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Age of Miss America
correlates with

Murders by steam, hot vapours and hot objects

1999 2000 2001 2002 2003 2004 2005 2006 2007 2008 2009

Age of Miss America
Years (Wikipedia) 24 24 24 21 22 21 24 22 20 19 22

Murders by steam, hot vapours and hot objects
Deaths (US) (CDC) 7 7 7 3 4 3 8 4 2 3 2

Correlation: 0.870127
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Proportional hazards regression
(David Cox, 1972)

one risk,
no censoring:

p(t|z) = 7% exp[f/o at h(t’|z)], h(t|z) = A(t)eP

parameters: 3, A(t)

» Maximum likelihood:

(B, 3\) = argmaxﬁyk{-lﬁ Z log p(ti|zi, B, )\)}

> Maximise over \(t) first

22 0(t=1)

AtB) = S 06 _1) B (Breslow estimator)
5 e 5o [ S22y
B = argmaxlg{zi:ﬂ ,—zi: g [W



10 T T T T
overfitting in fraction correct
Cox regression oo | N=155, 65 events

training set
08 4

0.7 B
rule of thumb:
Pmax = Fevents/10 06 o ,
validation set
> too optimistic?
> dependent on 37 05 : : : . . : :
. . 0 5 10 15 20 25 30 35 40
» covariate correlations? p (nr of covariates)

what happens in overfitting regime?
can we predict the optimal point?
analytical theory of overfitting in Cox regression?



theory simplification:  choose (z,) = 0and (z,z,) = ..,
since average and correlations can be transformed away ...

> define
x 1
{f(2)) Z A = (2uz0) = (Z)(2),  2i=(2) + A,
» Cox regression:

3\(1‘) _ e75»<2) Zi 5(t_t’~)
> 0(t—1)ePZi

ﬁfargmax5 Z{ Azﬁ) Z; - log [20 AQ/B 2]}

> put B— A3, (1) = A(t)ePA 2

- 5 B2 S8 Zi(;(t*ti)
'B—argmaxﬁ;{ﬂz'_log[;0(6_“6 z]} A(t)_Efe(t/—t)eB~2f

(standard eqns for {Z;})
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N =500,

predicted versus true regression coefficients
(synthetic data, no censoring)

p/N = 0.002
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N =500,

predicted versus true regression coefficients
(synthetic data, no censoring)
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N =500,

predicted versus true regression coefficients
(synthetic data, no censoring)

p/N =0.20
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N =500,

predicted versus true regression coefficients
(synthetic data, no censoring)

p/N = 0.30
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N = 500,
predicted versus true regression coefficients
(synthetic data, no censoring)

p/N = 0.40
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Bad news

Overfitting more dangerous

than finite sample noise ...
we always inflate associations
(whether positive or negative)

Good news

Unlike pure noise,
deterministic bias may be predictable ...

roadmap for research ...

» Predict impact of overfitting, in terms of

—ratio p/N
— covariate correlations
—true parameters {3, \(t)}

» Overfitting correction of Cox parameters
— reliable regression at ratios p/N~0.5 or more?



Association ‘inflation’ independent of true base hazard rate ...

N = 400,
Gaussian association pars,

(52) = 0.25



A(t) =1 M) = a/Vi

Aty A

Base hazard rates underestimated for short times,
and over-estimated for large times ...

p/N =0.05,0.15,0.25,0.35,0.45,0.55
(lower to upper curves)

Gaussian association pars, (33) = 0.25,
N = 400, average event time (t) = 1



Quantifying overfitting in Cox regression
Intuition for the problem



Intuition for the problem ...

» ML regression
assumed model: pg = {p(tz,0)}
O = argmaxg p(D|0) = argming D(f)”pg)

plt.2) = Soo(t-a(z-z).  D(plog) = Jataz b zy10[ FU1Z)

ML pushes p(t|z, 0) towards p(t|z)
true pars: 6*

» fixed p, N— oo: p(t,z) = p(t,z|0*), so Ou = 6"
» p=0O(N), N—oco: p(t,z) # p(t,z|0*), s0 O #6* X

> Barrier to overfitting theory

want: relation between 6y and 6*, for p=O(N)
need: formula for O ...
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Step 1 —what to compute?

> DPg+: empirical distr of (¢, z),
for data generated with pars 68*

note: R

6w = argming D(Pg-|lpg)

if@=0": D(Dg-|lpg) = D(Pg-llPg=) < only zero if p< N
Define:

E(6,D) = min D(pg-lpg) — D(bg+IlPg+)

E(6*,D) > 0: underfitting
E(6*,D) =0: optimal fitting
E(6*,D) < 0: overfitting

» Typical behaviour

E(") = (E@", 93)>



Step 2 — remove minimisation over 3
E(6™) <m|n{ Zl g[p((tlt,l|zzl,’, ))}}>73

> Laplace identity

~f(x)
lim Iog/dx 10 i JX ) maxy f(X)

y—o00 8’)/ y—o00 de e’Yf(X)

use in reverse:

E0) = — y{max{ > leg F t,t'||zz,',’:*))] 9

_ p(tz;, 0)
— —im_ 55+ (tog [ae H L],

interpretation:
stochastic minimisation, with noise ~ 1/~
(ground state = zero temp limit of free energy)



Step 3 — average over D

. B 10 tl‘zl:
E@) = _V'LmooNa 'Og/dOH t,\z,,@*] )

» Replica method (logZ) = ”mo 13 log < H Z>
n—
a=1

— evaluate for integer n,
— analytical continuation to non-integer n

> Application N
oo 10 p(ti|zi, 0) 171"
€0y =~ im gt g e ([ oo Tz ]
- 7I|_)m E.(6%)

E,(0") = rl[»noNifT Iog/dt‘)1 de”[/dzdt p(z)p(t|z, 0* )ﬁ [%F}N
a=1 )
d

still completely general ...



Track record of the replica method

(Marc Kac, 1968)

heterogeneous stochastic systems in physics,
biology, computer science, economics, ...
> disordered magnets (Sherrington & Kirkpatrick, 1975, Parisi, 1979)
» attractor neural networks (Amit, Gutfreund & Sompolinsky, 1985)
» solution space of binary classifiers (Gardner, 1988)

since then:

satisfiability & optimisation problems,
error-correcting codes, minority games,
eigenvalue spectra of random graphs,

machine learning, protein folding,

immunology, compressed sensing, ...

Gardner
theory

for binary
classifiers

massive

overfitting

2 3
classification margin

IS




Quantifying overfitting in Cox regression

Translation to Cox’s model



Translation to Cox’s model

» Here 6 = {)\,3}, and

p(tiz, A, B) = A(t) P Z/VP-MOeRlBZ/VE) - p(p) = /tdt/ ()
0
* oy K\ 0 | i 1
EW(,B,A)_—a—’y,I?lm Iog/{d)\1...d>\n}/dﬂ ...dg
p(t|z, Ao, B%)
X{/dZdTP( )p(tlz, X', B )H [W] }
» short-hands:

PtIE,N) = A(D)es PO T2 (5% x*) = (8%, o)

y=W00 %) pyIB,....0") = /dzp(z)f[ [yafﬁ%z]

E (8% X\o) = —— Ilmom log /{d)\1 .dAn} /dﬁ

x{/dyp(y|ﬁ°7~~7ﬂ )/dfp("y°7A0)H [%] }



> all {y.}: sums of zero-average
Gaussian random vars, so

1

- 3y-C'uBny
(27m)"+ DetC[{B}]

cap[{zm:}o / p(z)(3" Z)(B”-Z):%B(’ﬂ”

p(ylB°,....8") =

> introduce for each (a, p):

1= [4Cuy 5[Cuy ~ Corlion)] = | % G [CapCapl(BY]

after simple manipulations,

dCdE &P o0 CanCap
27-l-/p n+1

E,(B% o) = —— I|m —Iog /{d/\1 d)\n}/
ay e V€ P(t]Ya: Aa) |
{/JW d’p("y‘”(’)g[p(uyo,xo)} }

x /d,@1 ...dp" e a0 CapB"-B°



Statmech analysis
Conversion to saddle-point problem



Conversion to saddle-point problem

> define: P(8o) = 130 _, 16 — Bpl, S%= [dBoP(Bo) 55
ip( 20— CapCap—Co0S?)
E.(P. o) = —5- lim ~-10g /{d/\1 d)\n}/dCdce B T
dye 114 1 t|yo¢7 a) N
\/W ‘”p(t'y"’“)H[ aEni

oP J480 P(Bo)10g 48y 4By & 70 Zp=t ConP — 25 ot CapParfp

» exchange order of n— 0 and N — oo,
with fixed p/N = (: steepest descent integral ...

. a1 N
Jm E(P o) = g lm cextrg o WIC, G, )
S - 1 1
vl = _ig[ 3 capcap—coosz] + 5(n+1)log(2m) + 5 logDetC
ap=0

- C/dﬁo P(50) log /d51 . dBp e 800 et CopBp =i oy CapBlasly
n

_ —1y-C"y/ p(tYa, Aa
og [ay at p(tye. o) TT [Be A0)]

a=1



> simple steps ...

A A 1.
Co=85% ap=1...n: cap:—%ioap, Cop = —5id,

with D,,,d, € R, and D = {D,,} positive definite,

V.= —fC Z DepCap — ch Cop — fgsz Z do(D
ap=1 ap=1
—|—%(n+1)|og(27r)+ 5 logDetC — Clog /d61 .. dBp e 2 Zap=t DapBaby

iy o 1P(HYas Aa) 17
—1 dy e 2¥ y/dt {0, A A Ve, Aa)
og faye pttiyo.20) IT [ ey

> variation with respect to {du}: du = -3, Doy Co,/S?

1, ¢ CoaCop] 1 1
v..] = —§<ZDW[CW_ o ]+§(n+1)log(27r)+§|ogDetC

ap=1

p(t|Ya,
—log /dye e y/dt P(t|yo, Xo) H [t||}}//70)\o))]

— Clog /dﬁ1 ...dBn o~ 2 Zhpet DapBabyp



> eqns depend on P(fo) only via S® = [dBs P(6o)55
» variation with respectto D: (D™ ')a, = Cup— CoaCop/S?,

9 . 1
E\(S, X)) = P r|)l£10 Sextre

V[C; A1,...,An] = %Iog DetC — %g‘log DetC’

dy fly»C“y/ T [Pty Ao
—lo /— e 2 dt p(t|yo, A
9/ o P(t1y0, Ao 01;[1 [ t|y07/\0)]
notes:
modulo terms that vanish due to n — 0 or 9/9~,

extremisation over C: subjectto Cy = s2,
C': nxnmatrix, C,, = Cap—CoaCo,/S? (a,p=1...1)

to proceed:
ansatz for form of {Cuap, A}
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Replica symmetric saddle points

solution space of the regression algorithm ergodic,
set of equivalent minima in regression parameter space connected

Va,p=1...n: )\a(t)ZA(t), CODL:CO7
Cap = Coup + c(1—80p)

19}
E’Y(S7 )‘0) = ailyeXtrC,C,Co;)\WRS [C7 C, Co; )\]

Wgs[C, ¢, Co; A] = ,lyino %{% log DetC — 1( log DetC’

~iog [ L i C ”/dtp(t\yoﬁo)H[M} }

(tly0, Mo)
82 Co - Co
c C ¢ c

cw ¢ --- ¢ C



> eigenvectors and eigenvalues of C:

(v, ) e = {Ct (-1t £/[CH(n—1)c — S22 +ancs |

n
0, vi,...,vn): ZVO‘ =0, p=C—c (multiplicity n—1)

a=1

so n—1
logDetC = log[(C—c)"  pip-—]
2
= log §* 4 nlog(C— c)+nccci+0( n?)
» formof C™': doo o --- - Qo
a D d -+ d
c'=|: d D - d
b d - d D
b — C+(n-1)c o — Co
® ™ $2(C+ (n—1)c) — nc2’ °” T 8(C+ (n—1)c) — nc?
2 2
d— 1 cy —cS D:d+L

C—c S?(C+ (n—1)c) — ncd’ C-c



» eigenvectors and eigenvalues of C’:

(1,...,1):  eigenvalue C—c—nc5/S? + nc
(1,...,1)": eigenvalue C—c (n—1 fold degenerate)
SO / 2 2
logDetC" = (n—1)log(C—c) + log (C—C+ n(c—c;/S ))

n[log(c—c) + (c—cg/Sz)(C—c)] +O(m)

» insert into Wgs,
expand for small n:
1 00/82 1

+ 5C_c 2 log(C—c)

_A2/q2
Wgs[C, ¢, co; A] = (1—C)[|09(C o)+ 2 CCO/CS ]
_1 Iog /Dszo /dt p(t|Syo, Ao)

VC=ctzy/(o- a1/ P(tlyvC—c, A\
ng/Dy o/oe/SVTGH W}(i)
p(t[Syo, Xo)

short-hand: Dy = (2r) /2%~ 2"dy



> transform RS order pars: u=+C—c, v=,/c—c2/S?, w=cy/S,

transform integration var: y — y+(wyo+vz)/u,
E.(S:%0) = (Do [ at p(t1Sy0. X0} log p(tI Syt o)

—%extruvwx{g< + log u)

+ [DzDys [ at p(t]Syo. do)log [Dy b (tlay-+wyo+vz.0)}

= /D,Vo /dtP(t|SYO,>\o) { log p(Syo, Ao)

_/ {ny P (tluy+wyo+vz, \) log p(tluy +wyo+vz, )\)}}
JDy p(tluy+wyo+vz, \)

{u,v,w; \}: evaluated at saddle point of

Wrs(u, v, w; ) = §(2 > +log u)

+/D2Dyo /dt p(t|Syo, Xo) log /Dy P’ (tluy+wyo+vz, \)



Statmech analysis

Physical interpretation of order parameters



Physical interpretation of order parameters

» usual replica manipulations:
(fraction form, or weak perturbations):

o= lim 18 (8o, c=lm L(BHo, C= lim L((8%)n

p—oo P p—co P p—oo P

transformed order pars:

2 _ 1 2, 2 T 1 87 (B>
u _pll—[noop< /6 > </8> >Dv w pll—':noo D ‘IB*‘
_ B ((B))n)\?2
v _p'L”QOE[“mZ)D ( 18| *)]

> unique ML point: limy—u=20
(true for Cox regression, minimization of convex function)

perfect regression:
B=p3" forall D, B*:
co=c=C=8% u=v=0, w=$S
> if (B) = kB" + &,
with (§)p =0, (¢%)n/p = o*:
k=w/S, o=v (slope and width of parameter cloud)
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RS saddle point eqns

> eqns for (u, v, w), using dlog p(t|£)/0¢ = 1—eSA(1):

V2
(25— 1) = [pzo [atptisy )

Tu?
ny p‘v tluy+wyo+vz, )\)[[1 uy+wyo+v2/\( )]2 _ ’yqe””*"%*va(z‘)}

Dy pr(tluy+wyo+vz, \)

Dy p(t|uy+wyo+ vz, A)e¥ otz
Dy p(tjuy+wyo+vz, X)

& = [pzpye 2 [at i 2o

) Dy p(tluy+wyo+ vz, X)e Motz

o /DZDYO }’O/df PLISe, Jo)N /Dy p(tluy+wyo+vz, \)

» functional order parameter eqn,
dWrs(u, v, w; \)/OA(S) =

P(s) /Dy p (tjuy+wyo+vz, N)e? otz
DzD dt p(t|Syo, A
)\( / p4 }’0/ p( ‘ Yo, 0) ny ,D“’(f\uy—l—wyo—f—vz )\)
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> correct scaling: u=0/\/7,
tricky manipulations to get v — oo limit:

- 2
VR o= /Dszo /dt p(t/Syo, Ao) [02 - W(Dze“2+wy°+"zA(t))]
v = /Dszo z/dtp(t|Syo,>\o)W(u e TROTEN(L))
0 = / DZDyo yo / dt p(1]Syo, Ao) W (2™ 02 (1))
Pl _ / /°° o W (iPeT 0tz p (1))
ORI DzDyp t dt’ p(t'|Syo, M) A

W(z): Lambert’s W-function
(inverse of f(x) = xe¥)

> overfitting measure:

E(S, Xo) = /dt p(t) log [/\AO((tt))}

— ()1 - —/Dszo/dtp 1}Syo, o) W (T 0 A (1)) |

» ( — 0: correct soln, no overfitting (I=v=0, w =
¢ — 1. phase transition (U, v,w — )



Analysis of RS equations

Numerical and asymptotic solution of RS eqgns



preparations:
» write functional egn in form involving A(t) only:

W(U eu +Wy0+vz/\(t//)) _1

t e}
N0 = [ ot p(e){ [Dz0ys [ 7ot ple 80,00 s

» transform integration over t into
integration over survival function s = exp[—e™°Aq(t)],

short-hand L(t) = ZPe™ A1),
v = / DyoDz / 1ds @ —-w ewyﬂ*”zL(z‘(s,yO)))}2
(e 2L(t(s, 1))
¢= /D}’ODZ/ ds {1+W eWYO+VZL(t(S, }/0))) }
- /DyoDz/ ds [1+log(s)| W (Wy°+VZL(t(S,YO)))

W
?
= D/ dat’ p(t {/DyoDz/ ds’ e[z(f sfloyo))t] W( LS, }’0))) }_1




» main mathematical challenge: functional eqn

write L(t) = ®(Ao(1)):

UZQ(X) d do(x)/dxy 0—xexp(Syp wyo+vz
dlog ®(x)/dx &'09 (W) = /D}/o e P(Sy )/Dz W(e Yo+ <D(X))

g(X) _ /Dy eSyfxexp(Sy)

» asymptotic form, x — oo, using
W(z) =log z — log(log z) + O(log(log z)/ log z) (z — o0)
log 9(x) = — 55 (log X)? + & log x.log(log x) + O(log x) (X — o)
®(x) = plog x + (1—p) loglog x + o(log log x)

p= g (1+/T+4T2/we)

hence
t>1: log A(t) = plog Ao(t) + (1—p) log(log Ao(E)) + ...
leading order :  A(t) = A§(t)



0.001
0.01

L
0.1

simulation results:

¢ =0.05,0.15,0.25,0.35,0.45,0.55

confirms log A(t) ~ plog Ao(t),

with p = p(¢)

No(t)
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Variational approximation

A(t) = kNS(8),
insert into Wgs, extremize over (k, p, U, v, w)

write g = kiPe”,
further manipulations of integrals ...

o= [ox [as as [i# - w(qew”vw’p’ 0g’(1/9))]"

W (g log’(1/s))
‘= /Dx/ds 1+W gexo(vw.p) log? (1/3))

—/Dx/ ds [1+log(s)] (qe 7(v-w.p) 1ogP (1 /s))

/Dx/ ds W X (Vo) Iog”(1/s)>

% :/ /Ods W(q xo(V:wp) |ogP (1/3)) loglog(1/s) — S(w—pS)¢ + P Ck

Ck: Euler’s constant



> similarly:

E(S, o)

/ at p(t)log [xo(0)/A(D)]
—logk —logp+ (p—1)Ce

» numerical soln
of coupled eqgns
for (k,p, 0, v, w)
completely indep
of true base hazard
rate A\o(t)

w (S=1.0)

1 w (S=0.5)




Tests and applications
Variational theory: tests of order parameters



Variational theory: tests of order parameters

w w/S
s DDD?,D/D: of}
o - o
! E.DDDDDDDDD/‘ ] @999@@989
< ¢
simulations: N=200, \o(t) = 1, S=0.5 (circles) or S=1 (squares)
N=400, $=0.5, =1 /7] [ab=aivi
asuch that [dt p(t)t =1, st AL st et
¢=0.1,0.2,0.3,0.4,0.5 A(t),| o
(lower to upper curves) o




Tests and applications

Variational theory: regression parameter clouds



Variational theory: regression parameter clouds

slopes  and widths
o of regression
parameter clouds

5=0.5,
N =200 (circles)
or N=400 (crosses)

solid lines:
variational theory
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Summary

» Overfitting in Cox regression causes predictable bias

(i) inflation of association parameters
(i) hazard rates: underestimated (t small), overestimated (¢ large)

> Analytical approach based on statistical mechanics (replica method)

exact RS equations: {u, v, w, A(t)}, nontrivial to solve numerically
variational approximation: {u, v, w,k, p}, easy to solve numerically

predictions of variational theory: quite good,
reliable basis for overfitting corrections

> Next
» Include censoring
> Include priors/regularizers

» Analysis of exact equations (no variational approx)
» Higher order variational approx
» Associations for which 3° 5,2, is not Gaussian

» Roll out overfitting correction protocols for Cox regression
» Other survival analysis models
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Beyond replica symmetry

%

S/vp=3 jﬁ
() =1 )

S/\/p=4
A(t)=1

T A()=a/Vi

S//P=5
A(t)=a/t

S//p=3 & S//p=4

At)=a/Vi

T s/p=6
I A(t)=a/Vi

Large p/N and (ﬁﬁ): replica symmetry breaking
allcases: N=500, (=p/N=04
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Censoring, competing risks and priors

» inclusion of censoring: essential for application to real data
» mathematically: censoring and multiple risks very similar
> inclusion of priors: MAP instead of ML regression

new set-up:
ri=1: primary risk
D={(z1,t,n),...,(Zn, In, V) } ri=0: end of trial censoring
ri > 1: other active risks

. . 1
Oap = argming [D(PDHP@ )= 3109 p(e)]

P(D|6) = HP(t,,r,|z,,

Multiple risk version of Cox model:

r r t
p(t,r|z, 8,\) = /\,(t)eﬁ Z-3F_ exn(B DA A1) = / ds \(s)
0



> prior: p(8) = Z7" [, e /")
theory will now involve covariate correlations,
A = <Z#ZV> - <Z”><Z,,>

> more complex stat mech problem,
but still doable:

9] 1 —
E({B°\°}) = I|m o lim fextr = D\ n\ll[:, D,d, A1, ..., Agi]

—r 00 ’yn—>

= _*CZ [ Z Dra,sp=ra,sp + Z ( rs,a=ra, so+drs a=r0, sa)]

rs=1  ap=1

_ lim ,|og/ HHdn’ae”ZwWW“) 4>(n’”‘/f<)]]

t
pmoe r=1 a=1
Xez,’; [—izzpﬁ Zra,spN - AN i, (ém,son'“~Ans°+é,o,sm'°~AnS”)]
_15R n Y =-1 Y.
e 2 er:1 Zap:(] ra (= )ra,Sp sp

~log [a¥ = dtzp(t {30, 30}) H (B ege )]

(2n)" DADe=




non-Gaussian priors:

regression parameter clouds no longer linear

eq. p(B) = Z I, e ul/"

TN A TeiNZes A [N =04
At =1 SFalp=1 = ) =1




simplest case

Gaussian prior, p(3) = (x/2m)P/ e 350,
only end-of-trial censoring

> only spectrum o(a) of covariate correlation matrix
A appears in final RS equations

> explicit expression for Ao(t) of censoring risk

> two new scalar order parameters

» RS saddle point problem: extremize

Wasl. -] = — 3¢[guP+ 2 +w?) + 9585 — (log(yn-+ag))
a WS1 2 a2 1
e Ce ) ]

1
9 [Py [t p(t. IS, X" log p(t, lS1y0, ')
r=0

;
- /DyoDz /dth(L r|Siyo, A*) log /Dy P (t, rluy +vz++wyo, \)
r=0

with: S? = 18*A‘B*, (g(a)) = [da o(a)g(a)
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Overfitting in inference with max entropy models

observed data: x; € AP,
assumed model: p(x|6*), 6* € RY

» Exponential models:
wx)/va

_ bwx)/va
e.g: inference of

— spin interactions from observed configurations
— aminoacid contact maps from protein structures

» MAP inference, with Gaussian priors:
n

o 07 n 1+0°%/52] Nw({0%1.0%)
E(6") = — 5y awnanlog/de d0 He ]e

W({6°},6") = log Z(6"+~ Z(e%e*)) - 'yz log Z(6°) — (1-~n)log Z(6%)

a=1
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