
The replica method and its applications in
biomedical modelling and data analysis

Statistical Physics Approaches to Systems Biology, Havana, Feb 2019

ACC Coolen
King’s College London and Saddle Point Science

ACC Coolen (KCL&SPS) 1 / 56



replica method
A clever trick that enables the analytical calculation of averages
that are normally impossible to do, except numerically.

is particularly useful for
Complex heterogeneous systems composed of many interacting variables,
and with many parameters on which we have only statistical information.
(too large for numerical averages to be computationally feasible)

gives us
Analytical predictions for the behaviour of macroscopic quantities
in typical realisations of the systems under study.

note on biomedical applications
The ‘large systems’ could describe actual biochemical processes
(folding proteins, proteome, transcriptome, immune or neural networks, etc),
or analysis algorithms running on large biomedical data sets
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Exponential distributions
Often we study stochastic processes for x ∈ X ⊆ IRN ,
that evolve to a stationary state, with prob distribution p(x)
many are of the following form:

stationary state is minimally informative,
subject to a number of constraints∑

x∈X

p(x)ω1(x) = Ω1 . . . . . .
∑
x∈X

p(x)ωL(x) = ΩL

This is enough to calculate p(x):

information content of x: Shannon entropy
hence

maximize S = −
∑
x∈X

p(x) log p(x)

subject to :

{
p(x) ≥ 0 ∀x,

∑
x∈X p(x) = 1∑

x∈X p(x)ω`(x) = Ω` for all ` = 1 . . . L
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solution using Lagrange’s method:

∂

∂p(x)

{
λ0

∑
x′∈X

p(x′) +
L∑
`=1

λ`
∑
x′∈X

p(x′)ω`(x′)−
∑
x′∈X

p(x′) log p(x′)
}

= 0

λ0 +
L∑
`=1

λ`ω`(x)− 1− log p(x) = 0 ⇒ p(x) = eλ0−1+
∑L
`=1 λ`ω`(x)

(p(x) ≥ 0 automatically satisfied)

‘exponential distribution’:

p(x) =
e
∑L
`=1 λ`ω`(x)

Z (λ)
, Z (λ) =

∑
x∈X

e
∑L
`=1 λ`ω`(x)

λ = (λ1, . . . , λL) : solved from
∑
x∈X

p(x)ω`(x) = Ω` (` = 1 . . . L)

example:
physical systems in thermal equilibrium
L = 1, ω(x) = E(x) (energy), λ = −1/kBT

p(x) =
e−E(x)/kBT

Z (T )
, Z (T ) =

∑
x∈X

e−E(x)/kBT
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Generating functions

p(x) =
e
∑L
`=1 λ`ω`(x)

Z (λ)
, Z (λ) =

∑
x∈X

e
∑L
`=1 λ`ω`(x), 〈f 〉 =

∑
x∈X

p(x)f (x)

Idea behind generating functions:
reduce nr of state averages to be calculated ...

define
F (λ) = log Z (λ) ∂F (λ)

∂λk
=

∑
x∈X ωk (x)e

∑L
`=1 λ`ω`(x)∑

x∈X e
∑L
`=1 λ`ω`(x)

= 〈ωk (x)〉

how to calculate
arbitrary state average 〈ψ〉?

F (λ, µ) = log
[∑

x∈X

eµψ(x)+
∑
` λ`ω`(x)

]
〈ψ〉 = lim

µ→0

∂F (λ, µ)

∂µ
, 〈ω`〉 = lim

µ→0

∂F (λ, µ)

∂λ`
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The replica trick

first appearance: Marc Kac 1968
first application in physics: Sherrington & Kirkpatrick 1975
first application in biology: Amit, Gutfreund & Sompolinksy 1985

Consider processes with many
fixed (pseudo-)random parameters ξ,
distributed according to P(ξ)

p(x|ξ) =
e
∑L
`=1 λ`ω`(x,ξ)

Z (λ, ξ)
, Z (λ, ξ) =

∑
x∈X

e
∑L
`=1 λ`ω`(x,ξ)

– calculating state averages 〈f 〉ξ for each realisation of ξ is usually impossible

– we are mostly interested in typical values of state averages
– for N→∞ macroscopic averages will not depend on ξ, only on P(ξ),

‘self-averaging’: limN→∞〈f 〉ξ indep of ξ

so focus on

〈f 〉ξ =
∑
ξ

P(ξ)〈f 〉ξ =
∑
ξ

P(ξ)
{∑

x∈X

p(x|ξ)f (x, ξ)
}
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new generating function:

F (λ, µ) =
∑
ξ

P(ξ) log Z (λ, µ, ξ), Z (λ, µ, ξ) =
∑
x∈X

eµψ(x,ξ)+
∑
` λ`ω`(x,ξ)

lim
µ→0

∂

∂µ
F (λ, µ) = lim

µ→0

∑
ξ

P(ξ)

{∑
x∈X ψ(x, ξ)eµψ(x,ξ)+

∑
` λ`ω`(x,ξ)∑

x∈X eµψ(x,ξ)+
∑
` λ`ω`(x,ξ)

}

=
∑
ξ

P(ξ)

{∑
x∈X ψ(x, ξ)e

∑
` λ`ω`(x,ξ)∑

x∈X e
∑
` λ`ω`(x,ξ)

}
= 〈ψ〉ξ

main obstacle in calculating F :
the logarithm ...

replica identity : log Z = lim
n→0

1
n

log Z n

proof:

lim
n→0

1
n

log Z n = lim
n→0

1
n

log [en log Z ] = lim
n→0

1
n

log [1 + n log Z +O(n2)]

= lim
n→0

1
n

log[1 + nlog Z +O(n2)] = log Z

ACC Coolen (KCL&SPS) 10 / 56



apply log Z = limn→0
1
n log Z n

(simplest case L = 1)

F (λ) =
∑
ξ

P(ξ) log
[∑

x∈X

eλω(x,ξ)
]

= lim
n→0

1
n

log
∑
ξ

P(ξ)
[∑

x∈X

eλω(x,ξ)
]n

= lim
n→0

1
n

log
∑
ξ

P(ξ)
[ ∑

x1∈X

. . .
∑
xn∈X

eλ
∑n
α=1 ω(xα,ξ)

]
= lim

n→0

1
n

log
[ ∑

x1∈X

. . .
∑
xn∈X

∑
ξ

P(ξ)eλ
∑n
α=1 ω(xα,ξ)

]

notes:

– impossible ξ-average converted into simpler one ...
– calculation involves n ‘replicas’ xα of original system
– but n→ 0 at the end ... ?
– penultimate step true only for integer n,

so limit requires analytical continuation ...

since then: alternative (more tedious) routes,
these confirmed correctness of the replica method!
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The replica trick and algorithms

Suppose we have data D, with prob distr P(D)
and an algorithm which minimises an error function E(D,θ)
(maximum likelihood, Cox & Bayesian regression, SVM, perceptron, ...)

algorithm outcome:

θ?(D) = arg minθE(D,θ), Emin(D) = minθE(D,θ)

typical performance:

θ? =
∑

D

P(D)θ?(D) = θ?(D) Emin =
∑

D

P(D)Emin(D) = Emin(D)

steepest descent identity & replica trick:

Emin(D) = minθE(D,θ) = − lim
β→∞

1
β

log
∫

dθ e−βE(D,θ)

Emin = Emin(D) = − lim
β→∞

1
β

log
∫

dθ e−βE(D,θ)

= − lim
β→∞

lim
n→0

1
βn

log
[ ∫

dθ e−βE(D,θ)
]n

= − lim
β→∞

lim
n→0

1
βn

log
∫

dθ1. . .θn e−β
∑n
α=1 E(D,θα)
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Alternative forms of the replica identity

suppose we need averages, but for
a p(x|ξ) that is not of an exponential form?

or we need to average quantities that we
don’t want in the exponent of Z (λξ)?

p(x|ξ) =
W (x, ξ)∑

x′∈X W (x′, ξ)
, 〈f 〉ξ =

∑
x∈X

p(x|ξ)f (x, ξ)

main obstacle here:
the fraction ...

〈f 〉ξ =
[∑

x∈X W (x, ξ)f (x, ξ)∑
x∈X W (x, ξ)

]
=
[∑

x∈X

W (x, ξ)f (x, ξ)
][∑

x∈X

W (x, ξ)
]−1

= lim
n→0

[∑
x∈X

W (x, ξ)f (x, ξ)
][∑

x∈X

W (x, ξ)
]n−1

= lim
n→0

∑
x1∈X

. . .
∑
xn∈X

f (x1, ξ)W (x1, ξ) . . .W (xn, ξ)

(again: used integer n, but n→ 0 ...)
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equivalence between two forms
of replica identity, if W (x, ξ) = e

∑
` λ`φ`(x,ξ)

proof:

〈f 〉ξ = lim
n→0

∑
x1∈X

. . .
∑
xn∈X

f (x1, ξ)W (x1, ξ) . . .W (xn, ξ)

= lim
n→0

∑
x1∈X

. . .
∑
xn∈X

f (x1, ξ) e
∑n
α=1

∑
` λ`φ`(xα,ξ)

= lim
n→0

1
n

∑
x1∈X

. . .
∑
xn∈X

[ n∑
α=1

f (xα, ξ)
]

e
∑n
α=1

∑
` λ`φ`(xα,ξ)

= lim
n→0

1
n

lim
µ→0

∂

∂µ

∑
x1∈X

. . .
∑
xn∈X

e
∑n
α=1

∑
` λ`φ`(xα,ξ)+µ

∑n
α=1 f (xα,ξ)

= lim
µ→0

∂

∂µ
lim
n→0

1
n

∑
x1∈X

. . .
∑
xn∈X

e
∑n
α=1

[∑
` λ`φ`(xα,ξ)+µf (xα,ξ)

]
= lim

µ→0

∂

∂µ
lim
n→0

1
n

Z n(λ, µ, ξ), Z (λ, µ, ξ) =
∑
x∈X

e
∑
` λ`φ`(x,ξ)+µf (x,ξ)
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Attractor neural networks

N∼1012−14 brain cells (neurons),
each connected with ∼103−5 others

neurons

two states:
σi = 1 (i fires electric pulses)
σi = −1 (i is at rest)

dynamics of firing states

σi (t +1) = sgn
[ activation signal︷ ︸︸ ︷

N∑
j=1

Jijσj (t) +

threshold, noise︷ ︸︸ ︷
θi + zi (t)

]
θi ∈ IR: firing threshold of neuron i non-local ‘distributed’ storage of
Jij ∈ IR: synaptic connection j → i ‘program’ and ‘data’

learning = adaptation of {Jij , θi}
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attractor neural networks
models for associative memory in the brain

the neural code
represent ‘patterns’ as
micro-states ξ = (ξ1, . . . , ξN) ◦ : σi =−1, • : σi =1

e.g. N =400,
10 patterns:

information storage
modify synapses {Jij} such that ξ is
stable state (attractor) of the neuronal dynamics

information recall
initial state σ(t =0):
evolution to nearest attractor

if σ(0) close (i.e. similar) to ξ:
σ(t =∞) = ξ

ACC Coolen (KCL&SPS) 19 / 56



learning rule: recipe for storing patterns via modification of {Jij}
Hebb (1949): ∆Jij ∝ ξiξj

choose Jij =J0ξiξj , θi =0,
update randomly drawn i at each step:

σi (t +1) = sgn
[ N∑

j=1

Jijσj (t) + zi (t)
]

= sgn
[
J0ξi

( pattern overlap︷ ︸︸ ︷
N∑

j=1

ξjσj (t)
)

+ zi (t)
]

= ξi sgn
[
J0

N∑
j=1

ξjσj (t) + ξizi (t)
]

M(t) =
∑N

j=1 ξjσj (t) sufficiently large: σi (t +1) = ξi

now M(t +1) ≥ M(t) ...
will continue until σ = ξ

proper analysis:

noise: P(z) = β
2 [1−tanh2(βz)],

symmetric synapses: Jij = Jji , Jii = 0
sequential updates of σi

p(σ) =
e−βH(σ)

Z (β)
, H(σ) = −1

2

∑
i 6=j

σiJijσj −
∑

i

θiσi

ACC Coolen (KCL&SPS) 20 / 56



a more realistic model,
solvable via the replica method

storage of a pattern ξ = (ξ1, . . . , ξN) ∈ {−1, 1}N

on background of zero-average Gaussian synapses

Jij =
J0

N
ξiξj +

J√
N

zij , z ij = 0, zij
2 = 1, J, J0 ≥ 0, θi = 0

to be averaged over: background synapses {zij}
pattern overlap: m(σ) = 1

N

∑
k σkξk

H(σ) = −1
2

∑
i 6=j

σiσj

{J0

N
ξiξj +

J√
N

zij

}
= − J0

2N

∑
ij

σiσjξiξj +
J0

2N

∑
i

1− J
2
√

N

∑
i 6=j

σiσjzij

= −1
2

NJ0m2(σ) +
1
2

J0 −
J√
N

∑
i<j

σiσjzij

generating function

F = log Z (β) = lim
n→0

1
n

log Z n(β) = lim
n→0

1
n

log
[ ∑
σ1...σn

e−β
∑n
α=1 H(σα)

]
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The replica calculation

short-hands: m(σ) = 1
N

∑
i ξiσi , Dz = (2π)−1/2e−z2/2dz

Gaussian integral:
∫

Dz exz = e
1
2 x2

average over random synapses

Z n(β) =
∑

σ1...σn

e−β
∑n
α=1 H(σα)

=
∑

σ1...σn

e−β
∑n
α=1

[
1
2 J0− 1

2 NJ0m2(σα)− J√
N

∑
i<j σ

α
i σ

α
j zij

]

= e−
1
2 nβJ0

∑
σ1...σn

e
1
2 NβJ0

∑n
α=1m2(σα)e

βJ√
N

∑n
α=1

∑
i<j σ

α
i σ

α
j zij

= e−
1
2 nβJ0

∑
σ1...σn

e
1
2 NβJ0

∑n
α=1m2(σα)

∏
i<j

∫
Dz e

βJ√
N

∑n
α=1σ

α
i σ

α
j z

= e−
1
2 nβJ0

∑
σ1...σn

e
1
2 NβJ0

∑n
α=1m2(σα)

∏
i<j

e
β2J2

2N

[∑n
α=1σ

α
i σ

α
j

]2

= e−
1
2 nβJ0

∑
σ1...σn

eN
[

1
2βJ0

∑n
α=1m2(σα)+ 1

2 (βJ)2 ∑n
α,γ=1

(
N−2 ∑

i<j σ
α
i σ

α
j σ

γ
i σ

γ
j

)]
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complete square in sums over neurons∑
i<j

σαi σ
α
j σ

γ
i σ

γ
j =

1
2

∑
i 6=j

σαi σ
α
j σ

γ
i σ

γ
j =

1
2

∑
ij

σαi σ
α
j σ

γ
i σ

γ
j −

1
2

∑
i

1

=
1
2

(∑
i

σαi σ
γ
i

)2
− 1

2
N

hence

Z n(β) = e−
1
2 nβJ0

∑
σ1...σn

eN
[

1
2βJ0

∑n
α=1m2(σα)+ 1

4 (βJ)2 ∑n
α,γ=1

((
1
N

∑
i σ
α
i σ

γ
i

)2
− 1

N

)]
= e−

1
2 nβJ0− 1

4 n(βJ)2 ∑
σ1...σn

eN
[

1
2βJ0

∑n
α=1m2(σα)+ 1

4 (βJ)2 ∑n
α,γ=1

(
1
N

∑
i σ
α
i σ

γ
i

)2]

insert:

1 =
n∏
α=1

∫
dmα δ

(
mα−

1
N

∑
i

ξiσ
α
i

)
, 1 =

n∏
α,γ=1

∫
dqαγ δ

(
qαγ−

1
N

∑
i

σαi σ
γ
i

)
m∈ IRn, q∈ IRn2

:

Z n(β) = e−
1
2 nβJ0− 1

4 n(βJ)2
∫

dmdq eN
[

1
2βJ0

∑n
α=1m2

α+ 1
4 (βJ)2 ∑n

α,γ=1 q2
αγ

]
×

∑
σ1...σn

[ n∏
α=1

δ
(

mα−
1
N

∑
i

ξiσ
α
i

)][ n∏
α,γ=1

δ
(

qαγ−
1
N

∑
i

σαi σ
γ
i

)]
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remember: δ(x) = (2π)−1 ∫ dx̂ eixx̂

the sum over neuron state variables∑
σ1...σn

[ n∏
α=1

δ
(

mα−
1
N

∑
i

ξiσ
α
i

)][ n∏
α,γ=1

δ
(

qαγ−
1
N

∑
i

σαi σ
γ
i

)]
=

∑
σ1...σn

∫
dm̂dq̂

(2π)n2+n
ei

∑n
α=1 m̂α

[
mα− 1

N
∑

i ξiσ
α
i

]
+i

∑n
α,γ=1 q̂αγ

[
qαγ− 1

N
∑

i σ
α
i σ

γ
i

]

=

∫
dm̂dq̂

(2π)n(n+1)
ei

∑
α m̂αmα+i

∑
αγ q̂αγqαγ

∑
σ1...σn

N∏
i=1

e−
i
N

[∑
α m̂αξiσ

α
i +

∑
αγ q̂αγσαi σ

γ
i

]
=

∫
dm̂dq̂

(2π)n(n+1)
ei

∑
α m̂αmα+i

∑
αγ q̂αγqαγ

∏
i

∑
σ1...σn

e−
i
N

[∑
α m̂αξiσα+

∑
αγ q̂αγσασγ

]

transform: m̂→ Nm̂, q̂→ Nq̂, σα → ξiσα:∑
σ1...σn

[
. . .
][
. . .
]

=

∫
dm̂dq̂

(2π/N)n(n+1)
eiN
[

m̂·m+Tr(q̂q)
][ ∑

σ∈{−1,1}n

e−im̂·σ−iσ·q̂σ
]N

=

∫
dm̂dq̂

(2π/N)n(n+1)
eiNm̂·m+iNTr(q̂q)+N log

∑
σ exp(−im̂·σ−iσ·q̂σ)
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combine everything ...

Z n(β) = e−
1
2 nβJ0− 1

4 n(βJ)2−n(n+1) log(2π/N)

∫
dmdqdm̂dq̂ eNΨ(m,q,m̂,q̂)

Ψ(. . .) =
1
2
βJ0m2 +

1
4

(βJ)2Tr(q2) + im̂ ·m + iTr(q̂q) + log
∑
σ

e−im̂·σ−iσ·q̂σ

Hence

F = lim
n→0

1
n

log Z n(β)

= −1
2
βJ0 −

1
4

(βJ)2 − log(
2π
N

) + lim
n→0

1
n

log
∫

dmdqdm̂dq̂ eNΨ(m,q,m̂,q̂)

Since F = O(N),
large N behaviour follows from

f = lim
N→∞

F/N = lim
N→∞

lim
n→0

1
nN

log
∫

dmdqdm̂dq̂ eNΨ(m,q,m̂,q̂)

assume limits commute,
steepest descent integration: f = lim

n→0

1
n

extrm,q,m̂,q̂Ψ(m,q, m̂, q̂)
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Ψ(. . .) =
1
2
βJ0

∑
α

m2
α +

1
4

(βJ)2
∑
αγ

q2
αγ + i

∑
α

m̂αmα + i
∑
αγ

q̂αγqαγ

+ log
∑
σ

e−i
∑
λ m̂λσλ−i

∑
λζ σλq̂λζσζ

saddle-point eqns

∂Ψ

∂mα
= 0,

∂Ψ

∂qαγ
= 0 : βJ0mα + im̂α = 0,

1
2

(βJ)2qαγ + iq̂αγ = 0

∂Ψ

∂m̂α
= 0 : imα − i

∑
σ σαe−i

∑
λ m̂λσλ−i

∑
λζ σλq̂λζσζ∑

σ e−i
∑
λ m̂λσλ−i

∑
λζ σλq̂λζσζ

= 0

∂Ψ

∂q̂αγ
= 0 : iqαγ − i

∑
σ σασγe−i

∑
λ m̂λσλ−i

∑
λζ σλq̂λζσζ∑

σ e−i
∑
λ m̂λσλ−i

∑
λζ σλq̂λζσζ

= 0

eliminate (m̂, q̂)

mα =

∑
σ σαeβJ0

∑
λ mλσλ+ 1

2 (βJ)2 ∑
λ 6=ζ σλqλζσζ∑

σ eβJ0
∑
λ mλσλ+ 1

2 (βJ)2 ∑
λ 6=ζ σλqλζσζ

qαγ =

∑
σ σασγeβJ0

∑
λ mλσλ+ 1

2 (βJ)2 ∑
λ6=ζ σλqλζσζ∑

σ eβJ0
∑
λ mλσλ+ 1

2 (βJ)2 ∑
λ 6=ζ σλqλζσζtrivial soln: m=q=0,

any others?
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Replica symmetry

β = 0 (infinite noise level):

mα =

∑
σ σαe0∑
σ e0 = 0, qαγ =

∑
σ σασγe0∑

σ e0 = 0 m=q =0 if β = 0

bifurcations from trivial soln:

mα =

∑
σ σα

[
1 + βJ0

∑
λ mλσλ + 1

2 (βJ)2∑
λ 6=ζ σλqλζσζ

]
∑

σ

[
1 + βJ0

∑
λ mλσλ + 1

2 (βJ)2
∑
λ6=ζ σλqλζσζ

] +O(m,q)2

=
2nβJ0mα

2n + . . . = βJ0mα + . . . m 6= 0 if βJ0 > 1

qαγ =

∑
σ σασγ

[
1 + βJ0

∑
λ mλσλ + 1

2 (βJ)2∑
λ6=ζ σλqλζσζ

]
∑

σ

[
1 + βJ0

∑
λ mλσλ + 1

2 (βJ)2
∑
λ6=ζ σλqλζσζ

] +O(m,q)2

=
2n(βJ)2qαγ + . . .

2n + . . . = (βJ)2qαγ + . . . q 6= 0 if βJ > 1
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how to find form of nontrivial solns {mα, qαγ}?
need their physical interpretation!
use alternative form(s) of replica identity:

〈f (σ)〉 = lim
n→0

1
n

n∑
γ=1

∑
σ1

. . .
∑
σn

f (σγ)e−β
∑n
α=1 H(σα)

〈〈f (σ,σ′)〉〉 = lim
n→0

1
n(n−1)

n∑
α 6=γ=1

∑
σ1

. . .
∑
σn

f (σα,σγ)e−β
∑n
α=1 H(σα)

apply to
P(m|σ) = δ

[
m − 1

N

N∑
i=1

ξiσi

]
, P(q|σ,σ′) = δ

[
q − 1

N

N∑
i=1

σiσ
′
i

]
repeat steps of previous calculation,
gives expressions in terms of
saddle-point soln {mα, qαγ}:

lim
N→∞

〈P(m|σ)〉 = lim
n→0

1
n

n∑
α=1

δ[m−mα]

lim
N→∞

〈〈P(q|σ,σ′)〉〉 = lim
n→0

1
n(n−1)

n∑
α 6=γ=1

δ[q−qαγ ]
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ergodic mean-field systems

fluctuations in quantities like 1
N

∑N
i=1 ξiσi

or 1
N

∑N
i=1 σiσ

′
i scale as O(N−1/2)

hence

lim
N→∞

〈P(m|σ)〉 = lim
N→∞

〈
δ
[
m − 1

N

N∑
i=1

ξiσi

]〉
= δ
[
m − 1

N

N∑
i=1

ξi〈σi〉
]

lim
N→∞

〈〈P(q|σ,σ′)〉〉 = lim
N→∞

〈〈
δ
[
q − 1

N

N∑
i=1

σiσ
′
i

]〉〉
= δ
[
q − 1

N

N∑
i=1

〈σi〉2
]

hence

∀α : mα = m = lim
N→∞

1
N

N∑
i=1

ξi〈σi〉

∀α 6= γ : qαγ = q = lim
N→∞

1
N

N∑
i=1

〈σi〉2

replica-symmetric solution
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Replica symmetric solution

mα = m, qα 6=β = q, now find m and q ...

RS saddle-point eqns
insert RS form and use exp( 1

2 x2) =
∫

Dz exz

m =

∑
σ σαeβJ0m

∑
λ σλ+ 1

2 (βJ)2q
∑
λ 6=ζ σλσζ∑

σ eβJ0m
∑
λ σλ+ 1

2 (βJ)2q
∑
λ6=ζ σλσζ

=

∑
σ σαeβJ0m

∑
λσλ+ 1

2 (βJ)2q[
∑
λσλ]2∑

σ eβJ0m
∑
λσλ+ 1

2 (βJ)2q[
∑
λσλ]2

=

∫
Dz
∑

σ σα
∏n
λ=1 eβ(J0m+Jz

√
q)σλ∫

Dz
∑

σ
∏n
λ=1 eβ(J0m+Jz

√
q)σλ

=

∫
Dz sinh[β(J0m+Jz

√
q)] coshn−1[β(J0m+Jz

√
q)]∫

Dz coshn[β(J0m+Jz
√

q)]

similarly
q =

∫
Dz sinh2[β(J0m+Jz

√
q)] coshn−2[β(J0m+Jz

√
q)]∫

Dz coshn[β(J0m+Jz
√

q)]

the limit n→ 0

m =

∫
Dz tanh[β(J0m+Jz

√
q)], q =

∫
Dz tanh2[β(J0m+Jz

√
q)]

ACC Coolen (KCL&SPS) 33 / 56



RS equations for m = limN→∞
1
N

∑N
i=1 ξi〈σi〉

and q = limN→∞
1
N

∑N
i=1 〈σi〉2

m =

∫
Dz tanh[β(J0m+Jz

√
q)], q =

∫
Dz tanh2[β(J0m+Jz

√
q)]

bifurcations away from (m, q) = (0, 0):

m =

∫
Dz
[
βJ0m+βJz

√
q+O(m,

√
q)3] = βJ0m + . . .

q =

∫
Dz
[
βJ0m+βJz

√
q+O(m,

√
q)3]2 =

∫
Dz (βJ)2z2q + . . .

= (βJ)2q + . . .

hence:
first continuous bifurcations away from q=m=0,
as identified earlier, are the RS solutions
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m = lim
N→∞

1
N

N∑
i=1

ξi〈σi〉, q = lim
N→∞

1
N

N∑
i=1

〈σi〉2

m =

∫
Dz tanh[β(J0m+Jz

√
q)], q =

∫
Dz tanh2[β(J0m+Jz

√
q)]

phase diagram

P: m = q = 0
random neuronal firing

SG: m = 0, q > 0
stable firing patterns, but
not related to stored pattern

F: m, q > 0
recall of stored information

T = 1/β (noise strength)

βJ = 1

βJ0 = 1
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Linear separability of data and version space

Dimension mismatch and overfitting

two clinical outcomes (A,B),
4 patients, 60 expression levels ...

A : (100101001010010101010010001010111001001001001001001000011111)
A : (010001000010101001010101010010101000111100101001001010101000)
B : (001010001110101101100100100111001110010100101010101000101010)
B : (101011001010110010100100111100100101100111010111010001010010)

prognostic signature!
A : (100101001010010101010010001010111001001001001001001000011111)
A : (010001000010101001010101010010101000111100101001001010101000)
B : (001010001110101101100100100111001110010100101010101000101010)
B : (101011001010110010100100111100100101100111010111010001010010)

shuffle outcome labels ...
A : (100101001010010101010010001010111001001001001001001000011111)
B : (010001000010101001010101010010101000111100101001001010101000)
A : (001010001110101101100100100111001110010100101010101000101010)
B : (101011001010110010100100111100100101100111010111010001010010)

overfitting, no reproducibility ...
how about overfitting in regression?
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Suppose we have data D on N patients,
pairs of covariate vectors + clinical outcome labels

D = {(x1, t1), . . . , (xN , tN)}, xi ∈ {−1, 1}p, t i ∈ {−1, 1}, p,N � 1

e.g. xi= gene expressions of i (on/off)
t i= treatment response of i (yes/no)

assumed model:

t(x) =

{
1 if

∑p
µ=1 θµxµ > 0

−1 if
∑p
µ=1 θµxµ < 0

= sgn
[ p∑
µ=1

θµxµ
]

+ : t i = 1
o : t i =−1

regression/classification task:
find parameters θ = (θ1 . . . , θp)
such that for all i = 1 . . .N : t i = sgn

[ p∑
µ=1

θµx i
µ

]
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data D explained perfectly by θ if

for all i = 1 . . .N : t i = sgn
[
θ · xi], i .e. t i (θ · xi ) > 0

separating plane in input space : θ · x = 0

distance ∆i between xi and separating plane : di = t i (θ · xi )/|θ|
|θ| irrelevant , so choose |θ|2 = p

version space

all θ that solve above eqns
with distances κ or larger

volume of version space:
V (κ) =

∫
dθ δ(θ2−p)

N∏
i=1

θ
[ t i (θ · xi )√

p
> κ

]

high dimensional data: p large, α = N/p
V (κ) scales exponentially with p, so

F =
1
p

log V (κ) =
1
p

log
∫

dθ δ(θ2−p)
N∏

i=1

θ
[ t i (θ · xi )√

p
> κ

]
F = −∞: no solutions θ exist, data D not linearly separable
F = finite: solutions θ exist, data D linearly separable
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overfitting: find parameters θ that ‘explain’ random patterns
what if we choose random data D?

D = {(x1, t1), . . . , (xN , tN)}, xi ∈ {−1, 1}p, t i ∈ {−1, 1}, fully random

typical classification
performance:

F =
1
p

log
∫

dθ δ(p−θ2)
N∏

i=1

θ
[ t i (θ · xi )√

p
> κ

]

=
1
p

log
∫

dz
2π

eizp

∫
dθ e−izθ2

N∏
i=1

θ
[ t i (θ · xi )√

p
> κ

]

transport data vars to harmless place,
using δ-functions, by inserting

1 =

∫
dyi δ

[
yi −

t i (θ · xi )√
p

]
=

∫
dyi dŷi

2π
eiŷi yi−iŷi t

i (θ·xi )/
√

p

gives

F =
1
p

log
∫

dzdydŷdθ
(2π)N+1 eizp+iŷ·y−izθ2

( N∏
i=1

θ(yi−κ)e−iŷi t i (θ·xi )/
√

p
)
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The replica calculation

large p, large N,
N = αp:

F = lim
p→∞

1
p

log
∫

dzdydŷdθ
(2π)N+1 eizp+iŷ·y−izθ2

( N∏
i=1

θ(yi−κ)e−iŷi t i (θ·xi )/
√

p
)

replica identity

log Z = limn→0 n−1 log Z n

F = lim
p→∞

lim
n→0

1
pn

log
[ ∫ dzdydŷdθ

(2π)N+1 eizp+iŷ·y−izθ2
( N∏

i=1

θ(yi−κ)e−iŷi t i (θ·xi )/
√

p
)]n

= lim
p→∞

lim
n→0

1
pn

log
∫ n∏
α=1

[dzαdyαdŷαdθα

(2π)N+1 eipzα+iŷα·yα−izα(θα)2
N∏

i=1

θ[yαi −κ]
]

×e−i
∑N

i=1
∑n
α=1 ŷαi t i (θα·xi )/

√
p
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average over data D:

Ξ = e−i
∑N

i=1
∑n
α=1 ŷαi t i (θα·xi )/

√
p = e−i

∑p
µ=1

∑N
i=1 t i x i

µ

∑n
α=1 ŷαi θ

α
µ/
√

p

=

p∏
µ=1

N∏
i=1

e−it i x i
µ

∑n
α=1 ŷαi θ

α
µ/
√

p =

p∏
µ=1

N∏
i=1

cos
[ 1√

p

n∑
α=1

ŷαi θ
α
µ

]

=

p∏
µ=1

N∏
i=1

{
1− 1

2p

( n∑
α=1

ŷαi θ
α
µ

)2
+O(

1
p2 )
}

= e−
1

2p
∑p
µ=1

∑N
i=1

∑n
α,β=1 ŷαi ŷβi θ

α
µθ
β
µ+O(p0)

giving

F = lim
p→∞

lim
n→0

1
pn

log
∫ n∏
α=1

[dzαdydŷαdθα

(2π)N+1 eipzα+iŷα·yα−iz(θα)2
N∏

i=1

θ(yαi −κ)
]

× e−
1

2p
∑p
µ=1

∑N
i=1

∑n
α,β=1 ŷαi ŷβi θ

α
µθ
β
µ+O(p0)

= −α log(2π) + lim
p→∞

lim
n→0

1
pn

log
∫ n∏
α=1

(
dzαdθαeipzα−izα(θα)2

)

×
N∏

i=1

∫ n∏
α=1

[
dyαi dŷαi ei

∑
α ŷαi yαi θ[yαi −κ]

]
e−

1
2
∑
α,β ŷαi ŷβi [ 1

p
∑p
µ=1 θ

α
µθ
β
µ ]
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so, with y = (y1, . . . , yn), ŷ = (ŷ1, . . . , ŷn),
z = (z1, . . . , zn):

F = −α log(2π) + lim
p→∞

lim
n→0

1
pn

log
∫

dz
( n∏
α=1

dθαeipzα−izα(θα)2
)

×
{∫

dydŷ eiŷ·y
n∏
α=1

θ[yα−κ] e−
1
2
∑
α,β ŷα ŷβ [ 1

p
∑p
µ=1 θ

α
µθ
β
µ ]
}N

insert

1 =

∫
dqαβ δ

[
qαβ −

1
p

p∑
µ=1

θαµθ
β
µ

]
=

∫
dqαβdq̂αβ

2π/p
e

ipq̂αβ

[
qαβ− 1

p
∑p
µ=1 θ

α
µθ
β
µ

]

to get

F = −α log(2π) + lim
p→∞

lim
n→0

1
pn

log
∫

dzdqdq̂ eip
∑n
αβ=1 q̂αβqαβ+ip

∑n
α=1 zα

×
{∫

dydŷ eiŷ·y
n∏
α=1

θ[yα−κ] e−
1
2 ŷ·qŷ

}N
∫ n∏
α=1

(
dθαe−izα(θα)2

)
e−i

∑p
µ=1

∑
αβ q̂αβθ

α
µθ
β
µ
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so, with θ = (θ1, . . . , θn):
(remember: N = αp)

F = −α log(2π) + lim
p→∞

lim
n→0

1
pn

log
∫

dzdqdq̂ eip
∑n
αβ=1 q̂αβqαβ+ip

∑n
α=1 zα

×
{∫

dydŷ eiŷ·y
n∏
α=1

θ[yα−κ] e−
1
2 ŷ·qŷ

}αp{∫
dθ e−i

∑n
α=1 zαθ2

α−iθ·q̂θ
}p

= lim
p→∞

lim
n→0

1
pn

log
∫

dzdqdq̂ epΨ(z,q,q̂)

Ψ(. . .) = i
n∑

αβ=1

q̂αβqαβ + i
n∑
α=1

zα + log
∫

dθ e−i
∑n
α=1 zαθ2

α−iθ·q̂θ

+α log
∫

dydŷ eiŷ·y
n∏
α=1

θ[yα−κ] e−
1
2 ŷ·qŷ − αn log(2π)

assume limits n→ 0 and p →∞ commute,
steepest descent integration

F = lim
n→0

1
n

extrz,q,q̂Ψ(z,q, q̂)
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Ψ(z,q, q̂) = i
n∑

αβ=1

q̂αβqαβ + i
n∑
α=1

zα + log
∫

dθ e−i
∑n
α=1 zαθ2

α−iθ·q̂θ

+α log
∫

dydŷ eiŷ·y
n∏
α=1

θ[yα−κ] e−
1
2 ŷ·qŷ − αn log(2π)

transform q̂αβ = − 1
2 ikαβ−zαδαβ ,

and integrate over ŷ:

Ψ(z,q, k) =
1
2

n∑
αβ=1

kαβqαβ + i
n∑
α=1

zα(1−qαα) + log
∫

dθ e−
1
2θ·kθ

+α log
∫

dy
n∏
α=1

θ[yα−κ]

∫
dŷ eiŷ·y− 1

2 ŷ·qŷ − αn log(2π)

=
1
2

n∑
αβ=1

kαβqαβ + i
n∑
α=1

zα(1−qαα) + log
(2π)n/2

√
Detk

+α log
∫

dy
n∏
α=1

θ[yα−κ]
(2π)n/2

√
Detq

e−
1
2 y·q−1y − αn log(2π)
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re-organise:

Ψ(z,q, k) =
1
2

n∑
αβ=1

kαβqαβ + i
n∑
α=1

zα(1−qαα)− 1
2

log Det k− 1
2
α log Det q

+α log
∫

dy
n∏
α=1

θ[yα−κ]e−
1
2 y·q−1y +

1
2

n(1−α) log(2π)

extremise with respect to z:
∂Ψ/∂zα = 0 : qαα = 0 for all α

Ψ(q, k) =
1
2

n(1−α) log(2π) +
1
2

n∑
αβ=1

kαβqαβ −
1
2

log Det k− 1
2
α log Det q

+α log
∫

dy
n∏
α=1

θ[yα−κ]e−
1
2 y·q−1y

next: ergodicity assumption,
replica-symmetric form for q and k ...
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Gardner’s replica symmetric theory

Ψ(q, k) =
1
2

n(1−α) log(2π) +
1
2

n∑
αβ=1

kαβqαβ −
1
2

log Det k− 1
2
α log Det q

+α log
∫

dy
n∏
α=1

θ[yα−κ]e−
1
2 y·q−1y

RS saddle-points

qαβ = δαβ + (1−δαβ)q, kαβ = K δαβ + (1−δαβ)k

eigenvalues:

x = (1, . . . , 1) : (kx)α =
n∑
β=1

[k +(K−k)δαβ ]xβ = nk +K−k

eigenvalue : λ = nk +K−k
n∑
α=1

xα = 0 : (kx)α =
n∑
β=1

[k +(K−k)δαβ ]xβ = (K−k)xα

eigenvalue : λ = K−k (n−1 fold)

hence
Det k = (nk +K−k)(K−k)n−1, Det q = (nq+1−q)(1−q)n−1
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invert q, try (q−1)αβ = r + (R − r)δαβ ,
demand:

δαβ = (qq−1)αβ =
∑
γ

(q + (1−q)δαγ)(r + (R−r)δγβ)

= nqr + q(R−r) + r(1−q) + (R−r)(1−q)δαβ

so nqr + q(R−r) + r(1−q) = 0, (R−r)(1−q) = 1

R = r +
1

1−q
, r = − q

(1−q)(1−q+nq)

hence, using exp[ 1
2 x2] =

∫
Dz exz

log
∫

dy
n∏
α=1

θ[yα−κ]e−
1
2 y·q−1y = log

∫
dy

n∏
α=1

θ[yα−κ]e−
1
2
∑
αβ yα[r+(R−r)δαβ ]yβ

= log
∫

dy
n∏
α=1

θ[yα−κ]e−
1
2 r [

∑
αβ yα]2− 1

2 (R−r)
∑
α y2

α

= log
∫

Dz
∫

dy
n∏
α=1

θ[yα−κ]ez
√
−r

∑
αβ yα− 1

2 (R−r)
∑
α y2

α

= log
∫

Dz
[ ∫ ∞

κ

dy ez
√
−ry− 1

2 (R−r)y2
]n
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put everything together ...

1
n

Ψ(q, k) =
1
2

(1−α) log(2π) +
1
2

K +
1
2

(n−1)qk − 1
2n

log[(nk +K−k)(K−k)n−1]

− α

2n
log[(nq+1−q)(1−q)n−1] +

α

n
log
∫

Dz
[ ∫ ∞

κ

dy ez
√
−ry− 1

2 (R−r)y2
]n

=
1
2

(1−α) log(2π) +
1
2

(K−qk)− 1
2n

log(1+
nk

K−k
)− 1

2
log(K−k)

− α

2n
log(1+

nq
1−q

)− α

2
log(1−q) +O(n)

+
α

n
log
∫

Dz
[
1 + n log

∫ ∞
κ

dy ezy
√

q/(1−q)− 1
2(1−q)

y2
+O(n2)

]
take limit n→ 0:

2F = (1−α) log(2π) + extrK ,k,q

{
K−qk − k

K−k
− log(K−k)

− αq
1−q

− α log(1−q) + 2α
∫

Dz log
∫ ∞
κ

dy ezy
√

q/(1−q)− 1
2(1−q)

y2}
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2F = (1−α) log(2π) + extrK ,k,q

{
K−qk − k

K−k
− log(K−k)

− αq
1−q

− α log(1−q) + 2α
∫

Dz log
∫ ∞
κ

dy ezy
√

q/(1−q)− 1
2(1−q)

y2}
extremise over K and k{

∂
∂K = 0 : 1 + k

(K−k)2 − 1
K−k = 0

∂
∂k = 0 : −q − 1

K−k −
k

(K−k)2 + 1
K−k = 0

⇒ K =
1−2q

(1−q)2 , k = − q
(1−q)2

result: 2F = (1−α) log(2π) + extrq

{ 1
1−q

− αq
1−q

+ (1−α) log(1−q)

+ 2α
∫

Dz log
∫ ∞
κ

dy ezy
√

q/(1−q)− 1
2(1−q)

y2}
write y -integral in terms of error function Erf(x) = 2√

π

∫ x
0 dt e−t2

:∫ ∞
κ

dy ezy
√

q/(1−q)− 1
2(1−q)

y2
= e

qz2
2(1−q)

∫ ∞
κ

dy e−
[y−z
√

q]2

2(1−q)

=
√

2(1−q) e
qz2

2(1−q)

√
π

2

{
1−Erf

[ K−z
√

q√
2(1−q)

]}
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insert previous integral:

2F = logπ + (1−2α) log 2

+ extrq

{ 1
1−q

+ log(1−q) + 2α
∫

Dz log
[
1−Erf

( K−z
√

q√
2(1−q)

)]}

extremisation with respect to q

short-hand u(z, q) = (κ−z
√

q)/
√

2(1−q),
use Erf′(x) = 2√

π
exp[−x2]

d
dq

= 0 :
1

(1−q)2 −
1

1−q
− 2α

∫
Dz
(∂u
∂q

) Erf′ u(z, q)

1−Erf u(z, q)
= 0

q
(1−q)2 =

4α√
π

∫
Dz
(∂u
∂q

) e−u2(z,q)

1−Erf u(z, q)

work out: ∂u
∂q

=
1√
2
∂

∂q
κ−z

√
q

(1−q)1/2 = . . . =
κ
√

q − z
2
√

2q(1−q)3/2

insert into eqn for q:

q
√

q = α

√
2
π

√
1−q

∫
Dz

e−u2(z,q)(κ
√

q−z)

1−Erf u(z, q)
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2F = logπ + (1−2α) log 2 +
1

1−q
+ log(1−q) + 2α

∫
Dz log

[
1−Erf u(z, q)

]
q
√

q = α

√
2
π

√
1−q

∫
Dz

e−u2(z,q)(κ
√

q−z)

1−Erf u(z, q)
, u(z, q) =

κ−z
√

q√
2(1−q)

remember:
F =finite: random data linearly separable with margin κ
F = −∞: random data not linearly separable with margin κ

α = 0 (so 1� N � p):

q = 0, 2F = logπ + log 2 + 1 random data linearly separable (overfitting)

α > 0 (so 1� N ∼ p):

transition point: value of α where q → 1

1 = αc(κ)

√
2
π

∫
Dz lim

q→1

√
1−q

e
−[ K−z√

2(1−q)
]2

(κ−z)

1−Erf
[

κ−z√
2(1−q)

]
αc(κ) =

[ 1√
π

∫
Dz (κ+z) lim

γ→∞

1
γ

e−γ
2(κ+z)2

1−Erf[γ(κ+z)]

]−1
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remaining limit:

lim
γ→∞

1
γ

e−γ
2Q2

1−Erf[γQ]
= Q

√
π θ(Q)

proof:

Q < 0 : Erf[γQ]→ −1 so lim
γ→∞

1
γ

e−γ
2Q2

1−Erf[γQ]
= 0

Q > 0 : Erf[γQ] = 1− 1
γQ
√
π

e−γ
2Q2
(

1 +O(
1

γ2Q2 )
)

lim
γ→∞

1
γ

e−γ
2Q2

1−Erf[γQ]
= lim
γ→∞

1
γ

e−γ
2Q2

1
γQ
√
π

e−γ2Q2
(

1 +O( 1
γ2Q2 )

) = Q
√
π
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final result

αc(κ) =
[ ∫ ∞
−κ

Dz (κ+z)2
]−1

αc(0) =
[ ∫ ∞

0
Dz z2

]−1
= [

1
2

]−1 = 2

p covariates,
N patients,
binary outcomes,
p and N large

random data
(i.e. pure binary noise)
is perfectly separable if
N/p < αc(κ)

algorithms (SVM etc)
will find pars θ1 . . . θp

such that ti = sgn[
∑p
µ=1 θµx i

µ]
for all i = 1 . . .N 0.0

0.5

1.0

1.5

2.0

0 1 2 3 4 5

classification margin κ

α = N
p

�����

αc(κ)

massive
overfitting
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