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CHIRAL KURAMOTO MODEL

N phases
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H(¢) = —— > cos(¢; — ¢ — @), J >0

e oscillators aim for: ¢; =¢; —a foralli < j

e rewrite H?

(@) = 7 5 cos(gy - ¢) - T 5 sing, - )
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= - C;]S\g )ngOS(@—@)— SN( )Ejsm(ﬁbi_@)



Generalized version

External synchronizing forces,
promoting ¢; = 1 for all ¢

H(¢) = —% > cos(¢; — ¢j — ) — K 3" cos(¢; — ¢)

partition function Zy,
free energy per oscillator fy

T = /d¢ o PH(D)

fx =—(BN) " log Z



CHIRAL VERSUS NON-CHIRAL

notation:

(modified Bessel functions) In(z) = (27r)_1 /7r do cos(n¢)€ZC03(¢)

Decoupled oscillators: J =0

H(¢) = —K 'Y cos(¢; — o)
Here:
fv = by - log [dg eP1®

= IBN log /d¢ eIBKZ cos(¢i—)

— _ﬂ—N log [ / dep K cos<¢—¢)]

_ _B log [ de 7K eoxté—v) — —%log[QwIO(ﬂK)}

e no collective processes, no singularities in f, no phase transitions ...



Non-chiral Kuramoto model: a =0

H(§) =~ 3 cos(di — 6) — K'Y cos(ds — )

i<j
solved in five steps:

(i) symmetrize Hamiltonian:
Iy = /d¢ o N Licj CO8(9i=d)+BK 3, cos(¢i—)
= /dqb 65—1‘6 > cos(¢i—;)—3BI+BEK Y, cos(¢i—1))
— 3B / dep RIS icos(@)]+ 3y BIIL sin(90)]*+BK T cos(6i—)

(¢7) Gaussian linearization:

1 d 1.2
Iy = o387 /d¢ eﬂKzicos(@-—w)/ ;r 5 +a+/BJ/N Y, cos(¢;)

dy 1,2 :
% —3Y°+y/BI/N 32 sin(¢s)
/\/27re



_1 d d 1
ZN — ﬂj/ v ye 2 (z +y
X {/d¢ ex\/mcos(¢)+y\/msin(¢)+ﬁl( cos(¢—¢)}N

= e 2ﬂj/d$dye $+y

N
X {/d¢ gcos(¢) \/[af ﬂJ/N+5KCOS(@ZJ)]?—F[y\/ﬂJ/N—f—ﬂKsin(d;)P}

= BIN(2m)Ne 37 [Z=2 drdy 35Nt

N

<{n (w [T+ K cos()P + [Ty + Ksin(D)P)

(1v) switch to polar coordinates:
(z,y) = r(cosé,sinb)

Iy = BIN(2m)Ve Qﬂj/ dr re—zBINT* ;li
< {1a (BT cos(@)+ K cos(@) + [Jrsin(@) + Ksin(@)?) |
do

= BJN(2n)Ve Qﬂj/ dr re__BJNTQ/2
T

x {10 (6\/J2r2 ¥ K2+ 2JKrcos(d — w)) }N
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= /d?“d@ eN{IOg [QWIO (ﬂ\/J2T2+K2+2JKr cos(ﬁ))] —%BJr2}+(’)(log N)

(v) limit N — oo by steepest descent:

(Laplace)
f = lim fy=— lim BiNlogzN
= —%max{log[ 0 (BYTr? + K2 + 27 Krcos(0))] - %5#2}
_ nql’ian{ Jg % g [2n1 (872 + K —|—2Jchos(9)>”
= mqln{2 Jq* — % g |2 (5\/J2q2+K2+2JKq>”
— min {%Jf - %log 2rlo[B(K + Jq)]]}



summary of solution for
non-chiral Kuramoto model

f = min f(q)

q>0

(a) = 374" = Glog B(K + T

e f'(g) =0:
L[B(K + Jq)]

Lh[B(K + Jq)]

q:

e physical meaning:

¢ = lim [([N7"3 cos(¢)]") + ([N7" X sin(¢:)]")

— 00



K > 0: no phase transition

K = 0: transition at §J = 2

T/J >

: no synchronization

DO | =

: synchronization

T/J <

DO [ =

0.0

05

T/J

1.0
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EQN FOR FREE ENERGY PER OSCILLATOR

Effect of adding one oscillator

N oscillators:
ZN[Ka Ja ?ﬂ = /d¢ 6% Zf\;] cos(¢i—¢;—a)+BK Ef\; cos(¢i—1)

N + 1 oscillators:

T, T3] = [dggn [dep ebn Thscostomtrart SR L el

X 61\7;5:1 S, cos(pi—¢n41—a)

:/d¢ oBK cos(p—¢)

2K N
JK2+[NL—]|-1]2+N+J1 cos(p—d—a), NJ—|—1’ arctan]. . ]]

ZN

:/d¢ eBK cos()

ZN

J? 2K J JN
K? — tan|. ..
J +(N+1)2+N—|—1 cos(p+a), N1 e an| ]]
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note:
Zy indep of v, so:

ZylK, J] = [dp K

J? 2K J NJ
K2 A
J + (N—|—1)2+N—|—1 cos(p+a),

A
X 4N N+1

in terms of
fylK,J] = —(BN)tlog Zy[K, J]

one finds

1
. BK cos(9)
FralK, J] = fylos { fdo ¢

JEIGERY)

—BNfN[\/K2+J2/(N+1)2+2KJcos(¢+a)/(N+1),JN/(N+1)]}

X e

Large N

JN}
"N+1

ul, 9]+ 5 {cos(-a) 5 AT, J] — - A¥TK 1)+ O(3)

IN[EK /142 cos(p+a)/ KN+O(N-2)
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Insert:

N

T K, J] - 5(Nl+1) log; [dgp &P s~ Tos(br0) i Il 1= S ] -

Iyl J] =

FN:NfN:

Fy1lK,J] = Fx[K, J] — B log /d¢ eﬂKCOS(¢)—5J[COS(¢+C¥)%fN[K,J]—%fN[KJ]] + (f)(%)

iterate from N up to 2N:
N

Fn[K, J]— Fy[K,J] = _E log /qu eﬂKCOS(¢)—3J[COS(¢+0¢)%fN[KaJ]—%fN[KaJ]] + O(NO)

1

2fon[K, J) = fN[K,J] = ;

log /qu P K cos(d)=B7|cos(¢ta) g InlK =35 iK1 (1)
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f =limy,« fN[K, J]:

f _ —llog/dqb eﬁKcos(qﬁ)—ﬂJ[cos(qﬁ%—a)%—%]
B
0 1
— _Ja_§ . Blog/dqb eﬂKcos(ng)—ﬂJcos(dHa)%

_ of 1 B cos(¢)/ K2+ 72 (0F JOK)?—2K J cos(a)(9f JOK)
= —Ja—glog/dqbe %

Final result

9 B af |
f=- % — ;log{%rlo {B¢K2+J2(8[£)22KL]COS(C¥)8[]§‘}

exact for any «!
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special case:
non-chiral Kuramoto model
a=70

of 1 of

f=— — Blog{QWIO[ﬂ(K_Ja—K)}}

solved by

K, ) = mip {5 4" ~ 5 log RR(B(K +Ja)]
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VARIATIONAL APPROACH

Strategy

for any trial Hamiltonian H,
with equilibrium averages (.. .)g
and free energy f

variational approximation:

f* = Jim min{f + N"(H(¢) - H($))o}
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Simple trial Hamiltonian

H(p)=>V(¢:):  f*= lim min{f+ N"(H(¢) — H())o}

N—oo {V;}

e minimum:
e large N:

e solve eqns:
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resulting variational approximation

ﬁ;ggi; + %[sin(wo — 2Q) — sin(wy)]

fK, J] = {A{{lui%}{—%log[%lo(ﬂ)\)]+)\

J (B
202 I3 (BN

[sin(€2) sin(a — Q) — Q sin(a)]}

observation:

f*[K, J] solves the exact eqn

0 1 0 o '
i = _J£ - 510g{27r[0 {5¢K2+J2(M£)2—2KJCOS(OJ)8[];‘}

hence f[K,J| = f*[K, J]

solution found!
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PHASE DIAGRAM

order parameter eqns

tan(Q) = tan(wy),  sin(a— Q) = = Si;(o‘), Q=" Sii(o‘) gggi;
minimum for K = 0: Li(BA) a\

bifurcation of X # 0:

(synchronization transition) sin(«)
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phase diagram of
chiral Kuramoto model:
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Some open questions

e Are models of coupled oscillators with chiral interactions relevant?
e Is there a simpler (more direct) method for solving them?

e Does the present method also work for more complicated cases?
(derive non-linear PDE for the free energy, find variational solution, show that

it solves the PDE)

e Are saddle-point solutions with higher winding numbers physically relevant?
(local minima perhaps, similar to e.g. ‘butterfly’ solutions in Kohonen maps)

e Dynamics?
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