Statistical physics of tailored random graphs:
entropies, processes, and generation

Lecture IV. Coupled oscillator models on graphs

ACC Coolen, King’s College London
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@ ocfinitions

e The free energy
@ Average over graphs

@ Saddle point equations

e Replica symmetric theory
@ Replica symmetric solutions
@ Phase transitions
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Coupled oscillators on a tailored random graph

Definitions
H(B) = — Z C,'/'J,'j COS(Q,’ — 9/)

@ N phases ¢;€ [—,7], i<j

= (01,.--,6n) energies : J; € R, drawn randomly from P(J)
topology :  p(€) = Z 'k, k(€)= ¢

@ disorder-averaged free energy density,
uselogx = lim, o n~" Iog bR

f = — lim — I 0 ﬂH(O))
N— oo ﬂN Og/ d6 e~
= — lim lim —Iog/ 40" ... 0" e F Tl HO)
N—oo n—0
= — |im lim | 0" /BZ/</C/1JUET1:1 cos(0* —0)
N nl—>oﬂ N 9 /ﬂd@ '

compared to Ising system:
integrals instead of sums, o;-o; — __ cos(67" — 6/*)
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e The free energy
@ Average over graphs
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The free energy

average over graphs

just substitute into Ising formulae:

oroay > Soos(or ~67), 2= = 2n= [ a0

o==+1
—Bf = log(2n) + I|m |Im [4’(5) ®(0)]

1 Q oy (K~ —i(wite)) BJ XN _q cos(05 —0F)
>(B) = N log </ dw 9 Ktaw Zje 7 Jad P(J)e ! / >{0}

order parameters:

PO, w|{0i,w}) = NZ(SB 0))o(w—wi)
so that

o(8) = 1NIog </ dw e“* exp {%(k)N/dwdw’dOdO"P(@,m )26

—i(wtw’) dJ P(J 8IS, COS(9Q79£¥)
e / (e }>{0f}
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insert for each (0, w):

1 - /{dfpdj‘)}eiNfdedw PO ,w) PO .w)—i 5, P(0;,w)
with short hand (path integral measure):
{dPdP} = liMaw,a0-0 [, g[P(0, w)dP(8,w)NAWA"0/27]

result:
factorisation over sites!

o(B) = 1N|Og /{dfpdj‘)}eiNj'dew P(0,0)2(0,w)

% e% (YN [d040’ dwde’ P(0,0)P(O " )e— (@) [y P(J)eP Ta c0s(0a—05)

« H< / dw; eiw,k,fizi>(0,‘,w,)>0
i J—7

i
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e The free energy

@ Saddle point equations
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Saddle-point equations

Jim o(5) = extr (0.5 Va[P.F]

V[P, P = i/dedw P(6,w)P(0,w) —|—Zp Iog</ dw eiw(_iﬁ’(e,w)>0

—T

/ dord0'dwde P(8,w)P(8,w ) /dJ P(J)e Ter 0050007

N \

extrema:

% =0: iPO,w)=—(k)e ™ / de’dw’ P9, w')e ™ /dJ P(J)e’’ Ea c05(0a=05)

iwk—i’f’(e w)

oV
—~ = 0:
P Zp f de’f dw’ eiw’k— 1?0 ,w’)
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@ new quantities:

0) = /_ﬂdw il’(@,u))e_i“’7 (]3(9’(1,) _ i<k>e—iw’y(0)’

new eqgns: Tr ,
7(9) = / 40’ 'D(O,)<e’8‘j20‘ 005(9a79a)>‘]

J7 dw ek Re —iv (@)

D(6) /
v Zp Iz dB’f dw eiwk+(Kye=iwy(8")

after w-integrals:

)
Zp(k) w

k>0

~(0) = / de’ D(01)<el3J2a cos(@a—e’a)h
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use saddle point egns:

N“H]oo ®(B) = extrip 5, Vs[P.7]

log(2m) — %<k> + > p(k)log(v*(8))g + > _ p(k)log[(k)"/K!]
k k

B=0: ~(0)=1

free energy:
—-gf = Iog(27r)+ Jim lim n ' [(8) — &(0)]

lim Z p(k)log(y
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e Replica symmetric theory
@ Replica symmetric solutions
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Replica symmetric solutions

D(0) invariant under all
permutations of {1,...,n}

D(6) = [{dr} DN [ 7(6.)

D[{r}]: measure on the set of
normalised distributions
7w [-m 7] - R

@ work out v(6):

/{dﬂ} Dl{r}] / aJ P(J) / a6’ H (01)o 550001

Cok = [, 40 7(0)
lim Co.x = lim / {dr}dJ D[{r}]P(J) / dode’ H (61,)? c0s(0e = 05)

- ’L@O/{dw}dJ D[{n}]P(J)[/i 400/ (0')e™ =" = 1

ACC Coolen, King's College London 12/19



eqn for D[{x}]:

Jtamy pn] [ w(60) = X ek (@)

k>0

-3 o [Tamoim)(TT [ TLate o o0y,

T <k

_ p(k)k ST TTock d0e me(2) e 008(00—0¢)
= kZ>0 <k>Cn,k /[g{dﬂé}p[{ﬂ'é}]] <I;[ ff,rdﬁ’ fjﬂ Hl<k d@z 71.[(0[) eBJe cos(0’—0,)

><(/_7;del/7r H 0 me(0e) " 003(9,792))H>J1MJK71

T U<k

_ /{dﬂ}ﬁ w0y PO (Mmoot

k>0

coodk_y

< H (5[ (6’) fjw Hé<k dé, 71'4(9@) eﬁJe cos(0—6) ]
X — | /
[ n f_ﬂ-de, f—ﬂ' H£<k deg 7'('[(0[) eﬁJz cos(6’ —0y)

X(/_:del/Tr H 0, me(0e) e COS(G/_9£)>H>J1,_,JK71

T <k
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after n — 0:

Dr}] = Zp(k)k [ [T{ameypime]

L<k

6|m(0 ST Tk d0c me(6e) ofecos0=00)
ALl - =3 T e w0 )

interpretation?

@ returnto P(0,w):

?(o)zfdw P(6,w) = lim_lim *Z"m<H5[9 - 0°])

n—0N—oo N

1 (cos(6;)) " [ cos(fa)
Nlmo N < (sin(6;)) > leo/ do ?(9) ; ( sin(6.) )
(cos?(6;)) n cos®(0a)
Jim Z {cos(6)sin(6;)) | = lim / d6 P(6)——— > (cos(ea)sin(ea))
<Sin2(0j)> =0 (n ) a#pB=1 Sinz(ﬁa)
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P(0) in terms of D[{7}]:
f7r dw elwkt (ke ~(0)

520 k)
k

n,k

P(0) = Zp fvr de/f7r dw eiwk+(Ke~ivy(0)
_ Z p(k) [ [ T tarypim ]

f Hl<k dez m(Gz) e,BJg cos(0q —0y) o
<H J7.d0" [T TT,p d0e me(6e) e5Je c0s(0"=00) [ + (n)} >J1~-Jk

for n — 0:

2(6) = [tan} D) ] w(6.)

K)k

Dl =3 Pk | | Ltamaptema| (ol Fl),
k)
k)

Pl =Y PEJ / [ TT{ame}Dlme]] {5]x — Frl ),

o
k>0 o<k Tkt

(Fr)(0) = o ek 400 me(0e) e 2020
s - fjﬂdal j‘jﬂ ngk d@g 71'((98) eBJe cos(0”—0,)
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e Replica symmetric theory

@ Phase transitions
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Continuous phase transitions

D[{r}] = Zp /[H{dm}D[{m}]K [~ Flm o meal]),

ST Tick dOe me(6e) eBJe cos(6—0¢)
fjﬂde’ fjﬂ Hl<k dO, 7 (6¢) eBecos(6’—0r)

ke

FlO|m,...,mk—1] =

@ at T=p""=o00: D[{r}] = d[r — 7], mo(d)=(2r)""
gives: D[{n}] = é[r — 0]

paramagnetic state,
is a soln at any

@ bifurcations away from §[m — mo]: 1 -
expand eqns in deviation from o~ 7(0) = 5 Te £(9), / de £(0) =
0 —T

1st order bifurc:  8[x—mo) — D[{r}] with /{dﬂ} D[{r}]m(0) £ —

2nd order biturc:  S[x—mo] — D[{x}] with /{dﬂ} D[{ﬂ}]ﬂ'(@):;—w
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@ first order:

Jtamplimine) = 3 etk | | T my Dl (Fllm-. il

= et
o e [ LA WIHEN©) = > Pk =/ [Tt witen]

><<F[(9|71’0+6£1,.. . ,7T()+€§k,1]>J

o dk

expand F:

[Te<k [Io(ﬂJe) +e [T dby &(00)e cos(G_ge)]
FlO|mo+e€&t, ..., mo+ek—1] =

7,00 T, [B(520) + € =001 a(o0)eoeems 0]
1 T4 ey [T d0s £0(0)e™ 0= [lo(BJy)

O 2
“or 1 +62[<k f”ﬂ gfr f_ A6, £4(60)eBecos®’~00) [ [o(BJy) ()
do cos(0—0,
e Z/,f& (8)e™ =00 4 O()
= [{d}W{E}EO):
bifurcation if
d@l e/3Jcos(97¢9’) ™
=3 et O )y [ a0v0) =

k>0
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B cos(60—6")

W(0) = p(k) ) dalw( )<W>Jv /:;de P(0) =0

k>0

modified Bessel functions:
In(2) = [T 2% cos(ng)e® (¥

—m 2’

bifurcation condition has form of convolution,
so solns are Fourier modes:

Yg(0) =%, ge IN: 1= kz;) p(k) k(/<< >1) < ;Zggji >J

firstto occur: g =1,
bifurcation of phase-ordered state at:

(K /(k / dJ P( J) =
/o
(similarly for 2nd order bifurcation)
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