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Tailoring random graph ensembles

Motivation:

stat mechanics of process on complex network ¢*,
use random graph ¢ as proxy

@ max entropy ensemble 2;, constrained
by values of wi(€)...w.(c)

hard constraints:  p(€) o< [ [ duy(e)rie)
<L

soft constraints:  p(€) o eXi=1 P9 1, (€)) = we(c™) VA
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Tailoring random graph ensembles

Motivation:

stat mechanics of process on complex network ¢*,
use random graph ¢ as proxy

@ max entropy ensemble 2;, constrained
by values of wi(€)...w.(c)

hard constraints:  p(€) o< [ [ duy(e)rie)
<L

soft constraints:  p(€) o eXi=1 P9 1, (€)) = we(c™) VA

all graphs

@ approximate process on ¢*:
wi(e)=wq(c

average generating function —
of process over graphs in Q; wa(€)=w2(e)
wa(€)=ws3(c*)

larger L — better approxim ot

U
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Ising models on Qa: correct (k)
tailored random graphs Qp: correct p(k)

. !
transition temperature T, Qc: correct p(k) and W(k, k')
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Ising models on
tailored random graphs

transition temperature T¢

@ c¢* = d-dim cubic lattice
P(k) = 6k 2

To(d)

Qa: correct (k)
Qp: correct p(k)
Qc¢: correct p(k) and W(k, k')

| To(4) ~6.687

1 To(3)~4.512

{4

4 To(2)=2/log(1+v/2)

E

Te(1)=0

Q0
=
b‘
)
:o“
o)
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Ising models on Qa: correct (k)
tailored random graphs Qp: correct p(k)

transition temperature T¢

@ c¢* = d-dim cubic lattice Te(d) |
P(k) = 0 e
.\‘—.
‘\'—O
’ QA hB 50
@ c* =‘small world’ lattice Te(Q) sf o
p(k>2) = e 99 ?/(k—2)! 4 e
| IS
’ QA hB 50

ACC Coolen

Qc¢: correct p(k) and W(k, k')

Te(4) ~6.687
1 To(3)~4.512

4 To(2)=2/log(1+v/2)

Te(1)=0

1 Te(3)=2/l0g(3 + §V7)
| To(2)=2/10g(3 + 1 vT7)
| Te(1)=2/log(1++/2)

Tc(0)=0
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The problem s

human protein

o biological networks, interaction network

physical lattices, 1ITr(e®) 1

communication networks,

distribution networks,

socio-ecomomic networks, .... or 1

— sparse graphs,

— many short loops , ‘

] 100000 200000 300000

@ max entropy graph ensembles randomisation with conserved {p, W}

with prescribed p(k), W(k, k'):
— sparse graphs,
— locally tree-like
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The problem s

human protein

o biological networks, interaction network
physical lattices, Tr(c®) ° 1
communication networks,
distribution networks,
socio-ecomomic networks, .... or 1

==

— sparse graphs,
— many short loops

0 L L
] 100000 200000 300000

@ max entropy graph ensembles randomisation with conserved {p, W}
with prescribed p(k), W(k, k'):
— sparse graphs,
— locally tree-like

@ realistic tailoring of graphs requires
adding w(c) that enforces short loops

@ available analysis methods, exceptions:

e.g. replicas, GFA, cavity, belief propagation ... cubic lattices d <3
work only for locally tree-like graphs spherical models
recent immune networks
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Loopy random graph ensembles

Simplest loopy ensemble

control average degree (k)

and density of triangles (m) p(c) o e 225 GV 22 CijCikChi
(Strauss '86, Jonasson '99)
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Loopy random graph ensembles

Simplest loopy ensemble

control average degree (k)

and density of triangles (m) p(c) o e 225 GV 22 CijCikChi
(Strauss '86, Jonasson '99)

@ to calculate:

(k) = <1N gy, (m= <1N > cickcu), S= . > p(e)log p(c)
; .

ijk c
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Loopy random graph ensembles

Simplest loopy ensemble

control average degree (k)

and density of triangles (m) p(c) o e 225 GV 22 CijCikChi
(Strauss '86, Jonasson '99)

@ to calculate:

k) = <1N gy, (m= <1N > cickcu), S= _1N > p(e)log p(c)
i

ijk c

@ generating function:
1 (k) = 00/0u
O(u,v) = ylog } e AN (m) = 09 /0v
¢ S=¢—ulk) —vim)
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Loopy random graph ensembles

Simplest loopy ensemble

control average degree (k)
and density of triangles (m)

p(C) o e 205 CitV 2k CiCCri
(Strauss '86, Jonasson '99)

@ to calculate:

k) = <1N gy, (m= <1N > cickcu), S= _1N > p(e)log p(c)
i

ijk c

@ generating function:

] (k) = 0¢/0u
o(uv) = log > " et i Gt i Cicik i (m) = dp/dv
¢ S=¢—utk) —v(m)
challenge:
sum over graphs ...
ACC Coolen (KCL)
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Generalisation ...

@ control degrees and
closed paths of

U3 G + 2e>3Ve 2oii iy CiyipCipig --Ciyi
C)xe =i €23 fyoip Uil Tl iy | |6k. o
all lengths P 12 Ci
9 i
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Generalisation ...

@ control degrees and
closed paths of

U3 G + 2e>3Ve 2oii iy CiyipCipig --Ciyi
C)xe =i €23 fyoip Uil Tl iy | |6k. o
all lengths P 12 Ci
9 i

generating function:
use Cj = CjiGji

(k) = 0¢/0u
o({ve}) = 1N log Z oY Tr(e®)+ S g5 ve Tr(c”) H 6&32] o (myg) = <Tr(c£)> = 0¢/0Vy
¢ I S=¢-ulk >*Zezs ve(me)
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Generalisation ...

@ control degrees and

YLy

generating function:
use Cj = CjiGji
(k) = 9¢/0u

¢({V€}) _ lN log Z ol Tr(c2)+2g23 v Tr(ct) H 5k,-,2,- 4 <m£> < r(c€)> _ 8¢/8Vg
i ’ § = ¢ ulk) =Yg ve(m)

@ since Tr(c’) = N [du plo(ulc):

. N [d
control eigenvalue spectrum p(c) oc N Jdr 2lmelile) H Ok, 5, ¢
i

ACC Coolen (KCL) Replica methods for loopy sparse random graj 7132



Generalisation ...

@ control degrees and
closed paths of

U3 G + 2e>3Ve 2oii iy CiyipCipig --Ciyi
C)xe =i €23 fyoip Uil Tl iy | |6k. o
all lengths P 12 Ci
9 i

generating function:
use Cj = CjiGji
(k) = 9¢/0u

¢({V€}) _ lN log Z ol Tr(c2)+2g23 v Tr(ct) H 5k,-,2,- 4 <m£> < r(c€)> _ 8¢/8Vg
¢ I S=¢-ulk >72523 ve(me)

@ since Tr(c’) = N [du plo(ulc):

. N [d
control eigenvalue spectrum p(c) oc N Jdr 2lmelile) H Ok, 5, ¢
i

generating function:

=0¢/00
¢[Q] L |og ZeNj(l‘u o(p)o(ple) H(Skﬁz/ 5 Q(l’l’) ¢/ Q(M)

S=¢— [duwd(u)o(n)
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How informative are spectra of sparse graphs?

@ How many non-isomorphic graphs are there with
given degrees (ki, ..., ky) and a given spectrum o(u)?

@ How similar are processes on non-isomorphic graphs with
given degrees (ki, ..., ky) and spectrum o(u)?

spherical spins: free energies identical (Berlin, Kac)
zero field Ising models above T.: free energies identical (Parisi)
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Possible analytical route

graph ensemble :  p(c) = Z~'[g] "/ 2O 5y, 5 o,
i
. . P N fdp d(m)elulc)
generating function :  ®[] = 4 log ;e Blu)els 17[6,%2]. 4

o) = 602)/50(n), S =[] - / du 8(u)el)
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Possible analytical route

graph ensemble :  p(c) = Z~'[g] "/ 2O 5y, 5 o,
i
. . P N fdp d(m)elulc)
generating function :  ®[] = 4 log ;e Blu)els 17[6,%2]. 4

o) = 602)/50(n), S =[] - / du 8(u)el)

@ derive ®[9] = sl,iAnlo 1N Iogz [Hék"zf c,/.] X
lim . le . H [ (u+iele)™ Z(u+iclc) u}

iA d
Z(ule) = [ e bietemd
IRN

M= 2 dp ele
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Possible analytical route

graph ensemble :  p(c) = Z~'[g] "/ clmelrle) H 8k, 0
generating function : o[ = — Iog Z N Jdu elmelule) H 8,5, ¢
ol) = 301a)/50(u). S =[a]— [ olu)en)

@ derive

A .1
el = Jim, o Z [Hdk'*zf Cff] %

: nH o Lioim e
iEn‘(]l ' m““ﬂm n“H[ (p+iele)™ Z(u+iele) }

M=% ag o(n)

2(ufe) = [ gt end

@ replica method, steepest descent for N — oo,
analytical continuation to imaginary (n., m,), limits ¢, A0
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Possible analytical route

graph ensemble :  p(c) = Z~'[g] "/ clmelrle) H 8k, 0
generating function : o[ = — Iog Z N Jdu elmelule) H 8,5, ¢
ol) = 301a)/50(u). S =[a]— [ olu)en)

@ derive

A o1
*= N Iogz [Hdk'*zf Cff] %
dm mH';mHNH[ (u+icle)™ Z(u+izle) ™|

M= dp (k)
Z(ule) = [ e bietemd
IRN
@ replica method, steepest descent for N — oo,
analytical continuation to imaginary (n,, m,), limits ¢, A0

@ replica symmetry, bifurcation analysis,
phase transitions and entropy, RSB

ACC Coolen (KCL) Replica methods for loopy sparse random graj 9/32



Origin of the identity

spectral ensemble constraints,
use Edwards-Jones ('76):

— 2 imm 2 ; _ i fe-n1ip
olple) = = Il log Z(ucicle).  Z(ule) = [ dget
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Origin of the identity

spectral ensemble constraints,
use Edwards-Jones ('76):

— 2 imm 2 ; _ i fe-n1ip
olple) = = Il log Z(ucicle).  Z(ule) = [ dget

integrate by parts,
discretise integral,
oN [du d(p)e(ple) _ N [du &(p) 5 lime o Im 77 log Z(putic|c)
— lim o—2Im log Z(p+iele). £ 7 a(x)
e,Al0 "
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Origin of the identity

spectral ensemble constraints,
use Edwards-Jones ('76):

— 2 imm 2 ; _ i fe-n1ip
olple) = = Il log Z(ucicle).  Z(ule) = [ dget

integrate by parts,
discretise integral,
oN [du d(p)e(ple) _ N [du &(p) 5 lime o Im 77 log Z(putic|c)
— lim o—2Im log Z(p+iele). £ 7 a(x)
e,Al0 "

e—2 Imlogz __ Zi.E —i

dp 0w
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e Replica analysis of loopy graph ensembles
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Replica analysis of generating function

path integral representation:

8101 = (k) 109 (15) + O()

4 lim lim lim 1N|og /{dg;dgs} NV o]

iA d s —
A,EiOnu*)l?mg(u)m“*} ny
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Replica analysis of generating function

path integral representation:

=1 N 1
®[3] = 5 (k) Iog(<k>) +O(g)
+ lim lim lim l|og /{dﬂ)d{]\)} eN[W['P,JA’]-%—eN]
2,610 nu%%ﬁ@(ﬂ) mu——n, N

wp ] = i / dgpiipedeo Db, 3, ) P(6b, 3, )

(k) / depdipdwdg'dp’dw’ P(¢, 1, w)P(¢, ' w' Yo TP P -8
T dw ke — 3 -(T-iMP— L2 (e T+iM)) —iP(, 1P w)

+Zk:p(k) Iog[ﬁzwe /d¢d¢ e

¢={tu.0ntr ¥={tup.}

Mu,au;u’aL = /MsawaL

N =

+

order parameter:

Poap) = D060~ )0 —w)]

liMy_ooen =0
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Replica symmetry ansatz

Closed eqgns for W(¢, ) = [7 dw e “P(¢h, 3, w),

W(¢, ) symmetric under permutations
of {%,1 R ¢u,nu} and {"/J/m PR 71/"%"7“}

De Finetti:

W(@.v) = € [(ampwim)[[] T (6] [ TT T1 7]

poap=t B Bu=1
JHdmyW{n}] =1,
WI{r}] >0 onlyif [dx w(x|u)=1
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Replica symmetry ansatz

Closed eqgns for W(¢, ) = [7 dw e “P(¢h, 3, w),

W(¢, ) symmetric under permutations
of {%,1 R ¢u,nu} and {"/J/m PR 71/"%"7“}

De Finetti:

W(@.v) = € [(ampwim)[[] T (6] [ TT T1 7]

poay=1 p Bu=1
JdmpW[{r} =1,
W[{r}] >0 onlyif [dx w(x|u)="1
—insert ansatz into saddle-point egn

— derive closed eqns for € and W[{r}]
— insert into generation function ®[g]
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result:

WHmH = gz > Pk

k>0

Mo f{dm}W[{m}l]A[{m e} oe [ ) = (e
X
[ ok HameWikme 1] AL, . )]

with
—le—in)e? ~
em2(emine Hegk Re(@lp)
—1le—i % A~
fd¢'e 2 ( M)¢2Hé§k 7I'Z(¢/|M)

Al{m1, ..., m}] = H [(/dq& e—%(s—iu)qbz Hﬁ-e(d)lu))nu
X (/dqb em2(emime? 11 frz(¢|#))m“}

#(glu) = [d¢' e % (¢ |u), esk

(Pl m, .. m) =
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result:

WHmH = gz > Pk

k>0

[Hkkf{dm}wum}ﬂﬂ[{m ..... mi Yo [ () = wl i)
X
[ ok HameWikme 1] AL, . )]

with
SIS L § R A1)
7T(¢|.u'77r1 7777 ’/Tk) = 71( —ip)¢’2 ~
fd¢’e 2(e-in)e Hzgkﬂ'f(qym)
Alrr,omd]l = ] [(/dqs e 3T T au(olu) )™
©w <k
x (/d¢ e~ 2=t TT frz(aﬁlu))mﬂ
#(gln) = [d¢' e n(¢ 1), =k

normalisation:
& S pih k| Mok HamyWHm 1| Alfms, . mis ]
0 k V[ Mok JlamyWHr | Allm, - mid]
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Exploiting the nature of the propagation

order parameter W[{~}]:
stationary state of stochastic propagation
of complex distributions:

_le—i 2 A~
e 2(e—in)d Hzgk e
1y ’ IS
J‘d¢/ e~ 2(e—in)e’ Hégk 7o | 1)

m(olu) — 7w(Plp,mr,. o mh—1) =
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Exploiting the nature of the propagation

order parameter W[{~}]:
stationary state of stochastic propagation
of complex distributions:

_le—in)e? ~
e 2(e—in)d Hegk e
le—i / IS
fd¢/ e~ 2(e—in)e’ Hégk 7o | 1)

m(olu) — 7w(Plp,mr,. o mh—1) =

shape-preserving Clixg?riug
for w(¢|w) of the form (o)X, u) = e
T agr ot

X(p), u(p): complex functions,
Im x(p) < Oforall p € R

X’(N):fis—pfzili U (p) = 72 U ()

= xe(w)’ = xe(n)

If Tmx, () < 0: also Imx’(u) < 0,
so integrals converge
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simplest case, u(u) = 0:

W[{x}]

62
with
Frl[{x}]

Al{x}]

ACC Coolen (KCL)

A{XHFk—1[{x}]

& 2= P0G T Al
Kk f{dx}A[{X}]ﬁrk 1[{x}]
2 PO T~ Fra AT

H / {dx} W[{Xg}]] Or [x — Flxt, ..., xe]]

<k

- e —3 Jdu é(p) g senlx(w)]
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simplest case, u(u) = 0:

- A[{XHF k-1 [{x}H
W) = GZ U K) Tiax FAL X))

, K f{dx}ﬂ[{x}]ﬂ O
¢ = 2 PN g AT ]

with k>0

F[{x}] H / {dx;} W[{Xg}]] Or [x — Flxt, ..., xe]]

<k

e —3 Jdu é(p) g senlx(w)]

Al{x}]

spectrum:

RE Jdx} AT sen x()]
o) = gt P e A O]

+<k>@2/{dxdx/}W[{X}]W[{X'}]B[{X}7 {x'}1]

<O[x(p)x ()10 *X(u)x'(u)]sgn[x(u)+X’(u)]}

N —

B{x}, {xX'}] = o/ 4 209 { 0¥ (1011 —x(u)x’ (lsgnlx)+x ]}
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Interpretation and solution of eqns

loopy graph ensembles

K A[DY)Tial(x)]
250 PUK) Ty Ty alix o]
Z ( ) k f{dx’}ﬂ[{x HFk—1[{x"}]

k>0 P T AT T

Wl{x}] =

Tt} = [ T (e Witx] o be - .. ]

L<k
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Interpretation and solution of eqns

loopy graph ensembles

K AT )]

2 k>0 PUK) Gy Jrax Y AT 740

S p(k )L JLdX FA{X 3T 1 [{x"}]
k>0 PUK) Ty xS AT N 0]

Wl{x}] =

Tt} = [ T (e Witx] o be - .. ]

<k
tree-like limit:
o(p) — 0: W{x}] = Zp(k) Srk 1[{x}]
A[{x}] 1 =0

structure of message-passing algorithms,
e.g. belief propagation, cavity method

meaning of A[{x}] # 1?
nontrivial acceptance probabilities
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Outline

e Processes on loopy random graphs
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Processes on loopy graphs

H(o1,...,on|C) = —JZ Cjoioj — hZai

i<j

f(c):—;—Nlog > exp[-BH(o4, ..., onle)]

Tq...0N
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Processes on loopy graphs

H(o1,...,on|C) = —JZ Cjoioj — hZai

i<j
1
f(c) = T log > exp[-BH(o+,...,on[c)]
01...0N

average free energy density,
uselogZ = lim,_on~" Iog?

F_ _ 3”22;1 3o —BNEest (O 1,...,0 N)

F= = Jm im0 3

effective
interaction energy 1
for replicated spins Een(o1,...,on) = — = log Y p(e)e i<i o Xazr o]
_ 1 n BN
oi=(oj,...,00) c
p(c) N Jdu e(mwelule) H Sk
i 2af Vi
i

(extra layer of replicas, but with.n € IR, |..0)
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new generating function

N
1 5 T
oo, {o}] = x log Z N Jdu b(we(ule) K 2, 600 H 8k, ¢
[

i=1
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new generating function

O[5, {o}] = Iog Z N Jdm el K X1 01T H 8.5 ¢
i=1
@ N—oo:
dependence of &k 1
on spins only via D(o, k) = N > bkkdoo, o€{-1,1}
i

@ graph problem
coupled to spin problem:

—Bf_ I|m extr{D B} { Z o,K)D(o, k) — BEes[D]

O .k
+ 3 p(K)log Y e 7 PO
k o

—BEex[D] = &[5, D] — ®[9]
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resulting RS theory

explicit formula for f
in terms of order parameter Wx[{x},v]

Wk[{x},v] = é Zp(k)% /du Wk(u)/%‘i o (v=0)
k>0

A[{x}] [Hm J{dxe}dve WK[{xg},vg]e—W“Wﬂ] S [X — Fx1,. .., Xk—1]]

X
[{ax FA[{X}] [Hzgk [{dx}dv, WK[{Xz},Vz]e*iVH(Ve)] Sr [X' = Flxt, ..., x]

H(v) = %atanh[tanh(ﬂv) tanh(K)]
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resulting RS theory

explicit formula for f
in terms of order parameter Wx[{x},v]

Wk[{x},v] = é Zp(k)% /du Wk(u)/%‘i o (v=0)
k>0

A[{x}] [Hkk J{dxe}dve WK[{xg},vg]e—W“Wﬂ] S [X — Fx1,. .., Xk—1]]
X
[{ax FA[{X}] [Hzgk [{dx}dv, WK[{Xz},Vz]e*iVH(Ve)] Sr [X' = Flxt, ..., x]

H(v) = %atanh[tanh(ﬂv) tanh(K)]
@ [dvWk[{x},v] = W[{x}]
v: effective field at site characterised by {x},
Wk [v|{x}]: impact of local topology on local order

@ setting W.K[{x}, v] = Wk[{xHWk(v):
Bethe lattice result T. = 2/ log[d/(d—1)] v
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e Preliminary tests of the theory
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Limit of locally tree-like graphs

o(p) =~ Oforall p: p(€) o I1; 0k, ¢

A[{xH=B[{x}, {x'})]=€=1
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Limit of locally tree-like graphs

o(p) =~ Oforall p: p(€) o I1; 0k, ¢
A[{xH=B[{x} {x'}]=€=1

@ entropy per node:

N

S:%<k)[log(<k>)+1]+Zp(k)|09ﬂ3(k)+€N v
k
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Limit of locally tree-like graphs

o(p) =~ Oforall p: p(€) o I1; 0k, ¢

Al{xH=B[{x} {x'}=€=
@ entropy per node:

3:,< >[Iog( )+1] +Zp(k)logp(k)+e~ v

(k >

@ spectrum for regular graphs, k > 1:
McKay’s '81 formula:

o(p) = 02/ k—1—]ul] % v

ACC Coolen (KCL) Replica methods for loopy sparse random graj 23/32



Limit of locally tree-like graphs

o(p) — Oforall p: p(c) o< [T .5 ¢
A} =B[{x}, {x'}]=C=
@ entropy per node:
3:7< )[Iog(< K )+1] +Zp(k)|ogp(k)+e~ v

@ spectrum for regular graphs, k > 1:
McKay’s '81 formula:

olp) = 0[2/k—T -] KL

2r(k2—12) d
@ spectrum for arbitrary p(k):
Dorogovtsev et al ‘03 formula
(Poisson p(k): Rodgers-Bray ’88)
Glaly) = 1= V2 [~ L e o(Glym)h(2v72) v
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Regular treelike graphs:

o()
O
iz iz H
W(x|u)
X
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Erdos-Rényi
graphs:

ACC Coolen
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Spectra of loopy graphs

— no exact solutions available ...
— population dynamics tricky and slow to equilibrate ...

ACC Coolen (KCL) Replica methods for loopy sparse random gra| 26 /32



Spectra of loopy graphs

— no exact solutions available ...
— population dynamics tricky and slow to equilibrate ...

—loopy graph ensembles tricky to simulate ...
(slow MCMC equilibration, phase transitions, finite size effects)

1000

p(c) o e i A il ol?
N = 300, timescales ~ N°?

still relatively simple dynamics,
elementary moves: c;—1—¢;

present problem:

edge—swap MCMC...

100 I(;OO 10&;’\;0 10(;000 1e‘+06 1e+07 more Complex /andscape
MCMC moves
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regular graphs, kK = 3
o(n) = aTr(c?)

o(p)
N=5000

o(p)
pop dyn
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regular graphs, kK = 3

a(p) = aTr(c*

)

o(p)

N=5000

ACC Coolen

o(p)
pop dyn

%
Wixlp) - ‘
x,

04

o

a=0.25 a =0.50 a=0.75

a=1.00

a2 1 0 ]

43 210 1 2 3 4

“w
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regular graphs, k = 3
8(p) = [Tx(c®) — Tr(c)]
a =0.50 a=0.75 a=1.00 a=1.25

o(n)
N=5000

05 05 05 05

o()
pop dyn
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To be investigated

@ Numerical precision:

Extend simulation times of graph ensembles to MCMC steps ~ N®,
relation between p-resolution in x(u) and pop dynamics convergence
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To be investigated

@ Numerical precision:
Extend simulation times of graph ensembles to MCMC steps ~ N®,
relation between p-resolution in x(u) and pop dynamics convergence
@ Analytical technicalities:

issues related to cut in complex plane of log z,
other saddle-point types,
order or limits 0, ALO, n,—i(A/m) 5 0(k), -
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To be investigated

@ Numerical precision:

Extend simulation times of graph ensembles to MCMC steps ~ N®,
relation between p-resolution in x(u) and pop dynamics convergence

@ Analytical technicalities:

issues related to cut in complex plane of log z,
other saddle-point types,
order or limits 0, ALO, n,—i(A/m) 5 0(k), -

@ Test cases:

Exactly solvable models? e.g. ‘p(c) o e* ™) [, 32,56
loopy deformations of Poissonian graphs

pe) o T [ e PK)=c " (k)" /K1

a = 0.50 a=0.75 a =1.00 a=1.25

o(m)
N=5000
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Outline

e Summary
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@ new analytical approach to (processes on) loopy networks,
based on max entropy graph ensembles characterised by
degrees and spectrum
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@ new analytical approach to (processes on) loopy networks,
based on max entropy graph ensembles characterised by
degrees and spectrum

@ replica formula for tricky constraint
allows sum over graphs to be done:
N du ewelple) _ ”Anlo [Z(u+i€|c)m(“) Z(itielc) —in(u):|

_libe— Ad
2(ule) = [age BPENP n) = 220
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@ replica formula for tricky constraint
allows sum over graphs to be done:

N J dn éme(nle) _ |i£10 [Z(u+i€|0)in(“) Z(utielc) —in(u)}

_libe— Ad
2(ule) = [age BPENP n) = 220

@ intuitive closed order parameter eqns in replica language
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@ new analytical approach to (processes on) loopy networks,
based on max entropy graph ensembles characterised by
degrees and spectrum

@ replica formula for tricky constraint
allows sum over graphs to be done:

N J dn éme(nle) _ |i£10 [Z(u+i€|0)in(“) Z(utielc) —in(u)}

_ i le—ntip _Aad,
Z(ule) = [de OB 0)
@ intuitive closed order parameter eqns in replica language

@ RS order parameter equations for loopy graphs
interpreted as stationary state of message passing
with nontrivial acceptance probabilities

ACC Coolen (KCL) Replica methods for loopy sparse random graj 32/32



@ new analytical approach to (processes on) loopy networks,
based on max entropy graph ensembles characterised by
degrees and spectrum

@ replica formula for tricky constraint
allows sum over graphs to be done:

N J dn éme(nle) _ |i£10 [Z(u+i€|0)m(“) Z(utielc) —in(u)}

_libe— Ad
2(ule) = [age BPENP n) = 220

@ intuitive closed order parameter eqns in replica language

@ RS order parameter equations for loopy graphs
interpreted as stationary state of message passing
with nontrivial acceptance probabilities

@ Alternative saddle-points W[{n}]?
Technicalities related to cut of log Z in complex plane?
Transitions in spin systems on loopy graphs?
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