Statistical physics of tailored random graphs:

entropies, processes, and generation
Lecture I. Common tools and tricks

ACC Coolen, King’s College London

ACC Coolen, King's College London 1/21



@ The delta distribution

9 Gaussian integrals
e Steepest descent integration

e Exponential families and generating functions

e The replica trick

e Statistical mechanics of complex systems
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The §-distribution

@ intuitive definition of §(x):

prob distribution for a ‘random’ variable x
that is always zero

(fy = /jc dx f(x)o(x) = f(0)  for any f

for instance

5(x) = lim —x*/20°

c—0 g+/2 al

not a function: §(x #0) =0, §(0) =

@ status of §(x):

d(x) only has a meaning when appearing inside an integration,
one takes the limit o | 0 after performing the integration

oo ) e X /20 e X /2
[mdx f(x)é(x) = E?g[ dx f(x) = Ilm/ dx f( xa) ez = f(0)
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@ differentiation of 5(x):

/_de F(x)8 (x) = /_O;dx{d (( )5(x))ff’ 6(x)}

e~ /20‘

= I'm[()af

ol0

|77 —roy =

X=—00

generalization:

ge el dn oo dn
X0 5000 = (1) lm A (n=0,1,2,..)

@ integration of §(x): _4d, f(x<0)=0
B 1

Proof: both sides have same effect in integrals

/ dx {5(x) _ %a(x)} £(x) f(0) — lim /_ de {% (0001(x)) - f/(x)e(x)}
f(0) ~ lim[#(e) — 0] +lim /edx f(x)=0
el0 el0 0

@ generalization N N
to vector arguments: xeRY:  4(x) = H5(X/‘)
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@ Integral representation of 5(x)

use defns of Fourier transforms and their inverse:

— [ dx e 2 (x) © e [ o
1k iRy 100 = [ ake™ [ ay et r(y)

apply to 6(x): 5(x) = / dk ik — / % e

@ invertible functions of x _ d(x—a)
as arguments: d[g(x) —g(a)] =

Proof: both sides have same effect in integrals

/700 dx £(x) {5[g(x)—g(a)] B 6|‘((_7)/((_a‘)3|)} - /jo dx g'(x) £;((XX))5[Q(X)—g(:’:l)] - |gf/((a;)|

e KGR L @)
= /g(_oof”‘ g (k) 9@~ 150

sanlg/(a)] / dk M6[k o(a) — &

g'(g™ (k) lg'(a)l
= sgn[g(a)] f((a)) |;’((52)| -
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Gaussian integrals

@ one-dimensional:

dx _1x%/0? / dx _1x%/0? / dx o _1,2/,2 >
7 g2 =1, xe 2 =0, Xx‘e 2 =0
/a\/27r oven ovenr

dx ek —%xz

Var

— et (ke()

@ N-dimensional:

/ dx eféxcqx =1, / dx — X,-e*%XC”x 0,
V(27)NdetC (27)NdetC

@ multivariate p(x) =

—— ¢
Gaussian v/ (2m)NdetC

distribution: ) .
/dx p(X)xix; = Cj, /dx p(x)e** = g2k ok
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Steepest descent integration

Objective of steepest descent

(or ‘saddle-point’) integration: N
N Iv= [ dxg(x)e M

large N behavior of integrals of the type RP

@ f(x) real-valued, smooth, bounded from below,
and with unique minimum at x*

expand f around minimum:

% f
* 3 —
f(x) = f(x )+2;Au =X )(%=X") + O(x=x"[") A’f—ax,-ax/x*

Insert into integral,
transform x = x*+y/v/N:

In e—Nf(x*)/ dx g(x)e™ BN Zi0i—x A5 - O )
IRP

* 3
N-5 g~ Mx )/ g (X*JFL) o & Sy A0y P/ V)
w' IVTUN
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/ dx g(x) e M = N‘ge—"”("*)/ dy g(x*+ L) o= & SiyiAp 0y /VR)
RP RP VN

@ first result, for p < N/log N:
.1 — NF(x)
NlinoC N Iog' ]dex e

=106+ m,

[plogN 1 — 1 S vty +oy®/ V)
2N N log 1dey © /

- g [P L (25) - on (1015,

[plog N
2N

3/2
oR)+oX

= f(x*)+ Jim T2 )} = f(x*)

@ second result, for p < V'N:

‘ - ISy Ay 3
lim M = lim Jrpdy 9(x*+y/VN) e~z 2i YAy +oWyl /VN)
Jrpdy e % S VA +O(yI/VN)

N— oo de e—Ni(x) N— oo

a0e)(1+ O(%))@ (1+0(50)

*
= s =9(x")
V& (1+O(P ))




f(x) complex-valued:

— deform integration path in complex plane, using Cauchy’s theorem, such that
along deformed path the imaginary part of f(x) is constant, and preferably zero

— proceed using Laplace’s argument, and find the leading order in N by
extremization of the real part of f(x)

similar fomulae,
but with (possibly complex) extrema
that need no longer be maxima:
NF(x)

— I|m —Iog dx e~ = extrgempf(X)
N—oo N 77 [irp

im [rpdx g(x)e~ ™

N=oo  [ppdx e~Nx) = Q(arg extrxemp f(x)>
JIRP

@ stuff never mentioned in papers ...

— in practice we can often not trace the contour deformation in detalil
— often we can choose the scaling with N of terms in the exponent,
what to do? (check Curie-Weiss magnet, very instructive!)
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Exponential distributions

Often we study stochastic processes for x € X C RY,

that evolve to a stationary state, with prob distribution p(x)
many are of the following form:

@ stationary state is minimally informative,
subject to a number of constraints

> opX)wi(X) =1 ... > p(X)wi(x) =

xeX

This is enough to calculate p(x):

@ information content of x: Shannon entropy
hence

maximize S = - p(x)log p(x)

xeX

. p(x) 20 VX, 3 cxP(X) =1
subject to :
D oxex PXwe(X) = Qe forallt=1...L
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@ solution using Lagrange’s method:

9 N o / ,
WX){AOX%W )+ ;MZ p(X)we(X') = p(x') log p(x )} =0
L

x'eX x'eX

Do+ 3 Awn(x) —1-logp(x) =0 = p(x) = X0~ et Aer)
£=1

(p(x) > 0 automatically satisfied)

@ ‘exponential distribution’:

erq Agwpe(x) ZO0 S e ()
p(x) = —zZo) (A) = Ze
xeX
A=(M,...,\): solved from > p(X)wi(x)=Q (£=1...L)
xeX
example:
physical systems in thermal equilibrium
L=1,w(x) = E(x) (energy), A\ = —1/kgT
o—EM)/kgT

W’ Z(T) = Ze*E(X)/kBT

xeX

p(x) =
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Generating functions

it Aewr(x) L .
PO =gy 2= M) =3 pof(x)

xeX xeX

Idea behind generating functions:
reduce nr of state averages to be calculated ...

@ define
F(X) =log Z(X) OF(N)  Srex wk(x)ezéﬂ Apwe(X)
9k - erx e2$:1 Apwy(X) B <Wk(X)>
@ how to calculate
arbitrary state average (¢)?
F(X, ) = log [Zeww& Mw(x)}
xeX
_ im OF(A 1) _ e OF(A 1)
W) = IEITO ou ' {we) = ,!,ITO OXe
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The replica method

replica method

A clever trick that enables the analytical calculation of averages
that are normally impossible to do, except numerically.

is particularly useful for

Complex heterogeneous systems composed of many interacting variables,
and with many parameters on which we have only statistical information.
(too large for numerical averages to be computationally feasible)

gives us

Analytical predictions for the behaviour of macroscopic quantities
in typical realisations of the systems under study.

first appearance: Marc Kac 1968
first in physics: Sherrington & Kirkpatrick 1975
first in biology: Amit, Gutfreund & Sompolinksy 1985
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@ Consider processes with many
fixed (pseudo-)random parameters &,
distributed according to P(&)

X it Aewe(x,€)

_ Sh_q Apwe(x,8)
Z(A,g) I Z()‘aé)fze

xeX

p(x|§) =

— calculating state averages (f)g for each realisation of £ is usually impossible
— we are mostly interested in typical values of state averages

— for N— oo macroscopic averages will not depend on &, only on P(&),
‘self-averaging’: IimN_m(f)& indep of &

so focus on

xeX

e = Y 2N =Y 2] Y pxie)f(x.€)}
€ £
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@ new generating function:

1) =3 PE)I0gZ(Aw8).  ZAp€) = Y H DT

5 xeX

X 1 (6,€)+30 ¢ Arwe(x,€)
lim, —F A, ) = lim ZT Zxex V(X £)e
P pex PG A (x.8)

= S gex VX, €)e>e Apwe(%,€) e
= %T(ﬁ) { Sy et Newe(%,E) = >£

@ main obstacle in calculating F:

the logarithm ... — —
gar replica identity : logZ = Iim0 % log Z"
n—

proof:

lim — Iog Zn = lim 1 log [e"'e94] = lim 1 log [1 + nlog Z + O(n?)]
n—0 N n—0 N

n—0 n

= lim % log[1 + nlog Z + O(r?)] = log Z
n—
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@ apply logZ = lim, o Llog Z"
(simplest case L = 1)

FO) = ZTP |Og[ZeM E)}—Ilm IongP(g [Ze*“ }
xeX xeX
= nligwoﬁ|ogZ?(g)[Z,,,Zengz1 w(x“@]
xlex  x"exX
= lim — Iog [ Z Z ng Je Tat w(xayﬁ)]
ron xlex xex ¢
@ notes:

impossible &-average converted into simpler one ...
calculation involves n ‘replicas’ x~ of original system
butn— 0attheend ... ?

penultimate step true only for integer n,
so limit requires analytical continuation ...

since then: alternative (more tedious) routes,
these confirmed correctness of the replica method!
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Alternative forms of the replica identity

suppose we need averages, but for
a p(x|&) that is not of an exponential form?

or we need to average quantities that we
don’t want in the exponent of Z(\&)?

pOxie) = = ot (g = > plxiE)(x.6)

@ main obstacle here:
the fraction ...

e = [P S wiote.o] [ woes)]

xeX xeX

- hm[ZWxE xg][zwxe]
= lim Y . LW E).. W(x",€)

xlex x"eX

(again: used integer n,butn — 0 ...)
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@ equivalence between two forms

of replica identity, if W(x, &) = e Apo(x,€)
proof:

T . i 1 1

Me = lm 3.5 T W &) Wx€)

xlex x"eX

= lim 37D (X, €) eXhe Tedeorx 8

n—0
xlex x"eX

6 n n

— iim Llim&2 S Y0y Vg Aede(x E)+n X0y f(x,E)
n—0 N p—0 3/VL Z Z ¢ 1 1

xtex xeX

= lim — lim 72 ) eXhe [0 Aepexe E)tuf(xe £)]

u—0 3u n—0 N

xlex xheX

= lim g ||m ZH(A7 o, E) Z(A’ 1y é‘) — Z eZz )\[d)[(X,E)Jr,uf(X,é)
n=0 8’” xeX
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stat mech of complex systems
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stat mech of complex systems

nothing <— — in business



stat mech of complex systems

'

solution of order
parameter eqns

nothing <— — in business
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