
Statistical physics of tailored random graphs:
entropies, processes, and generation
Lecture IV. Coupled oscillator models on graphs
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Coupled oscillators on a tailored random graph

Definitions

N phases θi ∈ [−π, π],
θ = (θ1, . . . , θN)

H(θ) = −
∑
i<j

cijJij cos(θi − θj )

energies : Jij ∈ IR, drawn randomly from P(J)

topology : p(c) = Z−1δk,k(c), ki (c) =
∑

j

cij

disorder-averaged free energy density,
use log Σ = limn→0 n−1 log Σn:

f = − lim
N→∞

1
βN

(
log
∫ π

−π
dθ e−βH(θ)

)
= − lim

N→∞
lim
n→0

1
βnN

log
∫ π

−π
dθ1 . . .θn e−β

∑n
α=1 H(θα)

= − lim
N→∞

lim
n→0

1
βnN

log
∫ π

−π
dθ1 . . .θn e

β
∑

i<j cij Jij
∑n
α=1 cos(θαi −θ

α
j )

compared to Ising system:
integrals instead of sums, σi · σj →

∑
α cos(θαi − θαj )
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The free energy

average over graphs
just substitute into Ising formulae:

σi · σj →
∑
α

cos(θαi − θαj ), 2 =
∑
σ=±1

→ 2π =

∫ π

−π
dθ

−βf = log(2π) + lim
N→∞

lim
n→0

1
n
[
Φ(β)− Φ(0)

]
Φ(β) =

1
N

log
〈∫ π

−π
dω eiω·k+

〈k〉
2N

∑
ij e
−i(ωi +ωj )∫

dJ P(J)e
βJ

∑n
α=1 cos(θαi −θ

α
j )〉
{θi}

order parameters:
P(θ, ω|{θi , ωi}) =

1
N

∑
i

δ(θ−θi )δ(ω−ωi )

so that

Φ(β) =
1
N

log
〈∫ π

−π
dω eiω·k exp

{1
2
〈k〉N

∫
dωdω′dθdθ′P(θ, ω| . . .)P(θ′, ω′| . . .)

× e−i(ω+ω′)
∫
dJ P(J)eβJ

∑
α cos(θα−θ′α)

}〉
{θi}
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insert for each (θ, ω):

1 =

∫
{dPdP̂}eiN

∫
dθdω P̂(θ,ω)P(θ,ω)−i

∑
i P̂(θi ,ωi )

with short hand (path integral measure):
{dPdP̂} = lim∆ω,∆θ→0

∏
ω,θ[P(θ, ω)dP̂(θ, ω)N∆ω∆nθ/2π]

result:
factorisation over sites!

Φ(β) =
1
N

log
∫
{dPdP̂}eiN

∫
dθdω P̂(θ,ω)P(θ,ω)

× e
1
2 〈k〉N

∫
dθdθ′dωdω′ P(θ,ω)P(θ′,ω′)e−i(ω+ω′)∫dJ P(J)eβJ

∑
α cos(θα−θ′α)

×
∏

i

〈∫ π

−π
dωi e

iωi ki−iP̂(θi ,ωi )
〉
θi
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Saddle-point equations

lim
N→∞

Φ(β) = extr{P,P̂}Ψβ [P.P̂]

Ψβ [P, P̂] = i

∫
dθdω P̂(θ, ω)P(θ, ω) +

∑
k

p(k) log
〈∫ π

−π
dω eiωk−iP̂(θ,ω)

〉
θ

+
1
2
〈k〉
∫

dσdθ′dωdω′ P(θ, ω)P(θ′, ω′)e−i(ω+ω′)
∫
dJ P(J)eβJ

∑
α cos(θα−θ′α)

extrema:

δΨ

δP
= 0 : iP̂(θ, ω) = −〈k〉e−iω

∫
dθ′dω′ P(θ′, ω′)e−iω′

∫
dJ P(J)eβJ

∑
α cos(θα−θ′α)

δΨ

δP̂
= 0 : P(θ, ω) =

∑
k

p(k)
eiωk−iP̂(θ,ω)∫ π

−πdθ
′ ∫ π
−π dω

′ eiω′k−iP̂(θ′,ω′)
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new quantities:

D(θ) =

∫ π

−π
dω P(θ, ω)e−iω, P̂(θ, φ) = i〈k〉e−iωγ(θ),

new eqns:
γ(θ) =

∫ π

−π
dθ′ D(θ′)〈eβJ

∑
α cos(θα−θ′α)〉J

D(θ) =
∑

k

p(k)

∫ π
−π dω eiω(k−1)+〈k〉e−iωγ(θ)∫ π

−πdθ
′ ∫ π
−π dω eiωk+〈k〉e−iωγ(θ′)

after ω-integrals:

D(θ) =
∑
k>0

p(k)
k
〈k〉

γk−1(θ)∫ π
−πdθ

′ γk (θ′)

γ(θ) =

∫ π

−π
dθ′ D(θ′)〈eβJ

∑
α cos(θα−θ′α)〉J
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use saddle point eqns:

lim
N→∞

Φ(β) = extr{P,P̂}Ψβ [P.P̂]

= log(2π)− 1
2
〈k〉+

∑
k

p(k) log〈γk (θ)〉θ +
∑

k

p(k) log[〈k〉k/k !]

β = 0: γ(θ) = 1

free energy:
−βf = log(2π) + lim

N→∞
lim
n→0

n−1[Φ(β)− Φ(0)
]

= lim
n→0

1
n

∑
k

p(k) log〈γk (θ)〉θ
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Replica symmetric solutions

D(θ) invariant under all
permutations of {1, . . . , n} D(θ) =

∫
{dπ} D[{π}]

n∏
α=1

π(θα)

D[{π}]: measure on the set of
normalised distributions
π : [−π, π]→ IR

work out γ(θ):

γ(θ) =

∫
{dπ} D[{π}]

∫
dJ P(J)

∫ π

−π
dθ′

∏
α

π(θ′α)eβJ cos(θα−θ′α)

Cn,k =
∫ π
−πdθ γ

k (θ)

lim
n→0

Cn,k = lim
n→0

∫
{dπ}dJ D[{π}]P(J)

∫ π

−π
dθdθ′

∏
α

π(θ′α)eβJ cos(θα−θ′α)

= lim
n→0

∫
{dπ}dJ D[{π}]P(J)

[ ∫ π

−π
dθdθ′π(θ′)eβJ cos(θ−θ′)

]n
= 1
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eqn for D[{π}]:∫
{dπ} D[{π}]

n∏
α=1

π(θα) =
∑
k>0

p(k)
k

〈k〉Cn,k
γk−1(σ)

=
∑
k>0

p(k)k
〈k〉Cn,k

∫ [∏
`<k

{dπ`}D[{π`}]
]〈∏

α

∫ π

−π

∏
`<k

dθ` π`(θ`) e
βJ` cos(θα−θ`)

〉
J1...Jk−1

=
∑
k>0

p(k)k
〈k〉Cn,k

∫ [∏
`<k

{dπ`}D[{π`}]
]〈∏

α

∫ π
−π
∏
`<k dθ` π`(θ`) e

βJ` cos(θα−θ`)∫ π
−πdθ

′
∫ π
−π
∏
`<k dθ` π`(θ`) e

βJ` cos(θ′−θ`)

×
(∫ π

−π
dθ′
∫ π

−π

∏
`<k

dθ` π`(θ`) e
βJ` cos(θ′−θ`)

)n〉
J1...Jk−1

=

∫
{dπ}

n∏
α=1

π(θα)
∑
k>0

p(k)k
〈k〉Cn,k

∫ [∏
`<k

{dπ`}D[{π`}]
]

×
〈∏

θ

δ
[
π(θ)−

∫ π
−π
∏
`<k dθ` π`(θ`) e

βJ` cos(θ−θ`)∫ π
−πdθ

′
∫ π
−π
∏
`<k dθ` π`(θ`) e

βJ` cos(θ′−θ`)

]
×
(∫ π

−π
dθ′
∫ π

−π

∏
`<k

dθ` π`(θ`) e
βJ` cos(θ′−θ`)

)n〉
J1...Jk−1
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after n→ 0:

D[{π}] =
∑
k>0

p(k)k
〈k〉

∫ [∏
`<k

{dπ`}D[{π`}]
]

×
〈∏

θ

δ
[
π(θ)−

∫ π
−π
∏
`<k dθ` π`(θ`) e

βJ` cos(θ−θ`)∫ π
−πdθ

′
∫ π
−π
∏
`<k dθ` π`(θ`) e

βJ` cos(θ′−θ`)

]〉
J1...Jk−1

interpretation?

return to P(θ, ω):

P(θ) =

∫ π

−π
dω P(θ, ω) = lim

n→0
lim

N→∞

1
N

∑
i

lim
n→0

〈 ∏
α≤n

δ[θα − θαi ]
〉

hence

lim
N→∞

1
N

∑
i

(
〈cos(θi )〉
〈sin(θi )〉

)
= lim

n→0

∫ π

−π
dθ P(θ)

1
n

n∑
α=1

(
cos(θα)
sin(θα)

)

lim
N→∞

1
N

∑
i


〈cos2(θi )〉

〈cos(θi ) sin(θi )〉

〈sin2(θi )〉

 = lim
n→0

∫ π

−π
dθ P(θ)

1
n(n−1)

n∑
α6=β=1

 cos2(θα)
cos(θα) sin(θα)

sin2(θα)


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P(θ) in terms of D[{π}]:

P(θ) =
∑

k

p(k)

∫ π
−π dω eiωk+〈k〉e−iωγ(θ)∫ π

−πdθ
′ ∫ π
−π dω eiωk+〈k〉e−iωγ(σ′) =

∑
k

p(k)

Cn,k
γk (θ)

=
∑

k

p(k)

∫ [∏
`≤k

{dπ`}D[{π`}]
]

×
〈∏

α

∫ π
−π
∏
`<k dθ` π`(θ`) e

βJ` cos(θα−θ`)∫ π
−πdθ

′
∫ π
−π
∏
`<k dθ` π`(θ`) e

βJ` cos(θ′−θ`)

[
1+O(n)

]〉
J1...Jk

for n→ 0:
P(θ) =

∫
{dπ} D[{π}]

n∏
α=1

π(θα)

D[{π}] =
∑
k>0

p(k)k
〈k〉

∫ [∏
`≤k

{dπ`}D[{π`}]
]〈
δ
[
π − Fπ

]〉
J1...Jk

D[{π}] =
∑
k>0

p(k)k
〈k〉

∫ [∏
`<k

{dπ`}D[{π`}]
]〈
δ
[
π − Fπ

]〉
J1...Jk−1

(Fπ)(θ) =

∫ π
−π
∏
`≤k dθ` π`(θ`) e

βJ` cos(θ−θ`)∫ π
−πdθ

′
∫ π
−π
∏
`≤k dθ` π`(θ`) e

βJ` cos(θ′−θ`)
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Continuous phase transitions

D[{π}] =
∑
k>0

p(k)
k
〈k〉

∫ [∏
`<k

{dπ`}D[{π`}]
]〈
δ
[
π − F [π1, . . . , πk−1]

]〉
J1...Jk−1

F [θ|π1, . . . , πk−1] =

∫ π
−π
∏
`<k dθ` π`(θ`) e

βJ` cos(θ−θ`)∫ π
−πdθ

′
∫ π
−π
∏
`<k dθ` π`(θ`) e

βJ` cos(θ′−θ`)

at T =β−1 =∞: D[{π}] = δ[π − π0], π0(θ) = (2π)−1

gives: D[{π}] = δ[π − π0]

paramagnetic state,
is a soln at any β

bifurcations away from δ[π − π0]:
expand eqns in deviation from π0 π(θ) =

1
2π

+ε ξ(θ),

∫ π

−π
dθ ξ(θ) = 0

1st order bifurc : δ[π−π0] → D[{π}] with
∫
{dπ} D[{π}]π(θ) 6= 1

2π

2nd order bifurc : δ[π−π0] → D[{π}] with
∫
{dπ} D[{π}]π(θ) =

1
2π
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first order:∫
{dπ}D[{π}]π(θ) =

∑
k>0

p(k)
k
〈k〉

∫ [∏
`<k

{dπ`}D[{π`}]
]〈

F [θ|π1, . . . , πk−1]
〉

J1...Jk−1

1
2π

+ε

∫
{dξ}W [{ξ}]ξ(θ) =

∑
k>0

p(k)
k
〈k〉

∫ [∏
`<k

{dξ`}W [{ξ`}]
]

×
〈

F [θ|π0 +εξ1, . . . , π0 +εξk−1]
〉

J1...Jk−1

expand F :

F [θ|π0 +εξ1, . . . , π0 +εξk−1] =

∏
`<k

[
I0(βJ`) + ε

∫ π
−πdθ` ξ`(θ`)e

βJ` cos(θ−θ`)
]

∫ π
−πdθ

′
∏
`<k

[
I0(βJ`) + ε

∫ π
−πdθ` ξ`(θ`)e

βJ` cos(θ′−θ`)
]

=
1

2π
1 + ε

∑
`<k

∫ π
−πdθ` ξ`(θ`)e

βJ` cos(θ−θ`)/I0(βJ`)

1 + ε
∑
`<k

∫ π
−π

dθ′
2π

∫ π
−πdθ` ξ`(θ`)e

βJ` cos(θ′−θ`)/I0(βJ`)
+O(ε2)

=
1

2π
+

ε

I0(βJ`)

∑
`<k

∫ π

−π

dθ`
2π

ξ`(θ`)e
βJ` cos(θ−θ`) +O(ε2)

ψ(θ) =
∫
{dξ}W [{ξ}]ξ(θ):

bifurcation if

ψ(θ) =
∑
k>0

p(k)
k(k−1)

〈k〉

∫ π

−π

dθ′

2π
ψ(θ′)

〈eβJ cos(θ−θ′)

I0(βJ)

〉
J
,

∫ π

−π
dθ ψ(θ) = 0
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ψ(θ) =
∑
k>0

p(k)
k(k−1)

〈k〉

∫ π

−π

dθ′

2π
ψ(θ′)

〈eβJ cos(θ−θ′)

I0(βJ)

〉
J
,

∫ π

−π
dθ ψ(θ) = 0

modified Bessel functions:
In(z) =

∫ π
−π

dθ
2π cos(nθ)ez cos(θ)

bifurcation condition has form of convolution,
so solns are Fourier modes:

ψq(θ) = eiqθ, q ∈ IN : 1 =
∑
k>0

p(k)
k(k−1)

〈k〉

〈 Iq(βJ)

I0(βJ)

〉
J

first to occur: q = 1,
bifurcation of phase-ordered state at:

(〈k2〉/〈k〉−1)

∫
dJ P(J)

I1(βJ)

I0(βJ)
= 1

(similarly for 2nd order bifurcation)
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