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e Motivation

@ Biological processes on networks
@ Random graphs as proxies
@ Graphs with many short loops

e Taming the short loops
@ Strauss ensemble
@ Spectrally constrained ensembles
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Biological processes on networks
i 7

@ protein interaction networks

process: chemical reactions

nodes: proteins species

links: ¢j=1 if i can bind to j
c;=0 otherwise

nondirected

N~10* links/node~7

@ gene regulation networks

process: transcription
nodes: genes

links: ¢;j=1 if j is transcription factor of i
c;=0 otherwise

directed
N~10*, links/node~5
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Problem | was interested in

@ non-equilibrium statistical mechanics of biochemical reaction processes
using generating functional analysis (proteome, transcriptome)

JACCC, Rabello 2009]

then got side-tracked ...

@ need realistic graph ensembles in GFA:
tailoring random graphs to resemble observed networks

[ACCC, Perez-Vicente 2008; Bianconi, ACCC, Perez-Vicente 2008;
Annibale et al 2009, Roberts, ACCC, Schlitt 2011;
Roberts, ACCC 2014; Annibale, ACCC, Planell-Morell 2015]

@ protein interaction data very unreliable:
modelling/decontaminating experimental bias

[Annibale, ACCC 2011]

@ algorithms for generating random graphs from tailored ensembles
[ACCC, De Martino, Annibale 2009; Roberts, ACCC 2012]
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Random graphs as proxies

stat mech of process on network ¢*,
use random graph ¢ as proxy

@ tailored random graph ensemble Q;:

max entropy ensemble, constrained by
values of wy(€)...w.(c)

Qkard . p(c H (Swg ),we ()

<L

QP p(e) o eXi=1 @@ () = we(ct) Ve

all graphs

@ approximate process on ¢*:
PP P w1(€) =1 (")

average generating function
of process over graphs in Q;

wa(€)=wa(c*)

larger L — better approx

wa(c) =w3(c¥)
eC”
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which observables
w(e) = {wi(c),...,wi(e)}

to carry over from real network?

@ in statics:
_ i< CitLij n
-8 _HO®) _ Zc 5w,w(c)e o : o _a
€ ot - ] Llj — ,BJ,/ agj O
> e 0w wi(c) ; U
@ in dynamics:
-y i,.(;) S idijoi(t) Zc 60) w(c)ezid C'JL/'/ . R R
e it hi j Cidioj(t) — Z 5 , L= _IJUZ[hi(t)o'j(t)+hj(t)0j(t)]
¢ ‘w,w(c) 7
in both cases
L c..L..
to do analytically: Z 5w,w(c) e2i<) Cili
. —\— T/
hard easy

seems to boil down to:
can we calculate ensemble entropy?
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Shannon entropy per node
of tailored graph ensembles

@ constraint: (k)
(ER ensemble)

@ constraints:
P(K) =% >0k ki(e)

@ constraints:
P(K) =% >0k k(e)

W(k, k') =7y chﬁ5k,k;<c)5k',kj( o)
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[1 +Iog(

—[1 +Iog(

1

N
W+
Zp g[p
(k) = e~ ® (kYK /K1
N p(k
Z"’ WLt

W(k, k')

2ZW(k,k’)mg [W + o

k,k’

[Annibale, ACCC, Roberts, ... 2009-2011]
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Tailoring graphs / all graphs \
further ...

candidates: ki=>ci=4
)

generalised degrees, m; =32 CjCk = 20

node neighbourhoods,

) ~ .“: i = k[; /S = 4; 3747 67 7
‘7;&/\(\‘ S m = (ki {&}) = ( )
AN

\,/

A

[Roberts & ACCC 2014]
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Graphs with many short loops

Ising spin models on
tailored random graphs

Qa: correct (k)
Qg: correct p(k)
Qc: correct p(k) and W(k, k')

@ c¢* = d-dim cubic lattice Te(d) ,| 7
p(k) = 5k,2d ! ‘\'_. 7 To(4) 6,667
o t | To(3)~4.512
o \ 4 Te(2)=2/log(1+/2)
0 * e Te(1)=0
Qa Q5 Q¢
@ c¢* = ‘small world’ lattice Te(q) ot o |
p(k>2) = e~ 99 ?/(k—-2)! | ot To(8)=2/109(§ +§V/7)
4 of | Te(@)=2/10g(3 + VA7)
2l S 1 Te(1)=2/l0g(1++/2)
0 — To(0)=0
Q Q5 Q¢
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It is all about short loops ...

critical temperatures T¢(d)

degrees 4-loops [ d=1 d=2 d=3 d=4
random, (k) =2d 1.820 3.915 5.944 7.958
random, p(k) =4k 24 v 0 2.885 4.933 6.952
hypercubic Bethe v v 0 2.771 4.839 6.879
true cubic lattice v v 0 2.269 4.511 6.680

hypercubic Bethe lattice:
‘tree of hypercubes’

— correct local degrees
— geometric (non-random)
— finite nr of short loops per site

ACC Coolen (KCL)
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most informative
next observable w(c)
to add?

@ random graphs with
prescribed p(k), W(k, k'):
locally tree-like ...

protein interaction networks:
many short loops ...

realistic physical lattices:
many short loops ...

@ realistic graphs:
w(c) must count short loops

most analysis methods,

2=

e.g. replicas, GFA, cavity, belief prop, ...

require locally tree-like graphs
(modulo loop corrections)
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Tr(c®)

0

human protein
interaction network

L L
0 100000 200000 300000

randomisation with conserved {p, W}

exceptions:

cubic lattices d <3
spherical models
recent immune models
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Immune model
of Agliari and Barra

B-clones {b,}, T-clones {0/} and cytokines {¢/'}
map to model with effective T-T interactions

aN
c c
H=- ZJI[UIU]: Jj = Zﬁ#ﬁ;ﬂ p(&f) = N [55;‘,1 + 5g,“,71] +(1 *N)‘Sg;ﬂo

i<j p=1
ac® < 1

SRR B
oy
VE B oL S AR

oo
0-0_0-00-0
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Exactly solvable
in spite of short loops ...

[Agliari, Annibale, Barra,
ACCC, Tantari, 2013]

here: J = ¢T¢

&: sparse px N matrix with iid entries

25

1.5¢

0.5¢

no clonal cross-talk

clonal cross-talk

map to model with spins + Gaussian fields,

on tree-like bipartite graph &

0.5 1 1.5 2 2 5 3

D £ M
o

is a special case!
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Strauss ensemble (aka random triangle model)

Simplest loopy graph ensemble

control (k)
and nr of triangles

p(c) o eU Zi/ Cj+v lek CjjCjk Cki

[Strauss 1986; Jonasson 1999]

@ to calculate:

k) = (e,
i

@ generating function:

challenge:
sum over graphs
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()b:

1

=

(m) = <1N > _CiGkC), S= N > p(c)log p(c)

ik c

Iog} :euz,}- c,',-+v2,.ik CjjCjk Cri <m
c
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Early results

@ Strauss 1986

— no theory
— triangles ‘clump together’

@ Jonasson 1999
—u=—JalogN+...

— phase transition, ve= g5 logN + ...

@ Burda et al 2004

— u=—}logN+...

— perturbation theory in v:
formula for nr of triangles (T),
ve =O(logN)...

@ Park & Newman 2005

— u=0(1) so (k)=0(N)
— mean-field approx:
p(c) — QU225 GtV Tk C/j<cjkcki>’

ACC Coolen (KCL) Loopy Networks

ensemble:

,D(C) o euz,-j Cj+Vv Z,jk CjjCjk Cki

eqns for m=(c;), q=(CCi)
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Generalisation to spectrally constrained ensembles

@ control closed paths

of all lengths p(c) x QY20 G + Xoeza Ve Xiy.iy g G+ Cighy

generating function:
use Cj = CjiGji
(k) = 0¢/0u
|ngeu Tr(c?) + S veTr(c’) (my) = < Z)> = 0¢/0Vi
S=9¢- U<k>_2523 ve(me)

@ since Tr(c’) = N [du plo(ulc):

N Jdp o(u)e(ule)
control spectrum o(y) p(e) xe

generating function:

_ 1 N fdp a(u)e(ule)
¢ = plog Zc: e
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A possible analytical route

_ 1 uSy G+N fdu o(u)e(plc)
6= Nlog;e i N

ER/Burda regime: u = —% log N + O(1)

@ derive

— lim L U Ci . IAN(p) ST oAy CHAMK)
¢—E!'An10Nloch:e i H{z(uﬂg\c) Z(uticle) }

o

Z(ule) = [ape PP ) = 18 o)

@ replicas, steepest descent for N— oo,
continuation to imaginary dimensions,
limits e,0 and A |0

@ replica symmetry, bifurcation analysis,
phase transitions and entropy, RSB feasible?
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Key identity

spectral ensemble constraints,
use Edwards-Jones (1976):

2 . _lichle—
o(ule) = mggglm% log Z(pticle),  Z(ule) = / dgp ¢~ 2P lemntlP

insert into ¢,
integrate by parts,

discretise ¢

1N log 3 et Sy er+N i ) meio Im . og Z(u+ile)
u-integral: ¢

1 2Imlog Z(p-+iele). 22 p
lim —lo U2 G T g—2Imlog Z(u+icle). 255 0(k)
e,al0 N g ; 1;[

672 Imlogz _ Azl
4 ﬁé(u)

L — |y l UZ,- Cj o e TP
o= E!Igﬂg N Iogzc:c i /H[Z(/L+IE|C) Z(pu+iele) }

"
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Some relevant questions

@ Q1: How informative are spectra of finitely connected graphs?

@ Q2: How many non-isomorphic graphs are there with
given degrees (ki, ..., ky) and a given spectrum o(u)?

@ Q83: How similar are processes running on non-isomorphic graphs with
the same degrees (k1, .. ., ky) and the same spectrum o(u)?

(spherical spins: free energies identicall)
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Ara. thaliana Mus. musclilus
- N=427 N=907
spectra of protein 90
interaction networks . ;
ol lolo L .A|
Sch. Pombg Pla. falcipafum Cam. jejun Esc. coli
N=1114 N=1272 N=1325 N=2457
. L. L i) , , .
Cae. elegaps Sac. cerevisiae Dro. melanpgaster H. sapiens
N=2528 N=3241 N=7286 N=9463
. [ J i Ll A . i 1 . L J
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spectra of periodic o2
cubic lattices

d=1 a=2
N=250

N—oo:

ACC Coolen

00 00 £ 00
6 5 4 32 10 1 23 456 1210 8 6 4 2 0 2 4 6 8 1012 2108 6 4 2 0 2 4 6 8 1012 12108 6 4 2 0 2 4 & 8 10 12

vaii) = | X ga(p—2008(nx)),  o1() =

Loopy Networks

0(2—|u))
/A2

[Berlin, Kac 1952]
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Co-spectral and DS graphs

co-spectral graphs

identical nr of edges and
closed paths of any length

DS graphs
determined fully by their spectrum
(modulo isomorphisms)

examples of non-DS pairs

N=5: one pair N =6: five pairs

Xomzzzmzz«%
SRS & S & SN =5 S = 5

N = 10: regular example pair N = 13: example of co-spectral trees

ACC Coolen (KCL)
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@ N<5: all graphs are DS n # graphs| A
2 2 0
@ N=5,6: some non-DS, 3 40
but different degrees . Hp -0
— 5 341(0.059
6 156(|0.064
@ almost all trees are non-DS 7 104410105
8 12346(|0.139
@ N— oo expectation: 9 274668]|0.186
nearly all graphs are DS 10 120051680213
11 1018997864 ((0.211
[Schwenk 1973, 12]165091172592(0.188
Van Dam & Haemers 2002] t T
size non-DS fraction

DSDS graphs

determined fully by
spectrum and degree sequence

nothing known ...
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Order parameter egns

does the entropy calculation work
for the generalised Strauss model?

T l udicj . Ny 7 [ ioimyu
o= lim 5 log §C ! Z 11:[[Z(u+1s|c) w Z(p+ielc) ]
iad
Ny =—My = ?@Q(N)

@ preparation:
u=—}log(N/k):

T ] eV T e ™ 1
¢ = §k+€!monlog<1:[[2(u+1e|c)' Z(p+ielc) >ER+ ()

Z(ple) = /]RN% o~ 1PN

per(€lR) = [ [0+ (1= 2)5e,0]

i<j
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um

@ evaluate Z(u+ie|c)™ and Z(p+ielc)
for integer n, and m,,

average over graphs

1P e—un [ T e bt e—ptt)
{ I [ o 9] [ ] [ gttt i ]}>ER
a,=1 Bu=1
/H d¢d¢f o~ He—in)(@)P - 1s+1u)¢)2]622,#j|og{1+,v[exp[1’l/) Y- . P-1]}
¢i = {¢L,O¢MSNH}7 wi = {wL,ﬂugmu}

@ functional order parameter

ch = {¢l"7au§nu}

W B R LG L IR DL CREALURES)

theory in terms of
P(¢,%) and P(¢,v)
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@ path integral form,
steepest descent for N — oo:

6= e!iArTlo extryyp py V[{P, P}

VRN = i [dsds 2@ 9@ w)
45k [dpavde ay's(s, w0, ¢ Y@
+log /dff)d’l,b o 3P (1-MP— L Y- (1M —iP(,7)

My airar = 10pprdaar

¢ = {¢H7f’4u§”u,}7 nM = %i@(p’)
Y = {Yupu<m,}y My =—23-0(n)
@ saddle-point eqns,

Q = exp[—if):
¢, ) = exp [R/ddfdw’ ?(gb/’w/)ei(’lpl/ﬂid),gb/)]
1@ (c1-iM)P— L P (e T+iM)T)
) = O(¢, e

Jdg'dy’ Q(¢ )~ 2P (1= 39" (Tt my)’
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@ De Finetti, (v, ¢) = P(, 9):

2(6.9) = [tampwiia][I] I 7(érnc )] [ TT I WG]

poog=1 wo Bu=t

/ (A }W[{r}] = 1, / dp n(dlu) =1 for all

@ insert into saddle-point eqgns,
AL A = [du
Seso 5 [ (TL<eddmdWHm ) Dl .. e }lo [m =TT, meH]

Wl{r)] = -
S ezoe 5 [ (TTcddm Wi }]) D, .. e}

if no loops: D[..] =1
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@ further simplification:
o~ 2e#” = bix() B +y(n)d

m(Plp) =

fd¢/ 776"75’ *15 X(p)d"2+y (1)’ : W[{Tf}] - W[{Xay}]

@ insertinto RS eqns,
take €] 0

S ezoPe J (I, <ofdxedy } W{xe, yr}1) DL ] 6 [x = Ful. ]S [y = Fy[- . ]]

Wiix, v}l = om0 Pe [ (T, < {dxedy }W[{xr, y: 1) DL . ]

Flul{xa, ol = —n =3 r(M

r<¢t
Bl oyl = = 3 40 p = R /0
r<e X\
. [1]X1,y15- - X0, Y]
Bl o e go}] — o 80 [ i xS

everything real-valued!
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Phase transitions

@ symmetry:
P(o, ) = P(—¢, —v)
i.e. {y} = {-y}

weakly symmetric : WI{x,—-y}] = W[{x,y}]
strongly symmetric : WI[{x,y}] = W[{x}] §[{y}

@ symmetry-breaking:

SGtype:  W[{x,y}] = WH{x}6[{y}] — WI{x, -y} = W[{x,y}]
Ftype:  W{x,y}]= WI{x}o[{y}] — W{x, -y}l # Wlix, y}]

functional
moment

expansion P(pas - pnl{x}) = /{dy} WyIxH y(u) - - y(pn)

= 0(e") close to transition
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Loopy proxies for loopy lattices

method seems to work (ky =2d
for ensemble entropies ...

k=(2d,...,2d)

how about processes?

Q(:u’) = QCubic(,u)

transition temp T¢(d)
[ d=1 d=2 d=3 d=4

random, (k)=2d 1.820 3.915 5944 7.958
random, k=(2d,...,2d) 0 2.885 4933 6.952
random, k=(2d, . ..,2d), o(p)= ocubic(1) ? ? ? ?

d-dim cubic lattice 0 2.269 4511 6.680
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Free energy density

Ising model on random graph
from tailored loopy ensemble:

p(o|c) x exp[—BH(o]|c)], H(eolc) = —JZ cjoioj — hz o

i<j
replica approach:

9(c) =3, p(c)g(c)

f=— lim Ilm—log Z PN i Eomy oF = ONEert (T 1., O)

N—oo naO

o0

1 1 o 1
Eeﬁ'(o-‘]a"'?o-N):7/37N|09e25‘]z”c’/ T O',':(O',',...,O','n)

MaxEnt ensembles: R N _
(soft/hard spectral pa(c) o eI 2ielie I1 Oy o) = o(ple)

, e
constraint) ! N

pa(c) o 0k [o(n) — o(ule)] | Ok, ¢
i=1
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5,(1.72/. o in integral form,
formula for spectral constraint,
spin order parameter D,
steepest descent:

—pBf = Jy@oextr{pyx}\ll[@,x]
D] = 1 {1093 (@) =" = 3 Do) log (o) - BEa(D))
g o

o=(c',...,0"), D(o)= lim 72 Haa[,

N—oo N
a<n

Effective interaction —BEZ2(D) = Es4[00, D] — Eo[d0, D]
energies: . .

BEc(D) = Esy[d34, D] — Eolo, D]
ok(p) 5

o(p) = ——~¢&«lok,D
solved from ( ) (S.QK(N) K[ K ] as in generalised Strauss!

—_———
5}([@7 'D] = lim lim lim lim extr{p oy \UK[?, Q|D]

Al0 £]0p HA({A@(M) my——ng,
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spins on k-regular lattice:
Vk[P, QD] = — Z/ dw /dqbd’t,b P(o, P, v, w)log e, ¢, 1, w)
a —1T
+ 1/_( Z / dwdw’eKUULi(Ww')/dd’d,'bdqb/d,(/}/ Plo, b, 1, w)P(o, &, W, W)
%WV --d)
+ > D(o)log [ Wg—:e*‘” depdep Q(cr, b, b, w)e ™ FP(E1-MP—J¥ (e Lsimyp

o

¢ = {(z)u,a“ﬁnu}a 170 = {qu,/ﬁ#gmu}’ Mu,a;,u/,a’ = /Ms,uu’éaa/

comparison: generalised Strauss entropy
VP9 = - [dody 2(6.4)log 26, ¥)
+ 5K [dpdvdg'ay’ 2(o.p)9(@, @)WY @
+log / dpclap Q(p, Yo~ 3P C1-MD— 39 (1M
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@ new analytical approach to (processes on) loopy networks,
based on graph ensembles characterised by
degrees and spectrum

@ replica formula for tricky constraint
in which sum over graphs can be done
(via Edwards-Jones)

e 2000t — i TT[Z(u-+iele)™ Z(uticle) "]
e,
m

_lihfe— Ad
2(ule) = [ag e BPENP n) = 2 L0

@ exact order parameter eqns
in replica language

@ imaginary replica dimensions
become real at saddle-point

@ RS order parameter equations for loopy graphs
similar to RSB order parameter equations for tree-like ones
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