workshop programme Thursday morning:
two case studies involving coupled Kuramoto oscillators

9:00 — 10:15
complicated models, new technology

coupled oscillators on complex networks

H(¢) = —J Z Cij COS(qbi — qu — wij)

1<

10:15 — 10:45
coffee break

10:45 — 12:00
simple models, unexpected problems

coupled oscillators with chiral interactions

H(¢) = —% Z cos(¢i — ¢ — )
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DEFINITIONS

N Kuramoto-type oscillators,

¢i €[0,2n], & =(¢1,...,¢n)

H(p) = —J 3 cijcos(¢i — ¢j —wij),  J >0

1<j

e network connectivity: random variables c¢;; € {0, 1}
finite connectivity regime: k; = ¥, c;j = O(NY)
degree distribution: pr = N™1%; 6y,

C
Peij) = &

Sea + (1= %)5%0 for all i< j

c=O(N?

pr = e °cF/k! for N — oo

e random interactions between oscillators: wj; € [0, 27]
independently drawn from P(w), with P(—w) = P(w)
e.g.
wij =0 — synchronization of oscillators (3, j)
wijj =7 — antisynchronization of oscillators (¢, j)



Strategy

e calculate disorder-averaged free energy per oscillator

f=—lim (8N)'ogZ, 2= [dp e D

N—o0

—: average over {c;;, wi;}

e use replica identity
log Z = limn~'log Z"
n—0

e evaluate Z" for integer n, in terms of n system copies, and evaluate disorder
average first:

7" = [d¢'...d¢ =BT H(@")

e In result:
exchange the limits N — co and n — 0

- R
f = = lim (BN)"log Z

= — lim (BN)7! lig[l)n_llogﬁ

N—oo

(BN) ™' limn~'log [d@" ... dg"e " T H(P)

— lim
N—o0

s DT -1 1 n,—BY"_ H “
_ Fma { lim (5N) " log [dgp' ... dg"e Y <¢>}

n—0
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REPLICA CALCULATION OF THE
DISORDER-AVERAGED FREE ENERGY

Disorder-averaged free energy per oscillator:

ard a 1 . 1 1 n a
= lim -~ {— lim —— ST H
Ff = lim { lim —log [dg'...d¢"e /> <¢>}

n—0n N—o0

Disorder average:

e BTu H@) = [ &P Tim i cos(9F =47 —wi)
i<j

- < BT Ty cos(9f —45 ~w) _ 0
—exp{QN%:[/dw P(w)e 1}—|—(’)(N)}

replica-order parameter: 1
b= (b1, 0n), i = (B, .., %) P(¢) = ;2. 0l¢ — ¢il
e BTaa HPY) —

exp {% /d¢d¢’P(q’))P(¢’) [/dw P(w)eﬂ‘]za cos(pa—¢h—w) _ 1} 4+ (’)(NO)}
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minor technicalities
e discretize domain [0, 27]" of ¢

e insert appropriate functional é-distributions
to isolate order parameter function P(¢)
integral representations: conjugate functions P(¢)

e take continuum limit for domain [0, 27| of ¢,
gives path integral measure:

lg[dP(¢)dP(¢)/ 2n] = {dPdP}

log /{deﬁ} eiNfd(p P(¢)p(¢)+Nlogfd¢) e—ip(d))

I = _TIL%]\}I—I)%O BNn

xexp{ S [ddd! P(9) PP [doo Pluo)e Eaoson-imsd_ 1]}

N — oo
saddle-point integration

n—0

f = —lim ﬂinextr{ﬂp} {z / d¢ P(¢)P(¢) + log / dp e=iP(@®)
1 d ! cos(¢o—¢. —w
+ye [ddg/ PP [dw Plw)e Zacrton—tios )|
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saddle-points equations: functional variation
with respect to P(¢) and P(¢)

e_lp(¢)
 Jdgle=iP@)

P(¢)

P(¢p) =ic [d¢ P(¢)] [dw P(w)e®’ Zacoslbamda=e) 1]

eliminate P:
oo JAD PP fdw Pw)e? X orva=th—s) _y)
= fd¢/€cfd¢ll P(gb”)[fdw P(w)eﬁJzacos(%*d}w)_I]

P(¢)

F =
1 1 ! ! cos(pa—9. —w
limﬂ—n {50 / depde P(¢)P(¢')] / dwP(w)ePT Las(Pa=ta=w) _ q]

n—0

— log /d¢ ecfdd)'P(q’)’)[fde(w)eﬁJZa cos(¢a—¢{l_w)_1]}



Replica symmetric theory

P(G1,--s8n) = 3 & 11 816 — 1

1
next:
limit n — 0 in saddle-point eqns
RS ansatz for continuous variables?

e let P[¢|p] denote a complete parametrized family of functions on [0, 27]
H = (,U(), M1, U2, - - )
Prs(91,-- - ¢n) = [dp w(p) [[Plpalps],  [dp w(p) =1

e representation-independent formulation:

Prs(é1,- -, én) = [{aP} WI{P}] T P(a)

RS order parameter:
functional measure W[{P}]

physical interpretation:

JiaPy WHPNL[fd8 P(@)1a(&)] = Jim 3 S THa(@)



insert RS ansatz:

WEKPY = ¥ pif T {dPIW[{ Pi}]dweP(we)]

>0 7 <k

< 109 7(0)

$€[0,27

— H]Z:1 quﬁ/Pg(gﬁ’)eﬁJ cos(¢p—¢' —wy)
fd¢/, H?:l fdﬁblpg(qb/)eﬂJ cos(¢" —¢'—wy)

pr = e~cF /k!

free energy per oscillator:

fas = 55 [{dPidP} WH{PHW{P.Y] [dwP(w)log [ddd Pr(g)P(g)e 00~

—5 oo f TTHAPAW P dorP ()] 0g [ d6 T [/ Pig)eb? 090
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PHASE DIAGRAMS

bifurcation analysis
of order parameter eqn:

WEKPY = ¥ pi [ T {dPIW{Pi}dwP(wy)]

k>0 7 e<k
< 1 a]pe) - R B@e ]
$e[0,27] [d¢! TIE_, fd¢f Py(¢')eB7 cos(9”=¢'~wr)

paramagnetic state:  W[{P}]= ][] o lP(gb) — i]
¢€[0,27]

Phase transitions

Continuous bifurcations away from paramagnetic state
located by Guzai (i.e. functional moment) expansion
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e transform:

P(8) 5= + M), WILPY] = WI{AY]

constraint:

WHAN =0 if [ 7dg A(g) #0

e expand saddle-point eqns
in functional moments

J{AAYW{ANA(4) ... A(er)

e assume: close to continuous bifurcation
de < 1 such that

J{AAYW{ANA($) ... A(gy) = O(€)
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Lowest order bifurcation ¢!

C ! 27
U(p) = e [ dd [d JelT cos(o=d =y (g dp U(¢) =0
(9) = 57557 / ¢ [dw Pw () do¥(9)
¢ = Tk prk
It(z): modified Bessel functions

e solution: Fourier modes ¥ (¢) = e'**
transition:

il
c= I]?;{)l{ / dw P(w) cos kw)}
e bifurcating state:
.1 1
Jim 5 STG= 0] = 5[+ ecos(ip— X) +..

iy (i) ) = aon () + -
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e k = 1: global synchronization

k > 1: no global synchronization

P—F: = {ﬁ;ggi; /_:dw P(w) Cos(w)}_
KT : c= I]gi]lﬂ {chgﬁ /_:dw P(w) COS(kw)}
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Lowest order bifurcation 2

d¢de. / :
\If(qﬁl, QSQ) — C/[QWZI(% [/dw P(w)eﬁJCos(¢1—¢1—w)+5¢]cos(¢2—¢2—w)} \I;(qb’b q§’2)

[dn (g1, 60) = [des U (1, o) =

e solution: Fourier modes V(¢1, ¢a) = gi(k181+k2¢2)

transition:

1
. Iy, (B
c= kl#%’n]g#o { /dw ) cos[(k1 + ko)w ]}

min: kl = —kg =1

P—SG: c¢=1}BJ)/I}(BJ)

e bifurcating state:

ol 1
&E}T;ON%X(SW—@D:%
Jim 516 = GO — 6y = 5 1+ cos(6 = ¢+ + ..
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e no global synchronization, yet

2 1 2 : ) )2
lim 3 [{cos()2 + (sin(@))?] > 0

e P—SG bifurcation precedes P—K'T
physical transitions away from P: P—F, P—SG

16



Phase diagrams

phases:

P:  paramagnetic state, no freezing of oscillator phases
F:  synchronized state, coherent oscillations

SG: spin-glass state, frozen relative phases but incoherent

phase transitions:

P—F : ¢! = [L(8J)/1o(B)] [ dw P(w) cos(w)
P—SG : ¢t = [L(BT) ) Io(BI)]
F—SG: cannot yet calculate ...

Parisi—Toulouse hypothesis 7
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Example:

P(w) = 35(w — ) + 30(w + @)

w=0 Ww=zm w > %71’
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THEORY VERSUS SIMULATIONS

Numerical solution of order parameter equations
(via truncated parametrizations) versus simulations

w = [E s + s s Fmen|

i

>
0 = 55 % [(cos@))’ + (@)

P : qg=m=20
F q>0, m>0
SG qg>0 m=0
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Example:
P(w)=1/2m

upper: T'= 0.1
lower: T'= 0.3
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Example: P(w) = 6(w)
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Example:

P(w) = 30(w—7) + 30w+ 3)

q,m

0.8

0.6

04 r

02
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confirms Parisi-Toulouse

for F—=SG transition
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statics

Finite connectivity attractor neural networks. J. Phys. A 36 (2003) 9617
The Little-Hopfield model on a sparse random graph. J. Phys. A 37 (2004) 9087
Analytic solution of attractor neural networks on scale-free graphs. J. Phys. A 37 (2004) 8789

Replicated transfer matrix analysis of Ising spin models on ‘small world’ lattices.
J. Phys. A 37 (2004) 6455

e Finitely connected vector spin systems with random matrix interactions. preprint cond-mat/0504690

dynamics

e Parallel dynamics of disordered Ising spin systems on finitely connected random graphs.
J. Phys. A 37 (2004) 6201

e Dynamical replica analysis of disordered Ising spin systems on finitely connected random graphs.
preprint cond-mat/0504313

systems with evolving bonds

e Slowly evolving connectivity in recurrent neural networks I: the extreme dilution regime.

J. Phys. A 37 (2004) 7653

e Slowly evolving random graphs II: adaptive geometry in finite connectivity Hopfield models.
J. Phys. A 37 (2004) 7843

24



