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0 Background and origin of the problem
@ Protein interaction and gene regulation networks
@ Nonequilibrium stat mech of cellular signalling
@ Quantify graph topology beyond degrees
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0 Background and origin of the problem
@ Protein interaction and gene regulation networks
@ Nonequilibrium stat mech of cellular signalling
@ Quantify graph topology beyond degrees

e Analysis of tailored random graph ensembles
@ Canonical graph ensemble with controlled {p, M}
@ Statistical mechanical analysis - entropy and beyond
@ Application to real PIN data

e Generating tailored random graphs numerically
@ Degree-constrained ‘shuffling’
@ Formulation as a stochastic process
@ Graph mobility

e Ongoing work
e Summary
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0 Background and origin of the problem
@ Protein interaction and gene regulation networks
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Introduction - protein interaction networks (PIN)

@ proteins:

hetero-polymers that interact
via (temporary) complexes
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Introduction - protein interaction networks (PIN)

@ proteins:

hetero-polymers that interact
via (temporary) complexes

reaction egns:
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Introduction - protein interaction networks (PIN)

@ proteins: . '
hetero-polymers that interact *
i 4

via (temporary) complexes i

reaction egns:
d

dﬁ‘xi& = Z Cij Z[kij'm_xif_ki;m-i_xqujﬁ] + 07" — i X
J B
d + _
G = X K
af

@ protein interaction network:
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Introduction - protein interaction networks (PIN)

@ proteins: .
hetero-polymers that interact ' *
i 4

via (temporary) complexes i

reaction egns:
d

dﬁ‘xi& = Z Cij Z[kij'm_xif_ki;m-i_xqujﬁ] + 07" — i X
J B
d + _
G = X K
af

@ protein interaction network:

nodes: proteins i,j=1...N
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Introduction - protein interaction networks (PIN)

@ proteins: .
hetero-polymers that interact ' ‘
i 4

via (temporary) complexes

reaction egns:
d

dT‘XiOé = Z Cij Z[kij'm_xf]_ki?ﬁ-i_x/qxjﬁ] + 07" — i X
) B
d + p—
&Xij = Cj Z[kijo-‘ﬁ X,-O‘Xjﬁ — kijo-‘ﬁ X,',‘] -
af

@ protein interaction network:
nodes: proteins i,j=1...N
links: cj=cji=1 if (i<j) possible
cj=cj=0 otherwise

~
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Introduction - protein interaction networks (PIN)

@ proteins: .
hetero-polymers that interact ' ‘
i 4

via (temporary) complexes

5

reaction egns:

d p—

= e KXk 6 —
) B

d p—

@ = oI — k) :
af

@ protein interaction network:
nodes: proteins i,j=1...N
links: cj=cji=1 if (i<j) possible
cj=cj=0 otherwise

N ~ 10%, about 7 links/node #f

-
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Introduction - gene regulation networks (GRN)

@ gene expression level o;:

degree to which gene is ‘switched on’
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@ gene expression level o;:
degree to which gene is ‘switched on’

Boolean models:
gj € {—1, 1},
discrete time
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Introduction - gene regulation networks (GRN)

@ gene expression level o;:
degree to which gene is ‘switched on’

Boolean models:
oi € {-1,1}, Ui(t+1):Fi(0—1(t)ﬂ"'70N(t))

discrete time .
Fi(o1,...,on) = 0[hi(o1,...,0n) + noise]

hi(o1,...,on) = ZJijUj+ZJ/ijj0k+...
j Jk
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Introduction - gene regulation networks (GRN)

@ gene expression level o;:
degree to which gene is ‘switched on’

Boolean models:
oi € {-1,1}, Ui(t+1):Fi(0—1(t)ﬂ"'70N(t))

discrete time .
Fi(o1,...,on) = 0[hi(o1,...,0n) + noise]

hi(o1,...,on) = ZJijUj+ZJ/ijj0k+...
j Jk

@ gene regulation network
(directed!)
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Introduction - gene regulation networks (GRN)

@ gene expression level o;:
degree to which gene is ‘switched on’

Boolean models:

oi € {-1,1}, oi(t+1) = Fi(a1(1), ..., on(1))

discrete time .
Fi(o1,...,on) = 0[hi(o1,...,0n) + noise]

hi(o1,...,on) = ZJijUj+ZJ/ijj0k+...
j Jk

@ gene regulation network
(directed!)

cj =1 if oj appears in Fi(oy,...,0N)
cj = 0 otherwise
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Introduction - gene regulation networks (GRN)

@ gene expression level o;:
degree to which gene is ‘switched on’

Boolean models:

oi € {-1,1}, oi(t+1) = Fi(a1(1), ..., on(1))

discrete time .
Fi(o1,...,on) = 0[hi(o1,...,0n) + noise]

hi(o1,...,on) = ZJijUj+ZJ/ijj0k+...
j Jk

@ gene regulation network
(directed!)

cj =1 if oj appears in Fi(oy,...,0N)
cj = 0 otherwise

N ~ 5000, about 5 links/node
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0 Background and origin of the problem

@ Nonequilibrium stat mech of cellular signalling
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Nonequil stat mech of cellular signalling

stochastic processes, no detailed balance
disorder: random graph, finitely connected
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Nonequil stat mech of cellular signalling

stochastic processes, no detailed balance
disorder: random graph, finitely connected

exact tool: generating functional analysis (GFA)

@ Gene regulation:

Ba, hi(o7',t)

Pea(o) Z (H 2 cosh[Bh;(o” t)]>P[(O'/), hi(o, t) = Z C,']'J,'/'Uj+9,'(t)
J
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Nonequil stat mech of cellular signalling

stochastic processes, no detailed balance
disorder: random graph, finitely connected

exact tool: generating functional analysis (GFA)

@ Gene regulation:

Ba, hi(o7',t)

Frante) Z(HZCosh[ﬁh( 1) P h’(a’t):;ci/‘/ﬁaj+9i(t)
generating functional:

Zly] = <efiz,-2,w,-(t)m<t>> Plo(0), - -,

o (tm)] = polo(0)] [ Wila(t+1)[e(8)]

t<tm
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Nonequil stat mech of cellular signalling

stochastic processes, no detailed balance
disorder: random graph, finitely connected

exact tool: generating functional analysis (GFA)

@ Gene regulation:

ﬂﬂl hi(o',t)

Frante) Z(HZCosh[ﬁh( 1) P h’(a’t):;ci/‘/liaj+9i(t)
generating functional:

Zly] = <efiz,-2,w,-(t)m<t>> Plo(0), - -,

o (tm)] = pol(0)] [ Wile(t+1)lo(D)]
t<tm
random connectivity:

sz‘ IA)C"ZE5;.+1_E(5[_
ple) = === (HP(C,, c,,|c,/)) A( i) = noo1 + (1= ) C,A,O
i<j P(C//|CU) = 6(;3/.1.70’.]. + (1 — 5)p(cﬁ)
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standard GFA steps ...
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standard GFA steps ...

Z[] in terms of integrals over all local fields h;(t) at all times,
o-functions in integral form, average over graphs, identify order parameters,
use path integrals to isolate, steepest descent for N — o
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standard GFA steps ...

Z[] in terms of integrals over all local fields h;(t) at all times,
o-functions in integral form, average over graphs, identify order parameters,
use path integrals to isolate, steepest descent for N — o

order parameters:

Plo|6] = ,LZ<5U,U;>‘ o Q[o|6'] = lNZ<5U’Ui>

i—0+ k,'—>k,'—1,9,'—>0,'+0/

o =(0(0),0(1),...)
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standard GFA steps ...

Z[] in terms of integrals over all local fields h;(t) at all times,
o-functions in integral form, average over graphs, identify order parameters,
use path integrals to isolate, steepest descent for N — o

order parameters:

Plo|6] = I1\IZ<5"’U">‘3. 0.0 Q[o|6'] = lNZ<5U’Ui>

—Uit+

ki—ki—1,0,—0,+0’
o =(0(0),0(1),...)
order parameter eqns:
Q[(f|0/] —Z (H /ng J/ |:€Q[0’;;Jg0']+(1 5)P[0’[|0]})
<k
eﬂv(f+1)[0(f)+9 (0+8 gk Jee(D)]
x pole(0)] [T ;
i<, 2CoSh(B[O()+6'(1)+ 37y Jeoe(D)])

eqn for P[o|0]: replace p(k)k/(k) — p(k) in RHS
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@ Protein-protein interaction:

solve eqns for {x;}:

d (e (63 «

O = 0y [a5 3 Wa (- slky)xf(s)5(5) +67() 7 (07 (1)
J pA

effective retarded free-protein interaction

Wapn(71K) = k25 [ S K707l ™~ 6,0,0(r)]
B
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@ Protein-protein interaction:

solve eqns for {x;}:

O = 0y [a5 3 Wa (- slky)xf(s)5(5) +67() 7 (07 (1)
J pA

effective retarded free-protein interaction

Wapn(71K) = k25 [ S K707l ™~ 6,0,0(r)]
B

generating functional:
Z[Y) = /[dela(t)} ol o Jdt w7 (X (1) H 5[X,'a(t+dt)—xia(t)—l:,-a[t, {X}]dl‘]
iat iat
random connectivity:

H'ék,-,Z- i Cif
p(c) = % H [00504‘/71 + (1 700)5cii70:|

i
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standard GFA steps ...
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standard GFA steps ...
order parameters:

DI{x}|{y}] = NZ SLOY = D91 sy s
WI{x31{y}] = NZ@[{x} DOty 1, (00000
X} = {xa(0), %a(1), . }
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standard GFA steps ...
order parameters:

DI{x}|{y}] = NZ SLOY = D91 sy s
WI{x31{y}] = NZ<5[{X} DOty 1, (00000
X} = {xa(0), %a(1), . }

order parameter egns:

WXy = Zp / TT { faxedy} Wit ()]

1<k

xHS[ym _/dTZ Woipa(r|SKe ot )03 (7)) }

de{dxa(tf [a()+ya() Ya(t)Xa(t +Z/d7Xpt 7)
at
% (SWaipr (TN (E=7)+ D Waopa( 7'|kg)Xg,\(t )] H)
L<k

k,si{ke},{0,v|k}

eqn for D[{x}|{y}]: replace p(k)k/{(k) — p(k) in RHS

ACC Coolen (KCL) Structured random graphs 2010/5/20 10/43



Random graphs based on degree information only?
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Random graphs based on degree information only?

1D Ising:

2D lsing:

3D lsing:

impose (k) impose p(k) exact soln
(k) =2 p(K) = 0k2

Tcm1.82 Tc:O TC:0
(k) =4 p(k) = b4

T~ 3.92 T, ~2.89 T.~227
(k) =6 p(K) = k6

T, ~5.94 T. ~4.93 T. =~ 4.517
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Random graphs based on degree information only?

impose (k) impose p(k) exact soln
1D Ising: (k) =2 p(k) = 0k,2
Tcm1.82 Tc:O TC:0
2D Ising: (ky =4 p(K) = 6k a
T~ 3.92 T, ~2.89 T, ~ 227
3D Ising: (ky =6 p(k) = dke
T, ~5.94 T. ~4.93 T. =~ 4.517
‘small world: (ky=2+c¢ plk>1) = &%
T, ~2.89 T, ~218 T, =227
T~ 3.92 T ~ 3.40 T, ~3.47
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we wish to code more information into graphs,
for which graph ensembles p(c)
is a spin model still solvable?
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we wish to code more information into graphs,
for which graph ensembles p(c)
is a spin model still solvable?

e.g.

1)
Ho) == cpyoioy, ple) = 222 Q(e) = ((c),. .., u(c))

i<j
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we wish to code more information into graphs,
for which graph ensembles p(c)
is a spin model still solvable?

e.g.

Ho) == cioii  Pe) = Zigr o) = ().

i<j

when can we do the average over graphs analytically?
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we wish to code more information into graphs,
for which graph ensembles p(c)
is a spin model still solvable?

e.g.

Ho) ==X oy, PO) = i Ae) = ((0), .. Aufe)

i<j

when can we do the average over graphs analytically?

—— s o o
statics - e B, HO™) _ %eﬁ X< Cidi X 070}
dynamics: e 2n M0 X cidioi(t) f5s;,(§z(;)ei iy Cidi Silhi(O) a0+ R (Di(D)]
Q
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we wish to code more information into graphs,
for which graph ensembles p(c)

is a spin model still solvable?

e.g.

H(o) == ciJjoiaj, p(c) = = Q(c) = (1(e),....u(c))

i<j

when can we do the average over graphs analytically?

———— 4 o o
statics - e B, HO™) _ %eﬁ X< Cidi X 070}
dynamics: e 2n M0 X cidioi(t) 6§kﬂ(; ) =1 1 0y S lAi(0); () +Ry(B)or (1]
Q

must do analytically: > 00 ¢ I1i; eCifi
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we wish to code more information into graphs,
for which graph ensembles p(c)
is a spin model still solvable?

e.g.

Ho) ==X oy, PO) = i Ae) = ((0), .. Aufe)

i<j

when can we do the average over graphs analytically?

—— s o o
statics - e B, HO™) _ %eﬁ X< Cidi X 070}
dynamics: e 2n M0 X cidioi(t) f5s;,(§z(;)ei iy Cidi Silhi(O) a0+ R (Di(D)]
Q

must do analytically: > 00 ¢ I1i; eCifi
even simpler ... >2¢ 90 Q(c)
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we wish to code more information into graphs,
for which graph ensembles p(c)
is a spin model still solvable?

e.g.

Ho) ==X oy, PO) = i Ae) = ((0), .. Aufe)

i<j

when can we do the average over graphs analytically?

- 1) o o
Statics: e*B Za H(o-a) — Szl(g()c) eﬁ Ei</ CUJi/ Za aj O-j
dynamics: e~ Sn PO oot _ ‘Ekm)c)ei 3o iy Sl () +h(H)oi(0)]
Q

must do analytically: > 00 ¢ I1i; eCifi
even simpler ... >2¢ 90 Q(c)

if we can’t calculate graph ensemble entropy,
we certainly can’t solve the spin.models....
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0 Background and origin of the problem

@ Quantify graph topology beyond degrees
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Quantify graph topology beyond degrees

degree stats of
connected nodes

1
W(k, k"c) = W Z Cl'jfsk,k,-(c)(sk/,kj(c)
if

ki = k? ki=k'?
® W(kle) = p(klc)k/ (k)
so focus on N(k, K'|c) = W(k, k')
’ W(klc)W(k’|c)
M(k,k'|e) # 1:
structural information in degree correlations
p(k) N(k, k")
F s
K- q’) : H sapiens PIN
. - N = 9306
: (k) =7.53
= REEE
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Tailored random graph ensembles

G = {0,1}2N0V-1)

Graph classification
via increasingly detailed
measurements
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Tailored random graph ensembles

Graph classification
via increasingly detailed
measurements

G = {0,1}2N0V-1)

we are led to study:

maximum entropy
random graph ensembles,
constrained by prescribed values for (k), p(k), M(k, k')
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Tailored random graph ensembles

Graph classification
via increasingly detailed
measurements

G = {0,1}2N0V-1)

we are led to study:

maximum entropy
random graph ensembles,
constrained by prescribed values for (k), p(k), M(k, k')

— proxies for networks in stat mech process modelling
— apply information theory and stat mech!
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Tailored random graph ensembles

G = {0,1}2N0V-1)

Graph classification
via increasingly detailed
measurements

we are led to study:

maximum entropy
random graph ensembles,
constrained by prescribed values for (k), p(k), M(k, k')

— proxies for networks in stat mech process modelling
— apply information theory and stat mech!

if you have bio-informatics friends:

ACC Coolen (KCL) Structured random graphs 2010/5/20 15/43



Tailored random graph ensembles

G = {0,1}2N0V-1)

Graph classification
via increasingly detailed
measurements

we are led to study:

maximum entropy
random graph ensembles,
constrained by prescribed values for (k), p(k), M(k, k')

— proxies for networks in stat mech process modelling
— apply information theory and stat mech!

if you have bio-informatics friends:

— complexity: how many networks exist with same features as ¢?
— hypothesis testing: graphs with controlled features as null models
— quantifying network dissimilarity
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e Analysis of tailored random graph ensembles
@ Canonical graph ensemble with controlled {p, M}

ACC Coolen (KCL) Structured random graphs 2010/5/20 16/43



Tailored random graph ensembles

Associate with each PIN a random graph ensemble:
(maximum entropy, hard/soft constraints)
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Tailored random graph ensembles

Associate with each PIN a random graph ensemble:
(maximum entropy, hard/soft constraints)

@ impose (k):
pu(cl(k) = Z7 (k) O5,0n00
pelk) = TT[Wags+-% ]

i<j

(Erdés-Rényi)
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Tailored random graph ensembles

Associate with each PIN a random graph ensemble:
(maximum entropy, hard/soft constraints)

@ impose (k):

pu(el(k)) Z7 1 ((K)) Ok

pelk) = TT[Wags+-% ]
i<j

(Erdés-Rényi)
@ impose degrees k = (ki, ..., kn):

pu(elk) = Z7'(K) []o5 6k
i

ew,'+wj
plel) = 11|57t +

1
1tewitw 5‘:’7’0}
i<j
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@ impose degrees k and W(k, k'):

Ok k(c)
,Dh(C|k, W) = W H(SZU 6k,k,‘(c)ci1'6k’,kj(c)‘N(k)W(k,k’)
’ Kk’
1
clk. W) = >oi<j Cilwitwjt+p(ki(e),ki(e)+y(ki(e).ki(c)]
ps(clk, W) Zs(k7W)e <j
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@ impose degrees k and W(k, k'):

Ok k(c)
,Dh(C|k, W) = W H(SZU 6k,k,‘(c)ci1'6k’,kj(c)‘N(k)W(k,k’)
’ Kk’
1
clk. W) = >oi<j Cilwitwjt+p(ki(e),ki(e)+y(ki(e).ki(c)]
ps(clk, W) Zs(k7W)e <j

{wj, ¥(k, k’)} to be solved from

Vi:i ) plclk, W)Y ci=k

ceG j
! 1 /
VKK > pelk, W)W > Cilkok(e)Okrke) = W(k, k')
ceG if
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@ impose degrees k and W(k, k'):

Ok k(c)
,Dh(C|k, W) = W H(SZU 5k,k,‘(c)ci1'6k’,kj(c)‘N(k)W(k,k’)
’ Kk’
1
clk. W) = >oi<j Cilwitwjt+p(ki(e),ki(e)+y(ki(e).ki(c)]
ps(clk, W) Zs(k7W)e <j

{wi, ¥(k, k")} to be solved from

Vi:i ) plclk, W)Y ci=k

ceG j
! 1 /
VKK > pelk, W)W > Cilkok(e)Okrke) = W(k, k')
ceG if

graphs share more features with the biological networks,
price paid: mathematical and computational complexity
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@ impose degrees k and W(k, k'):

Ok k(c)
,Dh(C|k, W) = W H(SZU 5k,k,‘(c)ci1'6k"kj(c)‘N(k)W(k,k’)
’ Kk’
1
clk. W) = >oi<j Cilwitwjt+p(ki(e),ki(e)+y(ki(e).ki(c)]
ps(clk, W) Zs(k7W)e <j

{wi, ¥(k, k")} to be solved from

Vi: ) p(clk, W) Zc,,_k

ceG
VKK > pelk, W)W > Cilkok(e)Okrke) = W(k, k')
ceG if

graphs share more features with the biological networks,
price paid: mathematical and computational complexity

struggle to solve eqns for Lagrange parameters by numerical sampling,
e.g. N =1000: 2:N(N-1) ~ 10150.364 graphs ...
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Canonical graph ensemble with controlled {p, 1}

Need to proceed analytically if at all ...
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Canonical graph ensemble with controlled {p, 1}

Need to proceed analytically if at all ...

plelp.@) = > (T rtk))peiQ k)

k i

0 k k
plelk.@) = 7 G TT |y QUK + (1= QU k) s
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Canonical graph ensemble with controlled {p, 1}

Need to proceed analytically if at all ...

plelp.@) = > (T rtk))peiQ k)

k i

0 k k
plelk.@) = 7 G TT |y QUK + (1= QU k) s

k=N"%k,
Yo P(K)Q(K, K" )p(K') =1
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Canonical graph ensemble with controlled {p, 1}

Need to proceed analytically if at all ...

plelp.@) = > (T rtk))peiQ k)

k i

0 k k
plelk.@) = 7 G TT |y QUK + (1= QU k) s

k=N"%k,
Yo P(K)Q(K, K" )p(K') =1

For Q(k, k') = kk'TI(k, k') /K :

ACC Coolen (KCL) Structured random graphs 2010/5/20 19/43



Canonical graph ensemble with controlled {p, 1}
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k i

0 k k
plelk.@) = 7 G TT |y QUK + (1= QU k) s

k=N"%k,
Yo P(K)Q(K, K" )p(K') =1

For Q(k, k') = kk'TI(k, k') /K :

@ graphs have properties p(k) and MN(k, k') for N — oo
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Canonical graph ensemble with controlled {p, 1}

Need to proceed analytically if at all ...

plelp.@) = > (T rtk))peiQ k)
k i

0 k k
plelk.@) = 7 G TT |y QUK + (1= QU k) s

k=N"%k,
Yo P(K)Q(K, K" )p(K') =1

For Q(k, k') = kk'TI(k, k') /K :

@ graphs have properties p(k) and MN(k, k') for N — oo
@ p(clk, M) is maximum entropy ensemble, given constraints {k, 1}
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Canonical graph ensemble with controlled {p, 1}

Need to proceed analytically if at all ...

plelp.@) = > (T rtk))peiQ k)
k i

0 k k
plelk.@) = 7 G TT |y QUK + (1= QU k) s

k=N"%k,
Yo P(K)Q(K, K" )p(K') =1

For Q(k, k') = kk'TI(k, k') /K :

@ graphs have properties p(k) and MN(k, k') for N — oo
@ p(clk, M) is maximum entropy ensemble, given constraints {k, 1}
@ analytically tractable!
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e Analysis of tailored random graph ensembles

@ Statistical mechanical analysis - entropy and beyond
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Stat mech calculation of Shannon entropy

Shannon entropy per node, effective nr of graphs A/

1
S[p? I_I] = _N Zp(c|p7 I_I) IOg p(c|p7 I_I)7 N[pa I_I] = eNS[p,I’I]
[
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Stat mech calculation of Shannon entropy

Shannon entropy per node, effective nr of graphs A/

1
Slp. M = —x > " p(elp, M) log p(c|p, M), Np,N] = sl
c

simple
manipulations:

Slp, N = — Zp )log p(k Z[Hp ][ (k)]
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Stat mech calculation of Shannon entropy

Shannon entropy per node, effective nr of graphs A/
1
S[p? I_I] = _N Zp(c|p7 I_I) IOg p(c|p7 I_I)7 N[pa I_I] = eNS[p,I‘I]
[

simple
manipulations:

Slp, N = — Zp )log p(k Z[Hp H (k)]
with

1 <5k,k(c) |Og W(C|k)>w

1
A(k) = — log{é B(k) =
(k) N 90k k(c))w (k) N (k. k(e))w

Q(ki, kj)de, 1 + (1 —%O(k,-, k,))ac,j,o}

Z| =l

w(clk) =] [

i<j
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@ degree constraints dw
in integral form Ok k(c) = / H i iwilki—32; ¢j)
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@ degree constraints dw
in integral form Ok k(c) = / H A gwilki=3; Cu)}

sum over graphs:

A(k) _ 1N /dw elw: K H |:1 L X Q k,, k)[e_l (witwj) _ 1]:|
i<j

B(k) = e~ NAK) / dw €' H [1 L ka (ki koo erren) — 1]]
i<j

<o > kbkm){ ) log[ X Qe k)] — 1+ O( )

£<m
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@ degree constraints dw
in integral form Sk k(c) = / H Wi (k-3 cu)}

sum over graphs:

A(k) _ 1N /dw elwk H |:1 L Q K, k)[e_l (witwj) _ 1]:|
i<j

B(k) = e~ NA®) / dw €' H [1 T o ki, et — 1]}
i<j _
w w, 1
x5 S a kbkm){ ) Iog[— Qke, k)] = 1+ O( )]
£<m
@ path integrals to get site factorization:

order parameter: P(k,w) = N=1 3", 0k 0w — wj]
(related to change in entropy upon single node removal)
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@ degree constraints dw
in integral form Ok k(c) = / H —elwiltki—%; Cu)}

sum over graphs:

A(k) _ 1N /dw elw: K H |:1 L X Q k,, k)[e_l (witwj) _ 1]:|
i<j

B(k) = e~ NAK) / dw €' H [1 L ka (ki koo erren) — 1]]
i<j

<o > kg,km)[ ) log[ X Qe k)] — 1+ O( )

£<m

@ path integrals to get site factorization:
order parameter: P(k,w) = N=1 3", 0k 0w — wj]
(related to change in entropy upon single node removal)

@ integral f{deIAD}...via steepest descent, functional saddle-point egns
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Stat mech calculation — analysis of saddle point eqns

@ JV/6P = §W/6P =0,

V[P Bl =i / defD(/g W)P(k,w) + 3 p(k) log / 90 Pt
k

—i(w+w’
+2k dwdw%;P w)P(K', ") Q(k, K )[e~ @) 1]
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Stat mech calculation — analysis of saddle point eqns

@ JV/6P = §W/6P =0,

V[P Bl =i / defD(/g W)P(k,w) + 3 p(k) log / 90 Pt
k

—i(w+w’
+2k dwdw"> " P(k,w)P(K,w")Q(k, K')[e(“+) 1]
Kk!
@ soln of SP egns:
iwk+Fefi“”y(k) k'

P(k,w) = p(k)k! &— " K)=S"Q(k, kK )p(k') =
(ki) = pUOKI S 50 o) = 3 QKKK
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Stat mech calculation — analysis of saddle point eqns

@ JV/6P = §W/6P =0,

V[P Bl =i / defD(/g W)P(k,w) + 3 p(k) log / 90 Pt
k

—i(w+w’
+2k dwdw"> " P(k,w)P(K,w")Q(k, K')[e(“+) 1]
Kk!
@ soln of SP egns:
iwk+Fefi“”y(k) k'

P(k,w) = p(k)k! &— " K)=S"Q(k, kK )p(k') =
(ki) = pUOKI S 50 o) = 3 QKKK

~(k) unique, but how to find it?
special simple kernels only?
numerics?
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Canonical kernel

can solve SP eqn analytically!
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Canonical kernel

can solve SP eqn analytically!

@ Calculate N(k, k'):

/ n( PUK)KY (p(K K k'
n(k,k):o(k,k)(m)(wk)), (k) = ZQK K'\p kv(k,)
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Canonical kernel

can solve SP eqn analytically!

@ Calculate M(k, K'):

Nk, k') = Q(k, k')(m)(

p(K)K
k~y(k’)

/ ! k/
). k)= > QU K)p(K) s

@ transform Q(k, k') — u(k)Q(k, k") u(K'):
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Canonical kernel

can solve SP eqn analytically!

@ Calculate M(k, K'):

: (PR (P(KOK oty K
k, k') = Qk, k') (222 ) (= . (k) =S Qk, K)p(k')=
ek k) = QoK) (g ) (ygiy ) 700 = 2 Qe ki) s
@ transform Q(k, k') — u(k)Q(k, k") u(K'):
: N (PRI (PROKY otk
kK'Y — Q(k, k') (= - . (k) =Y Q(k, K)p(k')=
ek, k) = atk K (05 ) Gy )+ 100 = 20 @tk ket

(k) = (k) / (k)
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Canonical kernel

can solve SP eqn analytically!

@ Calculate N(k, k'):

: (PR (P(KOK oty K
k, k') = Qk, k') (222 ) (= . (k) =S Qk, K)p(k')=
ek k) = QoK) (g ) (ygiy ) 700 = 2 Qe ki) s
@ transform Q(k, k') — u(k)Q(k, k") u(K'):
: N (PRI (PROKY otk
kK'Y — Q(k, k') (= - . (k) =Y Q(k, K)p(k')=
ek, k) = atk K (05 ) Gy )+ 100 = 20 @tk ket

MN(k, k') invariant! 5(k) = ~(k)/u(k)
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Canonical kernel

can solve SP eqn analytically!

@ Calculate N(k, k'):

: (PR (P(KOK oty K
k, k') = Qk, k') (222 ) (= . (k) =S Qk, K)p(k')=
ek k) = QoK) (g ) (ygiy ) 700 = 2 Qe ki) s
@ transform Q(k, k') — u(k)Q(k, k") u(K'):
: N (PRI (PROKY otk
kK'Y — Q(k, k') (= - . (k) =Y Q(k, K)p(k')=
ek, k) = atk K (05 ) Gy )+ 100 = 20 @tk ket

MN(k, k') invariant! 5(k) = ~(k)/u(k)

@ choose: Q(k, k') = N(k, k')kk' /K-
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Canonical kernel

can solve SP eqn analytically!

@ Calculate M(k, K'):

N e o (PUOKY (KK - N K
N(k,K') = Q(k. k )(Wk)) <m<k') ). k) = kZ Atk K)PK )2

@ transform Q(k, k') — u(k)Q(k, k")u(k'):
, o ( Pk KK’ Np(k')—K
Nk, k") — Q(k, k )(ig&)( A (Ii ) ZQ(k K)p fy(k’)
F(k )— v(K)/ (k)

M(k, k') invariant!
@ choose: Q(k, k') = N(k, k')kk' /K-
k’/R)

(k/k>W(k Z W(k, k') <7(k’)

solution trivial!
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Entropy and complexity - final result

1
S[p’ n] = 7N Zp(c|pa n) |Og p(c|pa n)a N[pa n] = eNS[p,I’I]
c

Stat mech calculation:
Slp, N = So —C[p,M] + o(1) (N — o0)

Sy = %(k} [Iog[N/R—F 1] (Erdos —Renyi entropy)
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Entropy and complexity - final result

1
S[p’ n] = 7N Zp(c|pa n) |Og p(c|pa n)a N[pa n] = eNS[p,H]
c

Stat mech calculation:
Slp, N = So —C[p,M] + o(1) (N — o0)

Sy = %(k) [Iog[N/R—F 1] (Erdos —Renyi entropy)

graph complexity:

clp.n =" p(k)log [fgm + L
k

> > " p(k)p(K')kk'TI(k, k') log N(k, k')

kk'

degree complexity degree correlation complexity

(k) = e FK" /K1
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Inform-theoretic distances

Quantifying structural distance between networks:
regard network as random realization of a graph with characteristics {p, [}

1 p(c|pA7 HA)

Dag = —— clpa, Ma) log [PAEIPA 1A)
AB oN ;p( |pA A) g [P(C|PB7 HB)}

p(c|p37 HB)}

1
+— clpg,MNg)lo
oN ;p( |pB B) g [P(C|PA,|_|A)
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Inform-theoretic distances

Quantifying structural distance between networks:
regard network as random realization of a graph with characteristics {p, [}

p(c|pa; HA)}

p(c|ps,MNg)
p(c|ps; HB)}

p(c|pA7 I—IA)

1

Das = N ;P(C|PA7 Ma)log [
1

5N ;P(CWB, Mg)log [

stat mech result:

DABf2ZP og |:p ( }+ZMHA(k,k/)|OQ [M]

pe(k)) 224k s (k. k')

ps(k) ps(k)ps(k')k Niog [HEK: K)
zZPB og [ 2] + D “‘”‘”“ﬂm}
+o(1)
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e Analysis of tailored random graph ensembles

@ Application to real PIN data
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Application to PIN data - understanding imperfections

PIN data reproducibility low (overlap),
problems with degree correlation patterns ...

Hpylori (Y2H2001) oy

C.jejuni (Y2H 2007)

S.cerevisiae ll(core)(Y2H 2001)

S.cerevisiae XII (Y2H 2008)

1
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k

1
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K
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clustering of PIN
datasets with
inform-theoretic
distance measure

ACC Coolen (

Distance
0 5 10 15
L 1 1
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S.cerevisiae V
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H.sapiens Il
S.cerevisiae XII
S.cerevisiae Il
S.cerevisiae |
S.cerevisiae Il
M.loti
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Synechocystis
H.pylori
H.sapiens IIl

D.melanogaster
P falciparum
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H.sapiens 1V |

Il Yeast-two-Hybrid

Affinity Purification-Mass Spectrometry

Database Datasets

Distance
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B
Protein Complementation Assay
Data Integration

/20 29/43



clustering of PIN
datasets with
inform-theoretic
distance measure

Distance

5 10 15

L 1 1 1
C.jejuni
S. iae X
s. isiae VIl
S.cerevisiae V
S.cerevisiae XI
T.pallidum

E.coli
S.cerevisiae VII l

H.Sapiens | sy
H.sapiens Il
S.cerevisiae XII
S.cerevisiae Il
S.cerevisiae |
S.cerevisiae Il
M.loti
C.elegans
Synechocystis
H.pylori
H.sapiens IIl

D.melanogaster
P falciparum
S.cerevisiae IV
S.cerevisiae IX
S.cerevisiae VI
H.sapiens IV

Il Yeast-two-Hybrid

Affinity Purification-Mass Spectrometry

Database Datasets

Distance
0 5 10 15
T Ty S Y W)
S.cerevisiae VIII
S.cerevisiae IV
S.cerevisiae IX
S.cerevisiae VI AP-MS
S.cerevisiae XI PCA
S.cerevisiae Xl
S.cerevisiae Il
S.cerevisiae |
S.cerevisiae Il Y2H
B
Protein Complementation Assay
Data Integration

@ PINs of same species and measured via same experimental method are
statistically similar (in spite of limited overlap)
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clustering of PIN
datasets with
inform-theoretic
distance measure

Distance
5 10 15
L 1 1 1

C.jejuni

S. iae X
s. isiae VIl | |

S.cerevisiae V
S.cerevisiae XI
T.pallidum

E.coli
S.cerevisiae VII l

H.Sapiens | sy
H.sapiens Il
S.cerevisiae XII
S.cerevisiae Il
S.cerevisiae |
S.cerevisiae Il
M.loti
C.elegans
Synechocystis
H.pylori
H.sapiens IIl

D.melanogaster
P falciparum
S.cerevisiae IV

S.cerevisiae IX
A S.cerevisiae VI
H.sapiens IV

Il Yeast-two-Hybrid

Affinity Purification-Mass Spectrometry

Database Datasets

Distance
0 5 10 15
5 DT e
S.cerevisiae VIl
S.cerevisiae IV
S.cerevisiae IX
S.cerevisiae VI AP-MS
S.cerevisiae XI PCA
S.cerevisiae Xl
S.cerevisiae Il
S.cerevisiae |
S.cerevisiae Il Y2H
B
Protein Complementation Assay
Data Integration

@ PINs of same species and measured via same experimental method are
statistically similar (in spite of limited overlap)

@ PINs measured via same method cluster together, revealing bias
introduced by experimental method that overrules species information
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e Generating tailored random graphs numerically
@ Degree-constrained ‘shuffling’
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Generating tailored random graphs

GIK]: all size-N graphs with degrees k
How to generate ¢ € G[k] from ensembles
p(c|k) or p(clk, M) numerically?
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Generating tailored random graphs

GIK]: all size-N graphs with degrees k
How to generate ¢ € G[k] from ensembles
p(c|k) or p(clk, M) numerically?

— sampling all graphs in GIK]: in principle easy
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Generating tailored random graphs

GIK]: all size-N graphs with degrees k
How to generate ¢ € G[k] from ensembles
p(c|k) or p(clk, M) numerically?

— sampling all graphs in GIK]: in principle easy
— main difficulty: sampling with correct probabilities
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Generating tailored random graphs

GIK]: all size-N graphs with degrees k
How to generate ¢ € G[k] from ensembles
p(c|k) or p(clk, M) numerically?

— sampling all graphs in GIK]: in principle easy

— main difficulty: sampling with correct probabilities

common method to generate graphs with degrees k:
@ construct ad hoc graph with k

@ shuffle links (randomize) I I —
via ‘edge swaps’
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Generating tailored random graphs

GIK]: all size-N graphs with degrees k
How to generate ¢ € G[k] from ensembles
p(c|k) or p(clk, M) numerically?

— sampling all graphs in GIK]: in principle easy

— main difficulty: sampling with correct probabilities

common method to generate graphs with degrees k:
@ construct ad hoc graph with k

*———-o0
@ shuffle links (randomize) I I —
via ‘edge swaps’ ——o

randomly drawn edge swaps: ergodic on G[K]
often assumed to give uniform probabilities, i.e. p(c|k) ...
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Generating tailored random graphs

GIK]: all size-N graphs with degrees k
How to generate ¢ € G[k] from ensembles
p(c|k) or p(clk, M) numerically?

— sampling all graphs in GIK]: in principle easy
— main difficulty: sampling with correct probabilities
common method to generate graphs with degrees k:
@ construct ad hoc graph with k
*———-o0
@ shuffle links (randomize) I I —

via ‘edge swaps’ ——o

randomly drawn edge swaps: ergodic on G[K]
often assumed to give uniform probabilities, i.e. p(c|k) ...

—is this true?
— how to generate graphs from e.g. p(clk, M)?
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e Generating tailored random graphs numerically

@ Formulation as a stochastic process
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Generating graphs - Monte-Carlo

How to generate graphs from G[K]
with probabilities p(c) numerically?
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Generating graphs - Monte-Carlo

How to generate graphs from G[K]
with probabilities p(c) numerically?

@ stochastic dynamics a la Monte Carlo dynamics in spin systems
elementary moves: edge swaps (conserve all degrees)
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Generating graphs - Monte-Carlo

How to generate graphs from G[K]
with probabilities p(c) numerically?

@ stochastic dynamics a la Monte Carlo dynamics in spin systems
elementary moves: edge swaps (conserve all degrees)

vee GKl . pi(e)= Y W(elc)pi(c)
¢’€GlK|

W(ele') = > q(FIe’) [se.re A(FE/|C) + oo [1 — A(FE'I)]]
Feo

o: set of all edge swaps

given state ¢’:

— propose an allowed ‘edge swap’ F with prob q(F|c’)
— carry out ¢ — ¢’ = Fc with acceptance probability A(¢’|c)
— repeat until equilibrium
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difference with e.g. MC dynamics in spin systems:

I
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difference with e.g. MC dynamics in spin systems:

*——0
tall d‘ed " are allowed I I >
not all proposed ‘edge swaps’ are allowed ...
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difference with e.g. MC dynamics in spin systems:

not all proposed ‘edge swaps’ are allowed ...
nr of possible moves depends on current state ¢
(similar to e.g. constrained dynamics in spin chains)

L
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difference with e.g. MC dynamics in spin systems:

*——0
not all f ’ I -
proposed ‘edge swaps’ are allowed ...
nr of possible moves depends on current state ¢
(similar to e.g. constrained dynamics in spin chains)
Ir(c) =1if Fcanactonc,
zero otherwise
n(c) = Z Ir(c) mobility of €
Feo
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difference with e.g. MC dynamics in spin systems:

not all proposed ‘edge swaps’ are allowed ...

nr of possible moves depends on current state ¢
(similar to e.g. constrained dynamics in spin chains)

Ir(c) =1if F can actonc,

zero otherwise

n(c

)= Z Ir(c) mobility of €

Feo

process to converge to p..(¢) = %e—H(C);

q(Fle)
A(clc’)

ACC Coolen (KCL)
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difference with e.g. MC dynamics in spin systems:

not all proposed ‘edge swaps’ are allowed ...

nr of possible moves depends on current state ¢
(similar to e.g. constrained dynamics in spin chains)

Ir(c) =1if F can actonc,

zero otherwise

n(c

)= Z Ir(c) mobility of €

Feo

process to converge to p..(¢) = %e—H(C);

q(Fle)
A(clc’)

Ir(c)/n(c)

n(c’)eHIHE-HE]

[ —

n(c/)e*%[H(c)*H(c')] 4 n(c)e%[H(C)*H(C’)]

entropic effect reflecting the mobility of graph ¢
naive accept-all edge-swapping: p(€) = n(€)/ > ¢/ g N(€’) ---
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e Generating tailored random graphs numerically

@ Graph mobility
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Calculation of graph mobility

combinatorics of admissible edge swaps
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Calculation of graph mobility

combinatorics of admissible edge swaps
Q=1{(i,j,k,0) € {1,...,N}* i<j<k<(}, ordered node quadruplets

possible edge swaps , Il

e HE Y XM
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Calculation of graph mobility

combinatorics of admissible edge swaps
Q=1{(i,j,k,0) € {1,...,N}* i<j<k<(}, ordered node quadruplets

possible edge swaps , Il

e HE Y XM

group into pairs (,IV), (I,V), and (111,VI)
auto-invertible swaps: F,,kg,a, W|th i<j<k<tlanda € {1,2,3}

I,‘jkg;1 (C) = C,'jCkg(1 - C,‘g)(1 — Cjk) + (1 - C,'j)(1 — Ckg)C,'ngk
likea(€) = cjcke(1 — cik)(1 = Cje) + (1 — €;j)(1 — Cke)CikCje
likes(€) = cuCie(1 — cie)(1 — i) + (1 — Cic)(1 — Cje)CieCi
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Calculation of graph mobility

combinatorics of admissible edge swaps
Q=1{(i,j,k,0) € {1,...,N}* i<j<k<(}, ordered node quadruplets

possible edge swaps , Il

e HE Y XM

group into pairs (,IV), (I,V), and (111,VI)
auto-invertible swaps: F,,kg,a, W|th i<j<k<tlanda € {1,2,3}

I,‘jkg;1 (C) = C,'jCkg(1 - C,‘g)(1 — Cjk) + (1 - C,'j)(1 — Ckg)C,'ngk
likea(€) = cjcke(1 — cik)(1 = Cje) + (1 — €;j)(1 — Cke)CikCje
likes(€) = cuCie(1 — cie)(1 — i) + (1 — Cic)(1 — Cje)CieCi

[ o(C) = 1:
ijke; ( ) I]kfoc(c)qf =1 —qu for (q, r) S Sijkl;oc

Fike.a(C)ar = Cgr for (q,7) & Siikea
8’7k£;1 :{(i,j),(k,£)7(i,f),(j, k)}’ Sijk@;QZ{(i’j)’(k’E)’(iv k)7(f’£)}
Sijké;SZ{(ia k)’(jve)v(iae)a(j’ k)}
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N 3
calculate n(e) = > i ; k< 2=t likea(C) ..
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N 3
calculate n(e) = > i ; k< 2=t likea(C) ..

1 1 1 1 1
n(c) = (Zk) y Zkf -3 Zk,? + ZTr(c“) - éTr(c3) -5 %:k,-c,jlg

invariant state dependent
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N 3
calculate n(e) = > i ; k< 2=t likea(C) ..

1 1 1 1 1
n(c) = (Zk) y Zkf -3 Zk,? + ZTr(c“) - éTr(c3) -5 %:k,-c,jlg

invariant state dependent

consequence:
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N 3
calculate n(e) = > i ; k< 2=t likea(C) ..

n(c) = (Zk) lzi:k,- Zk2+ —Ti( ch,,

invariant state dependent

consequence:

general and exact Monte-Carlo recipe
for generating random graphs with
prescribed degrees (ki, ..., Ky)

and arbitrary measures

HOTT 0k,
> e—H(©) I 5ki,Z/ S

p(c) =
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An example

MN(k, k’|eo)
2 W

P(K)

P
M(k, k') (theo

I

’

N = 4000, (k — K')?

(k) =5 KD = (5 = ok + k(B — ek + k]
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Ongoing work
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Ongoing work

@ very easy:
directed networks, ¢; # ;i

P(Kin, Kout)
S = (K)[1 +log(N/(K))] - ka: P(Kin, Kour) 109 W] T
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Ongoing work

@ very easy:
directed networks, ¢; # ;i

P(Kin, Kout)
= (001 +1oa(N/ (] = 5 plkn K09 SR I

@ easy:
effects of sampling a fraction x € [0, 1] of the nodes

p(klx) = 37 oK) (/€ ) (100
k'>k
Wik kK1) =3 S W(gq (g—1)! (g—1)!

2. 2 M@ DG 1iq—k) (- 1)i(q—)

x(1=x)TH Xk (1 = x)THK xk=
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@ intermediate:
ensembles with hidden variables

k k
pelk.x) = 1H5k,,k ) T [7Q05 %)0e,1 + (1 = 5,006, %))06,0]

i<j
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@ intermediate:
ensembles with hidden variables

p(clk,x) = 1H5kk H[k Q(X;, X)36,.1 + (1 —%o(x,-,x,-))ac,.,,o]
i<j
fk[1 +log(N/k)] +Zp )log p(k) — > _ p(k)log[p(k)/m(K)]
k

——kZWx x')log[W(x, x")/ W(x)W(x')] + en

xx!

Q(x. x') = W(x.x)/p(x)p(x').  W(x.x') = NEM S G
ij
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@ intermediate:
ensembles with hidden variables

Pk = 2 T L[ @00 ), + (1~ Ko@),

i<j

*k[1 +log(N/K)] +ZP )log p(k) — > p(k) loglp(k)/m (k)]
k

——kZWx x')log[W(x, x")/ W(x)W(x')] + en

xx!

Q(x. x') = W(x.x)/p(x)p(x').  W(x.x') = NEM S G
ij

most probable x to explain ¢?

maximize for x € D:
evidence for structure no overfitting

Qlx] = >~ W(x, x[e)log | Wix, xc) 2 log |D|

W(xje)W(x'le)] &
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@ hard:
ensembles that involve loops ...
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@ hard:
ensembles that involve loops ...

eu Z,; cj+v Zijk CijCjk Cxi

— 1 _ 1
p(c) = Z(0, V) , k= <N ; cj), m= <N ijzkcijcjkcki>
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@ hard:
ensembles that involve loops ...

eu Z,; cj+v Zijk CijCjk Cxi

— 1 _ 1
p(c) = Z(0, V) , k= <N ; cj), m= <N ijzkcijcjkcki>

here

.0 - 0 _ 0
S:¢(U? V)_)!m a(ﬁ(XU,XV) k= % (U, V)a m = a (U, V)

P(u,v) = 1N log ) " eMJon (ur+vi®)e(ule)
c
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@ hard:
ensembles that involve loops ...
eu Z,; cj+v Zijk CijCjk Cxi

— 1 _ 1
p(c) = Z(0, V) , k= <N ; cj), m= <N ijzkcijcjkcki>

here

.0 - 0 _ 0
S:¢(U? V)_)!m a(ﬁ(XU,XV) k= % (U, V)a m = W (U, V)

P(u,v) = 1N log ) " eMJon (ur+vi®)e(ule)
Cc
spectrum formula

2 . 0 . _lid-le—
olule) = - limims”log Z(u+isle)  Z(ule) = /d¢e 3ile—pulp
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@ hard:
ensembles that involve loops ...

eU Z,’/ Cj+v Zijk CjjCjk Cki _ 1 o 1
ple)= Z(u,v) - k={g ; cj), mM={y %; CjCik Cii)
here
. 0 — o - o
S=¢(u,v) —le 5¢(XU’XV) k = % (u,v), m= p (u,v)

P(u,v) = 1N log ) " eMJon (ur+vi®)e(ule)
c

spectrum formula

2 . 0 . _lid-le—
olule) = - limims”log Z(u+isle)  Z(ule) = /d¢e 3ile—pulp

result
i1 2 (2up+3vpu?)

o(u,v) = I|m —IogZH{ (p+iele) ‘Z(u+is|c)]
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@ hard:
ensembles that involve loops ...

eU Zij Cj+v Zijk CjjCjk Cki _ 1 o 1
ple)= Z(u,v) - k={g ; cj), mM={y %: CjCik Cii)
here
. 0 — o - o
S=¢(u,v) —le aqb(xu,xv) k = % (u,v), m= p (u,v)

P(u,v) = 1N log ) " eMJon (ur+vi®)e(ule)
c

spectrum formula

2 . 0 . _lid-le—
olule) = - limims”log Z(u+isle)  Z(ule) = /d¢e 3ile—pulp

result
i1 2 (2up+3vpu?)

o(u,v) = I|m —IogZH{ (p+iele) ‘Z(u+is|c)]

imaginary replicas?
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Much interesting
equilibrium and nonequilibrium stat mech
at the interface with cellular biology!
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Much interesting
equilibrium and nonequilibrium stat mech
at the interface with cellular biology!

nonequilibrium stat mech of large cellular reaction equation systems

nonequilibrium stat mech of large gene regulation networks

°
°
@ stat mech of tailored random graph ensembles
@ stochastic evolution of graphs

°
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=— Conrad Pérez-Vicente
E&3 Sabrina Rabello

bio-informatics:
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theory:

B B Alessia Annibale

B B Ginestra Bianconi

B B Andrea De Martino

® Kazushi Mimura

=— Conrad Pérez-Vicente
E&3 Sabrina Rabello

bio-informatics:

Bl Luis Fernandes
B0 Franca Era}ternali papers:
= Jens Kleinjung
CJ Pérez-Vicente and ACCC, J.Phys.A41 2008
G Bianconi, ACCC and CJ Pérez-Vicente, Phys.Rev.E78 2008
K Mimura and ACCC, J.Phys.A42 2009
ACCC and S Rabello, J.Phys.Conf.Series 197 2009
ACCC, A De Martino and A Annibale, J.Stat.Phys.136 2009
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ACCC, F Fraternali, A Annibale, LP Fernandes and J Kleinjung, preprint 2010
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