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DISORDERED MANY-PARTICLE SYSTEMS

e (pseudo-) randomness in microscopic parameters
e N0 microscopic periodicity

e high degree of frustration, incompatible forces

ferro (_) anti-ferro (. _ ) both types
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o: spin up e: spin down

e many relevant time-scales

e many techniques no longer applicable

e even mean-field models are non-trivial

physics: spin-glasses, glasses

biology: neural networks, proteins, immune networks

IT: machine learning, error-correcting codes

economics:  agent-based market models



The Replica Method
(Marc Kac, 1968)

e 7" =1+ nlogz + O(n?)

1
log Z[J] = lim —log Z"[J]

n—0n
e 1 integer:
2'J) = | e—ﬁfﬂm]” LYY e AT HO
o ol g"

partition function of n independent replicas of system

e disorder average:

f = _ —BH.g(O1,.. 0™
f= %%ﬁNnIOgL%”',;G

1 - _
[{eff<0'17 cee O'n) = ——loge_ﬁzale(o- )

n interacting replicas, no disorder

e exchange limits
N — oo versus n — 0



FINITE CONNECTIVITY
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N spins on random graph, ¢;; € {0, 1}

Z CZ] JZJUZUJ -+ Z V(UZ)

i<j
N =100, ¢ =2

o P(CU) 502] 1 + (1 N)(Scij;07 ¢ = O(NO)

e indep random bonds Jj;

e disorder: {c;;, Ji;}
Replica theory order parameters
Dependence on connectivity ¢
(average number of bonds/spin)
connectivity  variables order param RS ansatz
c=N discrete {qas} numbers, e.g. ¢
c=N continuous {qup} numbers, e.g. ¢
l< e N discrete {qap} numbers, e.g. ¢
l< e N continuous {qup} numbers, e.g. ¢
c=0(1) discrete P(oy,...,0,) functions, P(h)
c=0(1) continuous  P(oy,...,0,) functionals, W[{P}]



Finite Connectivity Attractor Neural Networks

N Cij L ngn
H = — Z JZ']'O?L’U]' Jz’j — c ¢ Zl fz fj
:u:

1<J
c c
P(Cij) - N(Scij,l + [1 - N]écijao
O-iagéu S {_17 1}
replica solution:
- P
f = - Jim (3N) TogZ 5
1 oW 2ij ez¢(€¢-€j)2a% % 1
= — lim lim log > e

N—oon—0 ﬁNn ol _on

analysis via sub-lattices:

Ie = (il &= &)

f= %12% extr{pg(a-)} f[{Pg(O')H



Replica Symmetric ansatz ?

disorder: D = {¢;j, Jij }
probability: P(D)

A S
PS(O-D'-')O-TL) — ]\}gnoo|[—€|zezlzé <10—é[50a,02a>

T [dD P(D) (I16,,.00)

N—o0 |[€| ie[s “ b
Ergodicity:
5 . ePUD;i)oa
<1;[ Ua,0?> D — l;lp(O-Oz|D7 7/) - 1;[ {2 COSh[/Bh(D7 Z)}}
S0

¢fh Ta 0o
2 cosh(Bh)]"

Pe(oy,...,00) = [dh We(h)

We(h) = lim 3 [dD P(D)é[h — h(D, i),

RS order parameters:

2P effective field distributions Wé(h)



RS theory

dm _,
Weh) = [5—e™

> GXp{ /dh/ € h/) {e%ntanh [tanh(BH) tanh €€ 1}>€,}

paramagnetic soln: Wg(h) =d0(h) V&

c p 15
PoR: -27% [P (p—2n) tanh[Ze(p — 2n)] = 1
p n=0 \T C
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Fin conn Hopfield model: ¢(z) =z, a = p/c
c=2(0),c=3 (<), c=10 (+), ¢ =100 (line)



‘Small World’ Spin Models

N Ising spins on ring + random graph

1
H=—-%J0i0i1 —— X J};¢ij0,0;
i Ci<j
N =100, ¢ =2
o P(cy) = %5%,1 + (1 - %)5%,0
e indep random interaction energies {J?, ij}
e disorder: {c¢;j, Ji;}
Replica analysis
_ 1 BJ '
f= %11)% wextr{p} {; 2 P(J)P(a/)@% S0 0aly _ 1) 7, —log Ao(n; P)
R G
P(o) :]\}gnooﬁzi:(gdaa,a?% o= (01,...,00)
Ao(n; P):  largest eigenvalue of 2" x 2"

replicated transfer matrix

@ Jasa
T(O’, 0_/; P) _ <65J3 Ya0aoptcy. g P(8){e e 2 —1>J£>JS



RS theory

PILS  rasa
T(O'y 0"; P) = <€BJS Zaaaaéﬁczs P(S)(ec 2a _1>JE>J5

eﬁh ZZ:] Oq

Plo) = [ahW (k) 2 cosh(Bh)]"

left /right

eigenvectors of T
(o) = [dyW(y)e™ e
vp(o) = /dx@(x)eﬁxz:a”a

Final result, n — O:

e Cck

d(x) = /dx@(g;f)kgo 0 / T];[kdjlrthP(Jlr)W(hr)

(0w = = AW /e, hy) = A, 7)),

e—cck

U(y) = /dy'\p(y/)kgo 0 /Tl;[kdt]lrdhrP(Jlr)W(hT)

(3ly = AUt/ + S AU fe.h )
W(h) = [ dedy d(x)¥(y)d[h — = — y]

with
1 cosh(B(u + z))
A=) = 55 1% |cosh((u— 2)
1

B(u, z) = ﬁ log [4 cosh(B(u + z)) cosh(B(u — 2))]



Example: ‘Small World’ Magnets

J
H=—Jy> 0i0is1—— X ¢ij0i0;

i C i<y

(connectivity disorder only)

e—cck
d(r) = /dx’CI)(x’) kz>:(] 1 /Tl;[k [dh, W (h,)]
X 0|z — ;A(%, hy) = A(J, 2')]

e

cck
Uy) = [dy' U(y) ¥ == [ T [dhy W (k)]

J
X0y — AlJo, ' + X A( s b))

Wi(h) = /dxdy O(z)W(y)o[h — x — 9]

paramagnetic soln:
W(h)=®(h) =V(h) =4d(h)

2nd order transitions away from P:
expand in moments of W (h) and identify instabilities

J
BC)

P — SG: does not happen

P—F: 1 = ctanh( I~ tanh(3Jp)

1+ tanh(ﬁjo)]
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1 —28Jy
P—F: ﬁJziclog cre ]

c — e 2P
limits:
c—o00: [J=e 2N
Jo =0: order possible for ¢ > 1
J=0orc=0: never order
combination:

c>0, Jy>0: orderfor T <T. with T.(Jy,J,c) >0
even for c <1 !l
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Soft Spin Models

N soft spins 0; € IR i “{‘\‘Y
T

\' A 4%‘.2?' ./
WY
H = — Z CijJrL'jO'Z'O'j +ZV(0’2) / \ ‘\

1<J

o P(CZ]) = %(5 1 + (1 - %)502'3',07 C = O(NO)

e indep random bonds J;;

Cijs

Replica theory

order parameter:

1

P, on) = Jim ~ 3 (o[ — of])

saddle-point:

¢ Jda’ P(a)[[d] P(1)e? T O 155, V(0a)

Plo) = Ido! ecldo" P(@)[jd] P(1)eP70 0135, V(a})

Replica Symmetric ansatz 7
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disorder: D = {Cz’j7 Jij}
probability: P(D)

P(oy,....0.) = Jim_~ S T0l0, — o

N—o0 N ;
— NIE%ON > [dD P(D) (M dloa - of]))
Ergodicity:
(dlow —of])| =TI P(oalD,i)
S0

Prs(oy, ..., 0,) = [{dP} W{P}] I1 P(0)

W{P}] = N@@%;/dl) P(D) 114 [P(a) - 1;[P(a|D,z')]

RS order parameter for soft spins:
functional W[{P}| on space of single-spin distributions P(o)

saddle-point eqn, n — 0:

WP} = Z —e‘C/H {dP W { P }ldJ P ()]

XH(S P(O‘) — € BV( ) k:ldeJPk( ) ﬂJkUJ’
o fdo‘l’e_ﬁv(a’/) Hizl de"Pk( )eﬂJkU” o
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Application: Chiral Soft Spin Models

N interacting vectorial soft spins
o; € Sy (unit sphere in IRY)

H=-J% ¢jo;-Ujo;+> V()

i<j

e P(cy) = %5%,1 + (1 - %)5%,0

e indep random unitary matrices U,

P(U) = P(U')

CE
WHPY = ¥ Ge*f THAP}W{PYAU,PUL)]

VOl rda’' Pu(o’ pgio-U .o’
x 11 §|P(o)— —= M= Jdo i(0')e -
O €5, fdo"e=PVO 11l _, jdo’ Py(a”)ef 0" U O
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d=2: Finitely Connected XY Spins with
Random Chiral Interactions

s 13 n i)
T et = s sl by )

1<)

CE
WP} = goﬂe—c/ k]}g[{de}W[{Pk}}dka (wi)]

/ dd' Pi(d BJ cos(p—¢'—wy,)
< I 5|P(g)— — D= ld0 T )e o
$el0,27] Jd@ 5y Jd ' Py(¢)eP cos(@” ¢/ —wy)
paramagnetic soln:
1
WHPH =TI 5[p<¢>_2_]
»€0,27] 7L

2nd order transitions away from P:

o transform P(¢) — &= + A(¢), with W[{P}] — W[{A}]
e expand in functional moments [{dAYW[{A}A(#1) ... A(¢,)

e identify instabilities

i
=
<

P—F: ¢! = ( § /_irde(w) cos(w)
P—SG: ¢ '=TI}BJ)/I(BJ)

rd
modified Bessel func I,(2) = —¢ cos(ng)e” cos(¢)
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solid lines: P—F
dotted lines: P—SG
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Generating Functional Analysis

7 e
For Finite Connectivity Models k“ LA
WS ) o (R
v‘\, N o
: : : : AR NI
finitely connected Ising spin model with . /‘/A'\?"ﬁg’/j;"\#%\‘y‘.,‘&%’}(
parallel stochastic dynamics: \'{Q‘,&/ l'r‘l"\"!

L\ A q. A
R

N\

Ny

A
N
¥

prsi(o) = ; Wilo; a'lpi(a”)

eBoihi(O7":t)

Wilo; o' = 1;[ 2 cosh|Bh;(o”;1)]

local fields:
hZ(O'7 t) = CijJiij + 9(#)
JF#i

controlled symmetry:

1< ] Prob(c;;) = W (cij)
i>j:  Prob(cj) = €100, + (1 — €)W (ey)
i< g Prob(J;;) = P(J;j)

i>j:  Prob(Jy) = ed[Jij — J;i] + (1 — €3) P(J)

C C
W(x) = A0e1 + (1— N)éx,o c=O(N")

detailed balance &

equil stat mech: a=é=1
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generating functional

Z[] = <@—i2i§N > t<tm T/Ji(t)az‘(t)>

= s STy (o(0) T Wilo( + 1);0(0)]

0(0)....0 (ty) t<tm

insert

= 0 fdhlt) olhi(t) = 3 iy Tyo(0) = 000)

disorder average,
standard manipulations:

effective single spin problem
P(o|0):  fraction of sites ¢ which exhibit
a single spin path o = (¢(0),0(1),0(2),...)

given a field path @ = (0(0),6(1), 0(2),...)

P(a|6) = po(a(0))e ™ x

(Ao (t+1)6(t) o
{1;[ {2 cosh[ﬂe(t)]] * kz>:0 k! /dJ1P(J1) - P Te) a"E.:a';C

X elill (1=e))P(0]0) + €1 [e2P(0] i) + (1—e2)(P(oy] o)) ]

B+ )00+ <k Jro(0)
X

2ol [BIO0) + %z Tl (0]
€1 € [0, 1]: connect symm

€z € 0, 1]: bond value symm
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Simplest case: uniform bonds

P(J") = 8(J — J')

e ck
P(a]0) = po(0(0) X —— ¥ I (1—e1)P(07]0) + &1 P(o)] J )]
k>0 reoofLo <k
ePBo(t+1)[0()+J o<, op(t)]
x I

t<ty 2 COSh[ﬁ[H(t) + J X<k Ué(t)ﬂ

e asymmetric connectivity, €; = 0:

let W (o) = P(o|0)

e cch
Wi(o) = po(c(0)) X x > I W(ey)
k>0 Reool,..00 <k
eBJo(t+1) To<p op(t)

t<1_t[m 2 COSh[BJ X<k O’Z(tﬂ

(— Derrida, Gardner & Zippelius)

e symmetric connectivity, €; = 1:

let W(o|T) = Plo|JT)

e Cck
W(o|T) = po(a(0)) X R I1 W(oylo)
k=0 ~:ogl,.,0 <k
BT (DT ()45 < (1)
x I

t<tm 2 cosh|BJ[T(t) + Lo<p 0p(t)]]
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OUTLOOK

statics

e low temperature solutions and F—SG transitions,
beyond variational ansatze 7

e replica symmetry breaking,
generalization of Parisi scheme, or something else ?

e ‘small world’ spin glasses, with RKKY-type bonds
nearest neighbour: Jy > 0
random finite conn: J;; zero average Gaussian

dynamics

e solutions of GFA order parameter equations

e exact dynamical replica theory 7
(single time observables rather than path statistics !)

other

e finite connectivity Gardner calculations,
(storage capacity of attractor networks)

e finite connectivity quantum systems,
eg. H=—-J%,.jcj;o;- o, (with Pauli matrices)

20



