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replica method

A clever trick that enables the analytical calculation of averages
that are normally impossible to do, except numerically.

is particularly useful for

Complex heterogeneous systems composed of many interacting variables,
and with many parameters on which we have only statistical information.
(too large for numerical averages to be computationally feasible)

gives us

Analytical predictions for the behaviour of macroscopic quantities
in typical realisations of the systems under study.

note on biomedical applications

The ‘large systems’ could describe actual biochemical processes
(folding proteins, proteome, transcriptome, immune or neural networks, etc),
or analysis algorithms running on large biomedical data sets
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e The replica method
@ Exponential families and generating functions
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Exponential distributions

Often we study stochastic processes for x € X C R,

that evolve to a stationary state, with prob distribution p(x)
many are of the following form:

@ stationary state is minimally informative,
subject to a number of constraints

> opX)wi(X) =1 ... > p(X)wi(x) =
xeX
This is enough to calculate p(x):
@ information content of x: Shannon entropy
hence

maximize S = - p(x)log p(x)

xeX
_ p(x) >0 VX, >, xp(x)=1
subject to :
D oxex PXwe(X) = Qe forallt=1...L
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@ solution using Lagrange’s method:

{Aozp(x +2Af2p we(x') = > p(x')log p(X') } = 0
x'ex x'eX

me )~ 1-logp(x) =0 =  p(x) = e~ X Ao

(p(x) > 0 automatically satisfied)

@ ‘exponential distribution’:

eZﬁq Apwpe(X)

_ _ SE_ Apwe(x)
P(X)—W~ )‘)—ZCMH
xeX
A=(M,...,\): solved from > p(X)wi(x)=Q (£=1...L)
xeX
example:
physical systems in thermal equilibrium
L=1,w(x) = E(x) (energy), A\ = —1/kgT
e F0/keT —E(0)/kgT
P(X)—Wa Z(T)—Ze

xeX
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Generating functions

_ X e _ Sh_y Apwe(x) _
p(x) = —Zo) Z(A) =) e ;o (=D px)f(x)

xeX xeX

Idea behind generating functions:
reduce nr of state averages to be calculated ...

@ define
F(A) = log Z(X\) OF(A)  Yoxe L wr(X)eS s Aewe )
2 D xex eXb dewe(®) {wr(x))
@ how to calculate
arbitrary state average (¢)?
F(A7 //4) = |Og [Z euw(x)*Zg Agw[(x):|
xeX
— im 2FOu ) o OF(\ )
Wi = ,!To T op (we) = ,!,To s
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e The replica method

@ The replica trick
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The replica trick

first appearance: Marc Kac 1968
first application in physics: Sherrington & Kirkpatrick 1975
first application in biology: Amit, Gutfreund & Sompolinksy 1985

@ Consider processes with many
fixed (pseudo-)random parameters &,
distributed according to P(¢)

et Aewe(x.8)

p(x[§) = T ZnE)

)\ €) Zeze 1 Agwe(Xx

xeX

— calculating state averages (f)g for each realisation of £ is usually impossible
— we are mostly interested in typical values of state averages

— for N— oo macroscopic averages will not depend on &, only on P(&),
‘self-averaging’: IimN_m(f)g indep of £

so focus on

Z?(&) e = Z:P(s){prmfxs}

xeX
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@ new generating function:

FOum) = Y P()logZA 1 €),  Z(A €)= Y e V08B dered)
¢

xeX

_ X, £)et P+ Apwe(x,€)
lim QF(A,;L) = lim " P(€) Lxex VX, E)e
#=0 O n—0 3 D xex eht(x,E)+5p Apwe(x,)

e Mwe(x.8) _
_ S () { L } ~ W
€

S eex €2t Agwe(x,8)

@ main obstacle in calculating F:

the logarithm ... — —
gar replica identity : logZ = Iim0 % log Z"
n—

proof:

1, = 1 1
im — n — im — nlogZ] — |lim — 2
fiy 510927 =l log7%0%] = I g T+ Alog 7+ ()

= lim % log[1 + niog Z + O(r?)] = log Z
n—
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@ apply logZ = lim, o Llog Z"
(simplest case L = 1)

F) = ZT(&)Iog[Ze*“ E)]—Ilm IogZT(é [Ze”" ]

xeX xeX

= IlmflogZT(g)[Z ZeAZ(”wx“E)]

xlex x"eX

3 S

xlex xex ¢

@ notes:

impossible &-average converted into simpler one ...
calculation involves n ‘replicas’ x~ of original system
butn— 0attheend ... ?

penultimate step true only for integer n,
so limit requires analytical continuation ...

since then: alternative (more tedious) routes,
these confirmed correctness of the replica method!
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e The replica method

@ The replica trick and algorithms
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The replica trick and algorithms

Suppose we have data D, with prob distr P(D)
and an algorithm which minimises an error function E(D, 6)
(maximum likelihood, Cox & Bayesian regression, SVM, perceptron, ...)

@ algorithm outcome:
0" (D) = arg ming E(D, ),  Enin(D) = ming E(D, 6)
typical performance:

0" =) P(D)0"(D)=6"(D)  Enin= pr Enin(D) = Enin(D)

@ steepest descent identity & replica trick:

Enn(D) = mingE(D,6) = — lim %Iog g e PECO)
— 00

Emin = Emin(D) - - llm %log de eiﬁE(Dye)

_ 1 —se0.0)]"
lim lim 5n Iog[/dee ]

B—00 n—0

— lim lim —Iog /do 9" 850 _ E(D,0%)

B—o00 n—>0
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e The replica method

@ Alternative forms of the replica identity
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Alternative forms of the replica identity

suppose we need averages, but for
a p(x|&) that is not of an exponential form?

or we need to average quantities that we
don’t want in the exponent of Z(\&)?

pOxie) = = ot (g = > plxiE)(x.6)

@ main obstacle here:
the fraction ...

e = [P S wiote.o] [ woes)]

xeX xeX

- hm[ZWxE xg][zwxe]
= lim Y . LW E).. W(x",€)

xlex x"eX

(again: used integer n,butn — 0 ...)
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@ equivalence between two forms

of replica identity, if

proof:

(f)
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3

W(x,¢) = et Aepe(x8)

lim S XL OW(XTE) . W(xT,€)

m xtex x"eX

i, 33 ) B

~ xlex xeX

im, 1 3037 [, ] B S ©

= x1€X x"eX a=1

im 1 iim 2 Sy S Mebex €t s 1(x €)
€

n—0 N u—0 O

xlex x"eX

lim - lim ,Z S0 T [0 Aeex £)+pufxe &)

0
p— a,u n—0 nx1ex ocx
=3 > Aede(x.8)

xeX

lim 2 lim Z"( 1 6), +uf(x.&)

o By Z(A, p,€)
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e Application: information storage in neural networks
@ Attractor neural networks
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Attractor neural networks

N~ 10"~ prain cells (neurons),
each connected with ~ 1035 others

@ neurons

two states:
oi=1 (i fires electric pulses)
oi=—1 (iis at rest)

@ dynamics of firing states

activation signal

— threshold, noise
N

a';(t+1)=Sgn[ZJijUj(t)+ 0+ zi(1) }

j=1

0; € R: firing threshold of neuron i non-local ‘distributed’ storage of
Jj € R: synaptic connection j — i ‘program’ and ‘data’

learning = adaptation of {J, 6;}
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attractor neural networks
models for associative memory in the brain

@ the neural code

represent ‘patterns’ as
micro-states € = (&1,...,&n)

e.g. N=400,
10 patterns:

@ information storage
modify synapses {J;} such that £ is
stable state (attractor) of the neuronal dynamics

@ information recall
initial state o (t=0):
evolution to nearest attractor

if o(0) close (i.e. similar) to &:
o(t=00)=¢
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@ learning rule: recipe for storing patterns via modification of {J;}
Hebb (1949): AJ,‘,‘ x f,‘fj

choose Jj=péi§j, 60;=0,

update randomly drawn i at each step: pattern overlap
N N
ot+1) = sgn| " Jyoy(t) + z(0)] = sgn[esi( D gai(t) ) + 2 ()]
j=1 =1

N
= & sgn [Jo Z §j0j(t) + f,'Z[(t)]
j=1
M(t) = Z;’L &oj(t) sufficiently large: oi(t+1) =&
now M(t+1) > M(t) ...
will continue until & = €
@ proper analysis:
noise: P(z) = 5[1—tanh?(3z)],
symmetric synapses: Jj = Jj, Ji =0
sequential updates of o;

o—BH(O)

p@) =g HE@) =5 =3 b

i#f i
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a more realistic model,
solvable via the replica method

@ storage of a pattern £ = (&,...,&y) € {—1,1}V
on background of zero-average Gaussian synapses
J J _ .
Jj = N°§,-§,»+ TN a=0 zZf=1, J,b>0, 6,=0
to be averaged over: background synapses {z;}
pattern overlap: m(o) = & 3, owék

H(o) = ,%ZJ,Jj{iAf;g,gj+\%qu}

i#
= —ZJ—RI /Zja,-ajf,fj + ?:I—KI : 1-— ﬁ ;0’,‘0’1‘2[]‘
= —1NJom2(0') + 1Jo S ZJfoZV
2 2N
@ generating function

F=logZ(B) = J]iino%log Z7(3) = lim 1 log [ D e fEaaHoe)

n—0 N
ol..on
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e Application: information storage in neural networks

@ The replica calculation
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The replica calculation

short-hands: m(o) = 43, &0, Dz = (2m) /2%~ /2dz
Gaussian integral: [Dz e = ez

@ average over random synapses
Zn(ﬁ) _ Z e~ BEo0_ HO®)

Z BT [%Jo—%NJomz(a'a)—\%N Sicjolofz]

J
o b8 3 e BNBU S0y mA(0) TG S0 Sicj o o

ol.on
_ o b8 Z NGy S0P *) H/Dzef a0 ofz
i<j
S S L L o [snorop]”
i<j

— o indh Z eN[%BJOZ’,;:1m2(O'“)+ By (N2 o of o"yo';’):l

ol.on
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@ complete square in sums over neurons

1 1
E a,aa/aawaw = 3 E U,aalaawaf’ =3 E a,aaf‘zf’aW g 1
ij

i<j i
1 2 1
= (o) oW
hence '
Zn(g) = e b 37 N on_ Py 3P 2y (B siorer) 1)
ol.on
2
= e*fnw —In(BJ)? Z e [ Bdo oy mP (O )+ 4 (BIP 0, = 1(% "”“7”
ol..on
@ insert:
n 1 o a A
1:H/dma5(ma—NZ§/m), 1= H /qumx Qoy — ZU ,-/)
a=1 i a,y=1

meR”, qe]R”z:

Z0F) = e - ineof /dmdqe (185 S0y m2+ (892 20y &2, ]

x g;ﬂ[g 5<ma_N Zﬁ/m&)} [aﬁ16(qa7_lll ZU’QO?)]
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remember: §(x) = (2r) " [dX e

@ the sum over neuron state variables

S [TTo(me g 6] [ 11 6(a-y S

ol..on a=1 o, y=1

= Z / 2dn;d2q i Za=1 Ma [0 €07 ] 4120 21 o[G0y~ & 0707 ]
JY

A A N
_ dMdq 5, amati S o, Gay dary S [ [Sa Matiof + 0y Garof o] ]
(27T)n(n+1)
ol..oni=1
— dmdq ‘Z Mo M +i Za'y Qoy oy H Z e~ N e ﬁ’a&i“(v‘i'zop, Qayoa U')]
(27T)" n+1

i o1.

transform: m — Nm, § — NQG, oo — &oa:

_ dmdq iN [f-m-+Tr(a) ] _imo—io-40V
> [l] = fampe | > . ]
ol..on oe{-1,1}"
_ dﬁ'ldq iNm-m-+iNTr(§q)+Nlog - o exp(—im-O —i0 -§0)
- (27T/N)n(n+1)
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@ combine everything ...

Z7(B) = e~ ko= kn(597 —n(ni) og(er/N) / dmdgdrhdg ¢V mama)

V(..) == BJom + - (w) Tr(q?) + i - m +iTr(§q) + log > e~ ™7 1797
g

Hence

F

1 —
Nim, 5 109.27(8)

— _1 _ 1 2 21 ; 1 o 1~ NV(m,q,m,q)
= zﬂJo 4(,BJ) log( N )+ ,l@o o log /dmdqdmdq e

@ Since F = O(N),
large N behaviour follows from

f= lim F/N= lim Ilm—log/dmdqdmdqe a.m.4)

N—oo N—oco n—0 N

@ assume limits commute, ]
nt integration: 7 3
steepest descent integratio f— r|7ILn EeXtrmq na¥(m,q, M, §)
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:fﬁJoZm + (BY) ZqiﬁlZmamﬁququ

+ log Z et 3o Moy —i Z,\,; oxGx¢oe

@ saddle-point eqns 7

ov ov A 1 A
om- =0 S = 0: Bdoma +ifa =0, 7(591)2%7 +1iGay =0

(e oy
A e L
OMa Za_ e 1 XA Maox—iE ¢ oxlncog

=i\ Mxox—iX ¢ oaGr¢o¢

A iqm—iszac“”,e o _ -0
0Qa~ Zo‘ e 1A Maox—iE ¢ oxlncog

@ eliminate (m, q) g Cae’h myox+3(89)° Tase oxGrcoc

m, = - B
Yo B0 X5 Maoa+3(BI)? ase oxGrcTe
o o002 maox+3(8)2 T oxdrco¢
Gor = g 1302
trivial soln: m=q=0, Zo’ eBd 25 maoa+3(BI)? X5 oxdneog

any others?
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e Application: information storage in neural networks

@ Replica symmetry
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Replica symmetry

@ 3 = 0 (infinite noise level):
Yo 0ae’ B Yo 000~ _ PR
me = SE e =0 e = SN =0 m=q=0if =0

@ bifurcations from trivial soln:
Yoo [1 + B Yo\ maon + 3(BI)? X5 UAQAcac]

my = +O(maq)2
S [14 B on mios + J(BI X, ¢ 2o
2"Bdoma, .
- %+...:5Joma+... m 0 if By > 1

> o Taly [1 + Bdo 3, mMaox + 2(BJ)? Do UAqACUC]
S [14 BT, Mo + H(BIP X, xGrcor]

2"(BS)Qory + - .- -
= Bt (0P q#0 if fJ>1

Qary + O(qu)2
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how to find form of nontrivial solns {Ma, Qay }?
need their physical interpretation!
use alternative form(s) of replica identity:

LngZ 2 Monen P o

y=1 ot

n—>0nn n(n—1) Z 2 Zf(0a07662a1 H(g*)

)

P(mlo)=2¢ [m - — Z.{,a,} P(glo, o) = 6[q — 1N Z a;a,{}

(f(o))

({(f(o,0")))

apply to

repeat steps of previous calculation,
gives expressions in terms of
saddle-point soln {mMa, Qa~ }:

Jim, (P(mlo *n"L“nZém ™l
Jim (P(glor. o)) = lim —s > dla-a.

aFy=1
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ergodic mean-field systems

fluctuations in quantities like & S, &0y
or 4 N, oio] scale as O(N~'/?)

hence
i P = fim (3[m~ 3> e]) = [m-
Jim (P(glo,o)) = fim ((s]a- 1N ZN; oiof| )) =8| -
i=1
hence
Vo : ma:m:NIi_r)noo%‘

Vo # v qa'y:q:NleOON
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e Application: information storage in neural networks

@ Replica symmetric solution
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Replica symmetric solution

My =m, qazs =¢q, nowfindmandaq...

@ RS saddle-point eqns
insert RS form and use exp(3x?) = [Dz e¥

g T oAt (BNPG s oao¢ Y 0oeP M Eaox 3B AT oAl

m = =
Za’ eBhmE ox+3(BN2AT e orT¢ Ea’ eﬂJOmZAUA+%(BJ)2q[ZAUA]2

IDZ Z:0' Oa H;:1 eB(om+Jzy/G)o
Dz 5 T4 ePlhm+Izvaox
[Dz sinh[B(Jom+Jz,/q)] cosh™ ' [B(dom-+Jz\/G)]
Dz cosh"[B(Jom-+Jz\/q)]

similarly _ JDz sinh®[B(bom+Jz,/q)] cosh™ 2[B(Jom+Jz,/q)]
a = Dz cosh”[8(Jom+Jz+/q)]

@ thelimitn— 0

m= /Dz tanh[8(Jbom+Jz\/qQ)], q= /Dz tanh?[3(Jom+Jz\/q)]
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RS equations for m = limy_, & SN, &i{07)
and g = My o SN (o2

m= /Dz tanh[8(om+Jz\/q)], q= /Dz tanh?[8(Jom+Jz\/q)]

@ bifurcations away from (m, q) = (0,0):

m

/ Dz [Bdom-+BJz/G+O(m, /)] = Bom + ...

g = /Dz [5J0m+;3Jz\@+0(m,\/a)3]2:/Dz(ﬁJ)2z2q+...

= (BI)’q+...

hence:
first continuous bifurcations away from q=m=0,
as identified earlier, are the RS solutions
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m= /Dz tanh[8(Jbom+Jz./q)],

phase diagram

P:

SG:

m=q=0
random neuronal firing
m=0,g>0

stable firing patterns, but
not related to stored pattern

m,qg >0
recall of stored information

T =1/ (noise strength)
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= lim 1
q_N~>ooN,

i=1

(0i)?

q= /Dz tanh?[3(Jbom+Jz+/q)]

2 e S L A B B B B B

&
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e Application: overfitting transition in linear separators
@ Linear separability of data — version space
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Linear separability of data and version space

Dimension mismatch and overfitting

two clinical outcomes (A,B),
4 patients, 60 expression levels ...

: (100101001010010101010010001010111001001001001001001000011111)
: (010001000010101001010101010010101000111100101001001010101000)
: (001010001110101101100100100111001110010100101010101000101010)
: (101011001010110010100100111100100101100111010111010001010010)

WW>>

prognostic signature!

: (100101001010010101010010001010111001001001001001001000011111)
: (010001000010101001010101010010101000111100101001001010101000)
: (001010001110101101100100100111001110010100101010101000101010)
: (101011001010110010100100111100100101100111010111010001010010)

WW>>

shuffle outcome labels ...

A: (100101001010010101010010001010111001001001001001001000011111)
B: (010001000010101001010101010010101000111100101001001010101000)
A: (001010001110101101100100100111001110010100101010101000101010)
B: (101011001010110010100100111100100101100111010111010001010010)

overfitting, no reproducibility ...
how about overfitting in regression?
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Suppose we have data D on N patients,
pairs of covariate vectors + clinical outcome labels

D:{(x17t1)7"'7(xN7tN)}7 xi€{71’1}p’ ti€{7171}7 P7N>>1

e.g. X'= gene expressions of i (on/off)
t'= treatment response of i (yes/no)

@ assumed model:

0 — 1 if 3P 60,%, >0 I W
- -1 if Zﬁ:1 0uXu <0 ::r.“"g/ B
P
= sgn[Z@qu} A
p=1 T B2
m +: =1
o: t'=—1
@ regression/classification task:
find parameters 8 = (61 ...,0,) _ d .
such that foralli=1...N: = sgn[Z(JuxL]
p=1
38/56
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@ data D explained perfectly by 6 if
foralli=1...N: {=sgn[6-x], ie t(@-x)>0

separating plane in input space : 6-x=0

distance A; between x' and separating plane :  d; = t'(6 -x)/|6|

|6] irrelevant, so choose |6)® = p

@ version space

all  that solve above egns
with distances « or larger

volume of version space: =1 vp

@ high dimensional data: plarge, o = N/p
V(k) scales exponentially with p, so

t'(@-x')
N/

F = —oco: no solutions @ exist, data D not linearly separable
F =finite: solutions @ exist, data D linearly separable

1 1 2 T
F = 'Blog V(k) = BIog/d@é(@ fp)lgé)[ >n]

ACC Coolen (KCL&SPS)
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overfitting: find parameters 6 that ‘explain’ random patterns
what if we choose random data D?

D={(x"t"),....,x", )}, X' e{-1,1}", t € {-1,1}, fully random

typical classification
performance:

l
I

15 log /de 6(p—02)ﬁ9[ﬂ(0\gi) > n]

N . .
1 dz . . p2 (0 - x7)
— _ 1Zp 7129
b IOg/27re /dg e Ll 0[ 7P > m]

transport data vars to harmless place,
using ¢-functions, by inserting

_ 10X [dyidfi iy @)/ vp
1_/dy’5[”_ /P ]_/ or ¢

gives

= 1 dzdydydé cizp+y—i
F = 7|og/ (2 )N i zZp+iy-y— i20? (

:2

Oyi—w)e- 110 %1115)

i=1
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e Application: overfitting transition in linear separators

@ The replica calculation
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The replica calculation

large p, large N,
N = ap:

= 1 dzdydyde .. 02 10 xi
= — Z T Y 7 eizptiyy—iz —ig;ti(0-x7)/ /P
F Plew P log (2m )N+ (H 0y )

@ replica identity

log Z = limp_,o n~ " log Z"

l
I

~ N
dzdydydo ... .6 )e-it@x)/p)]"
p'Lmoon"Top og | / @myN+ © (H Oyi=r)e )]

@ o Er e gy 4 I N
= lim lim 7|09/H %elpz gy Y iz (0% HG[}G&_K]}

p—o0 n—0 PN

e i XN, 0 _ 90 x) /P
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@ average over data D:

= = TSI PO X VE o X T X S0 IO/ VP

p N _ _ p
_ He—itlxb ST FF0s/B HHCOS[ Z Aaaa]
p=1i=1 p=1i=1 a=
p N 1 CAYP SN s pagBoags | o0
= T () ot} = 35t
p=1i=1 p2
@ giving
= dz dydy do~ Py —iz(0
Fo= pll~>moorl1@0 IOg/H @) HG a _K}

3
% "% Tt T T g 1] eaeﬁw(p)

= —alog(27) + lim lim —Iog/H dzadga ipz> —iz*(0) )

p—o0 n—0

n

N
i @ 1 canB aoB
X H H [d}/l dpfe Yo VY O[yia_ﬁ]]e EDIMPS /- z# 6060
i= a=1
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° SO7Withy: (y1v"'ayn)’9:(j\/h"'v,‘?n),
z=(z1,...,2n):

F = —alog(2n) + lim lim —Iog/dz Hdea ipz —iz* (%) )

p—oo0 n—0

n
a=1

@ insert
1< dQapdq oPlap [qa;s = “95]
1= . g — — apBl _ apdGas FRAR
/dQﬂé[QB p;@ﬁu} / 2r/p
to get
F = —alog(2r)+ lim lim llog / dzdqdq eP e s—1 Japdas P Za
p—roco n—0 PN

n n
X{ /dydy o9y H Oy x] ef%y.qV}N/H (daaefiza(oa)z)e,izzﬂ S s Gup 0207
a=1 a=1
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@ so, with @ = (04,...,6,):
(remember: N = ap)

F = —alog(27) + lim lim —Iog /dqudq P ap=1 Gapdap+ip Lot Za

p—oo n—>0
X{ /dydf' eifﬁy E e[ya_ H] e_%g,qy }ap{ /de e_i = 2o gi _i0.40 }P

= lim lim pilog dzdgdq oPV(.a.9)

p—ro00 n—0
v(...) = 12 qaaq“e+1Zz(,+|og/dge i, 7702 —i0.90
apB=1 a=1

+alog /dVd\? e H 0ly*—r] e 2V _ anlog(2r)
: a=1

@ assume limits n — 0 and p — oo commute,
steepest descent integration

~

1
Fo= lim —exirqq¥(2.9,4)
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V(z,9.6) = lzqaaqaa+12za+|og/doe12 —1270%-i0-40
apB=1

+alog /dydy vy H 0ly*~k] e 2V _ anlog(2r)
a=1

@ transform Gus = —3iKas —Zadas,
and integrate over y:

Vzak = ; ZkaﬁqaﬁJrlZza —Qac) +Iog/d0e 10
apB=1

+alog /dy H 0[y“— k] /df/ eIV _ ypjog(2r)

2 n/2
= 2 Z kaﬁqaﬁ +lzzo< qaa +|Og( 7T)

aB1 Detk
)n/2
+alog /dy H Oy ™ ] \/IF = anlog(2r)
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@ re-organise:

1 1
V(z,q. k) = 2a;1k“5qa6+lzz“(1 Gaa) — 5 l0gDetk — Sarlog Det q

+a|og/dy He[y—n]e avasly ;n(1— )log(27)

a=1

@ extremise with respect to z:
OV/0Z, =0: Qaa =0forall o

V(g,k) = % n(1—a)log(2m) Z KopgQap — IogDetk— %alogDetq

ad1

+alog /dy H Ly kle 2V Y
a=1

next: ergodicity assumption,
replica-symmetric form for q and k ...
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e Application: overfitting transition in linear separators

@ Gardner’s replica symmetric theory
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Gardner’s replica symmetric theory

1 1 < 1 1
V(a.k) = 5n(1-a)log(2r) + 5 a%; KepGep — 109 Detk — SalogDet q
+alog /dy H&[y“—n]e_%y‘qqy
RS saddle-points o=1
Gap = 0ap + (1-060p)q,  Kap = Kdap + (1—6ap)k

@ eigenvalues:

n
x=(1,...,1): (Ko =Y [k+(K—K)das]Xs = nk+K—k
B=1
eigenvalue : X\ = nk+K—k

n n
> Xa=0: (KX)o = [K+(K—k)daslxs = (K—K)Xa
a=1 p=1

eigenvalue: A= K—k (n—1 fold)

hence | 1
Detk = (nk+K—k)(K—Kk)™', Detq=(ng+1-q)(1—q)""
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@ invertq,try (4 ag =7+ (R—r)as,

demand:
bap = (AQ Nap =Y _(q+ (1=q)day)(r + (R—1)d,5)
= ngr+q(R—r)+r(1-q)+ (R—r)(1-q)das
so ngr+q(R—r)+r(1—q) =0, (R—n(1—q) =1
R=r + L r = 7+
1-q’ (1-9)(1—g+nq)

@ hence, using exp[;x%] = [Dz e¥

n n
log /dy H@[yaiﬁ]e*%)/‘qu = log /dy Ha[y“—n]e*%E“ﬁ Yalr+(R=r)648lys
a=1 a=1
n 2 2
_ |og/dy [ 6y wle™#Ean el =3(A-n T
a=1
n 1 2
~ log /Dz/dy [T 6Ly rle?Y ™" Sanva=3(A-N30 s
a=1

& 1 270
= log /Dz[/ dy ezﬁy-?m")y]
K
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put everything together ...

-V(q,k) =

N =

2 2

(1—a)log(2r) + 2K + +(n—1)gk — % log[(nk-+K —K)(K—k)""]

_o —q)(1—q) "+ & Ty V- HA-n]"
5 l0gl(ng+1-9)(1-q) ]+nlog/Dz[/ﬁ dye 2077

—_

= E(1—04) Iog(27r)+1(K—qk)— lIog(1+ 1EIog(K—k)

nk
ﬂ)_
Iog( + )——Iog(1— q) + O(n)

+ﬁ log /Dz 1 + nlog/ dy ¥V (=05 +O(n2)]

take limit n — 0:

2F = (1—a)log(2n) + extrK,kAq{Kqu — %k — log(K —k)

K
—% — alog(1—q) + 2« /Dz Iog/ dy ezyﬂ/("m’zimlq)yz}
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2F = (1—a)log(2n)+ extrK,k,q{K—qk - ﬁ — log(K —k)

—% —alog(17q)+2a/Dz Iog/ dy ezy‘/a/“’q)*ZﬂLq)yZ}

@ extremise over K and k

k
%7 =0: 1+7(K4?2—KL_::01 P 1—2q7 ___q9
520" 4~ g~ ek + e =0 R (R
result  oF (1—o¢)|0g(27r)+extrq{—1lq——1aqq+( a)log(1—q)

+ 2a /Dz log /Oody ezy\/a/“‘q)‘z(fﬂ—q)yz}

@ write y-integral in terms of error function Erf(x) = % [('dt e

2 922 o _ y—zva?
/ dy VA -D=argy"  _ ezm—q)/ dy e -9
K K

Va(i=q)ext o T 1] K2V

2(1-q)
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@ insert previous integral:

2F = logm+ (1—2a)log2
1 . K_Z\/a
+extrq{q +log(1—q) + Za/Dz log {17Erf< 2(1—q))”
@ extremisation with respect to g
short-hand u(z, q) = (k—2/9)//2(1—-q),
use Erf'(x) = 2 exp[-x7]
P R ouy BT u(z.q) _
a_O. (1-q2 1-g 20 /Dz (8q)1—Erfu(z q)
9 _ 4 (@)L‘z’q)
(1*‘7)2 - ﬁ 0q/ 1—Erf u(z,q)
wokoutou 1 9 k-2 m/G-2
g — V20q(1-q)'2 T 2,/2q(1-q)%?

insert into eqgn for q:

o273 for )

—Erf u(z,q)
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2F =log 7 + (1—2a)log2 + %q +log(1—q) + Za/Dz log [1 —Erf u(z, q)}

qf—a[F/Dz%, wzq) - AV

Erf u(z, q) 2(1-q)
remember:

F =finite: random data linearly separable with margin x

F = —o0: random data not linearly separable with margin «
@ a=0 (so1<N<<p):

g=0, 2F=logm+log2+1 random data linearly separable (overfitting)

@ a>0 (so1<N~p):

transition point: value of « where g — 1

[ K—z ]2
209
1= ac(k)y/ = /Dz IIm\/1— ¢ e VA9 (k=2)
17Erf[ %2(1 )]
e_,yz(,ﬁz)z

1 1
ac(k) = I/Dz (k+2) WIme;m]
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@ remaining limit:

proof:

Q<0:

Q>0:

_2A2
e~ ¢d

. 1
wle v 1-Ef[yQ] = Qv Q)

22

1 e
1 L 2P L
Bl Q) =1 g e (1 +(’)(7202))
—~2Q? _2Q?
T L ¢’ =Qvn

v—oo y 1—Erf[yQ] ~ ~—o0 7y O\Fe 7202( +O( 202))
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final result

p covariates,

N patients, 20 ]
binary outcomes,
pand N large

15 OKC(K/) q

random data o= % /

(i.e. pure binary noise)

is perfectly separable if tor 1
N/p < a(k)

algorithms (SVM etc) osr 1
will find pars 61 ... 6, _ massive

such that t; = sgn[>-0_, 0,.x,] overfitting .
foralli=1...N 00 ; , 3 . s

classification margin K
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