in two leading orders

ensemble:

N Jdu a(r)e(rIA)

R | LTI Sl | L

i=1

» find ¢[g] in leading
two orders in N olo] = '09 Z[al,

_ d¢[d]
oln) = 50(w)

N Jdm éme(mlA) _  Jim I|m lim HZ(ME\A)N“Z(ME\A)’"N

A—0 n,L—n &' () Mu— =Ny

Z(uln) = [ TTds' exp (-2 A nedd], o= ptic
i=1 if
replicas: :
12 A) ™ Z ([ A)™

H . . . .
i i i j oS
— /dq;dwe’%Eu,a,l,zij¢L,a,L¢ju,a,l,(AU’“€5i/)+5Eu,ﬁﬂzifwu,ﬁuwuﬁ“(/‘/f’“ﬁ‘su)



connect notation to Metz et al (2014) and Lucibello et al (2014)
(finite size calculations for treelike graphs)

> peRY whered =3, nu+3, m.:

¢ X r_ ’ ,
= ( {{7;;,[1‘“}} ) ’ $e = Z ¢”’au¢uyau_ Z wu,ﬁud)ﬂygu

J2en 7B
dx d matrix p:
/L1E|n“1 0 0
0 0
. 0 pmln,, 0
0 widm,, 0
0 0
0 0 ficlm,,
and
v(p) = e P lim=lm lim lim

A—0 nuﬂi%é/(u) my,——ny,



Result over sum over A
and expansion:

~ 1 . A 1
¢lo] = |lmNIOQ/DPDPeN S[Pquo(W)’
~ 2 R
S[P,P] = —g(1+qz—N)+1/dgodw P(p,w)P(p,w)

30+ 1) [ dedipduds! Pl )Pl )e 99 7

2

fN dedpdwdw P (‘P,w)P(Sal,wl)e‘ziwwp’—zm—zm’
27\/ dedw P(p,w)e Thepe 4 |Og/7 (cp)eiwq*i‘ﬁ("”“’)

same form as Metz et al (2014),
but different defs of p and v(y)



>

retrace calculations of Metz et al ...
¢lo] = lim { log Z, + Z W r(M‘*)}
with
Zy = /dcp V(<P)[/d<p’ Ui (<p,<p’)Wo(so’)]q, Ui(p. @) = e ¢
Mip. o) = “E) [ag’ Uit ()] Uit ).

order par eqgn:

Wo(y) = V(Zf) [/dw' Us (<P»¢')Wo(so')] o

same form as Metz et al (2014),
but different defs of p and v()



» RS ansatz,

now differences with Metz et al
become apparent

Wo(g) = C / X W(X)[e™ 2%/ Z(X)]

/dX wxy=1,  zZx)=]] (iXZ(Z))%(iXZ(Z))%
X(p1)ln,, 0 ’
0 0
. 0 x(um)ln,, 70
0 x(p1) Imm 0
0 0

0 . 0 x(uw) In,,,



> RS order par egn:

W(X) = zq 1 (‘7 1kaW xk) (x+u+§X;1)
k=1 k=1
z, = /dx(dekW(xk)) Z(X)é(X+u+Zq:X?1)

k=1 k=1

> special soln:

W(X) = 5X-X"),  X"(6) = — 310 — 3iv/AG—1) -
1
2
+§; S 776} 11 |20 A 0 2R )™ |

olo] = lim{1qlog Z(X") - 1(q-2)log Z(X" ~ (X))

A;

- £ x Ladjacency matrix of length-£ loop,

with complex field on diagonal:

q .
—— Ok with kK mod ¢
xe) )

N 2—
(Ae,u)kk/ = Okt + Ok k1 +



> imaginary replica limits

oo _ e N
o0 = [ o) + gy 3 g1 e d00e) 4 o
£=3

finite size corrections

1 — dp o(u 1
o) = ao(p) + gy D_(q= 1) W AIIG() + o( )

£=3
with
oo(p) = Z(Zr v ;—1/~t 0[2v/g—1—|u|]  (McKay's formula)
e 4 ) Bo10(2vaT- w)
Ge(p) = {kz 2cos( 27rk/Z) )—u T 4(q-1) -

> interpretation

(g—1)%/2¢: expected nr of length-¢ loops in random regular graph
LGy(p): correction to McKay formula due to single length-£ loop

— finite size corrections from well separated loops



> remaining integrals
that involve g(wu):

olp) = iNZ (@179 Gy(u) + ol )
=3
28] = ,,m 2 / = 021/a=1)Tun(1)
p:

Ta(t): Chebyshev polynomials, t € [-1,1]:
To(t) = Re(t+iv1-12)": To(t) =1, T1(t):t, To(t) =2 —1,...

=

Tn t)Tm( ) - 5nm(1 +5m0)




Tests of the theory

» flat measures:
o(n)=0

1 oo
o(p) = oo(p) + WZ )“Ge(1) + o(N™")
£=3
reproduces formula of Metz et al (2014)

» toy model:
q=2, o(p)=ap®

o(r) = oo()
+ 1 c- 6(151’3{1 i(g[u 2cos 271'/()] |ﬂ| }—!—O(
2N s L — L ™ 1/

triangle density:

m(a) = /dﬂ o(u)p® = N~1eb



Degree-q triangularly constrained regular graphs
o(n) = ap®

»> finite size corrections 1 1 1
to spectrum: o(n) = co(p) + o1 (k) + 501 (1) + o( ),

oo(p): McKay formula
o1(p): corrections for non-deformed measure
01(w): impact of promoting triangles

2oy (@=1)° ea L \02¢/q—1—|ul] fq-2 29 +p 17
A L 4(q1)u2{ 3 [q2f3(q4)+uq+u2+qfu] 1}

> triangle density:
1 o 1
m(a) = (g —1)% + o( 7).

> accurate for a < a1 (N),
theory implicitly assumes triangles are well separated

a > ay(N): alternative saddle point?



> predictions versus simulations

10 15
q=3 10 q=>5
5 é% & o
, : 5
. 2 *
do(p) ot # 25 I 0
*i3 2 & & -5 )
5} ' Ba
; 10t
1005 -15
2 1 0 1 2 - 2

do(u) = Nlo(p) — oo(p)]

left: g=3, N=1000, a = 0.416
right: g =5, N=2000, a = 0.431

both examples:
clustering coeff (C(A)) ~ 0.02




Beyond the region of validity

a > a1(N)? C(A) ,
add contributions
from triangles 0.8
in cliques

0.6
here: g=3

0.4

0.2

0 0.25 0.5 .
a

dashed: (i) present replica theory, isolated triangles
dotted-dashed: (ii) triangles in cliques
solid: ()+(ii)

a1(N) and az(N) grow logarithmically with N



Qualitative picture for g > 3

SRASUARASE
connected partially connected disconnected
a < ai(N) a1(N)<a<az(N) a > az(N)
> small o

isolated triangles embedded in giant component

> intermediate «:
triangles start touching, increasing nr of cliques of g+1 nodes

> large a:

graphs shattered fully into cliques of g+1 nodes
(graphs with max nr of triangles, ground state)



comparison to simulations with N = 1000
degreeg=3...6

100 o

C(A) 1071}

10'2 L




Other ensembles with g = 3

eaTr(A3)+BTr(A4) N

N
aTr(A%)+B8Tr(A*
[Too5,a, 2By =3 e [To5 4,

A= -
P = Zan Al >
prediction: 3
1 1) e
o(p) = QO(H)+NQ1(N)+%(66 —1)Gs(p)
—1)4 B
+ @ () Gu(u) + o(N )
5
N = 2000,
=5=02
a=p8=0 25 %%%
&€ g2
do(p) o, ® P
& e
. & &
2.5 %&
-5



e f7 dp o(n|A) N

_ (1] dp o(n|A)
PA) = 7 E532, " AZE:GG e H(SSZJU
prediction:

1 «
olw) = pol)+ Nm u)+z(q )[ R @) 1] Gy(u),
£>3
2
N = 1000,
a=0.5 1
2
be(n) of &8 ¥y T L,
' S e
_10
2t

simulations non-trivial ...



Summary

>

analytical approach to (processes on) loopy random graphs,
max entropy ensembles with constrained degrees and spectrum

imaginary replica formula to handle spectral constraint:
eNf du o(p)e(u|A) S|iArTl01_I[Z(M_’_is‘A)in(M) 7Z(M+16|A) —in(#)]
I3
_Lida— A d ~
Z(ulA) = /dqﬁ R L I P Al

RS eqns: reproduced tree-like formulae for g(u) — 0,
look natural (message passing + nontrivial acceptance probs),
but disagreed with simulations of loopy ones ...

simple solvable toy model: p(k) = k2, 0(1) = > 453 agut
finite nonzero loop densities require a; = O(log N)

imaginary replica theory correctly describes finite size corrections
to spectra of weakly loopy graphs

finite nonzero loop densities: (1) = O(log N),
need to revisit steepest descent evaluation of path integrals ...
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