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Abstract

We propose a general framework for entropy-regularized average-reward reinforce-
ment learning in Markov decision processes (MDPs). Our approach is based on
extending the linear-programming formulation of policy optimization in MDPs to
accommodate convex regularization functions. Our key result is showing that using
the conditional entropy of the joint state-action distributions as regularization yields
a dual optimization problem closely resembling the Bellman optimality equations.
This result establishes a strong connection between recently successful entropy-
regularized approximate dynamic programming and policy optimization methods,
and in particular enables us to unify and extend several existing algorithms. We also
show that several popular regularized reinforcement learning algorithms actually
aim to optimize a non-stationary sequence of non-convex objectives, and thus they
are not guaranteed to converge to a unique fixed point. Finally, we illustrate empiri-
cally the effects of using various regularization techniques on learning performance
in a simple experimental setup.

1 Introduction

In recent years, the idea of entropy regularization has been used extensively in the reinforcement
learning (RL) literature [37,139]. Entropy-regularized variants of the classic Bellman equations and
the entailing reinforcement-learning algorithms have been proposed to induce safe exploration [[10]
and risk-sensitive policies [12} 16} 33]], or to model observed behavior of imperfect decision-makers
[43L 1421 |5], among others. Complementary to these approaches rooted in dynamic programming,
another line of work proposes direct policy search methods attempting to optimize various entropy-
regularized objectives [40, 27, 35,19, [25]], with the main goal of driving a safe online exploration
procedure in an unknown Markov decision process. Notably, the state-of-the-art deep RL methods of
Mnih et al. [[19] and Schulman et al. [35] are both based on entropy-regularized policy search.

In this work, we connect these two seemingly disparate lines of work by showing a strong Lagrangian
duality between the entropy-regularized Bellman equations and a certain regularized average-reward
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objective. Specifically, we extend the linear-programming formulation of the problem of optimization
in MDPs to accommodate convex regularization functions, resulting in a convex program. We show
that using the conditional entropy of the joint state-action distribution gives rise to a set of nonlinear
equations resembling the Bellman optimality equations. Observing this duality enables us to establish
a connection between regularized versions of value and policy iteration methods [30] and incremental
convex optimization methods like Mirror Descent [21} 3] or Dual Averaging [41} 18}, 11}136]. This
view enables us to formally analyze learning algorithms, to provide performance guarantees or point
out design flaws. In particular, we show that the TRPO algorithm of Schulman et al. [35] actually
converges to the optimal policy, while the A3C algorithm of Mnih et al. [[19]] may fail to converge
to a unique fixed point even in very simple problems. To complement these results, we suggest an
alternative objective that can be optimized consistently, avoiding the possibility of divergence.

Our theoretical framework significantly generalizes the previous work of Ziebart [42, Sec. 5.2]
and Rawlik et al. [31], who show a similar Lagrangian duality between the Bellman equations and
entropy maximization for a special class of episodic Markov decision processes where the time index
within the episode is part of the state representation. Unlike these previous results, our theory also
readily extends to discounted MDPs by replacing the stationary state-action distributions we consider
by discounted state-action occupancy measures. For consistency, we will discuss each particular
algorithm in their most natural average-reward version, noting that all conclusions remain valid in the
simpler discounted and episodic settings.

2 Preliminaries on Markov decision processes

We consider a finite Markov decision process (MDP) M = (X, A, P,r), where X is the finite state
space, A is the finite action space, P : X x A x X — [0, 1] is the transition function, with P(y|z, a)
denoting the probability of moving to state y from state = when taking action @, andr : X x A — R
is the reward function mapping state-action pairs to rewards.

In each round ¢, the learner observes state X; € X, selects action A; € A, moves to the next
state X1 ~ P(-| Xy, A;), and obtains reward r(X;, A;). The goal is to select actions as to
maximize some notion of cumulative reward. In this paper we consider the average-reward criterion

liminfr o E [% Ef:l re( Xy, At)} . A stationary state-feedback policy (or policy for short) defines

a probability distribution 7(-|x) over the learner’s actions in state 2. MDP theory (see, e.g., Puterman
[29]]) stipulates that under mild conditions, the average-reward criterion can be maximized by
stationary policies. Throughout the paper, we make the following mild assumption about the MDP:

Assumption 1. The MDP M is unichain: All stationary policies 7 induce a unique stationary
distribution v over the state space satisfying v (y) = >_, , P(y|z,a)m(alz)vz(z) forall y € X.

In particular, this assumption is satisfied if all policies induce an irreducible and aperiodic Markov
chain [29]. For ease of exposition in this section, we also make the following simplifying assumption:

Assumption 2. The MDP M admits a single recurrent class: All stationary policies 7 induce
stationary distributions strictly supported on the same set X' C X.

In general, this assumption is very restrictive in that it does not allow policies to cover different parts
of the state space. We stress that our results in the later sections do not require this assumption to
hold. With the above assumptions in mind, we can define the average reward of any policy 7 as

p(r) = lim E

)
T—o0

1 T
T Z Tt(Xta At)
t=1

where A; ~ 7(-|X}) in each round ¢ and the existence of the limit is ensured by Assurnption Further-
more, the average reward of any policy 7 can be simply written as p(7) = > , vz (x)7(a[2)r(x, a),
which is a linear function of the stationary state-action distribution p1, = v, 7. This suggests that find-
ing the optimal policy can be equivalently written as a linear program (LP) where the decision variable
is the stationary state-action distribution. Defining the set of all feasible stationary distributions as

A= {M €AW x A): 3 uly.b) = Y Plylr, a)u(w, a) <Vy>} , M)
b x,a



the problem of maximizing the average reward can be written as
p* = argmax p(p). (2)
HEA
This linear program is well studied in the MDP literature (see, e.g., 29} Section 8.8), although most
commonly as the dual of the linear program equivalent to the solution of the
min,cg p 3)

subjectto  p+ V(z ZP ylz,a)V(y) > r(z,a), Y(x,a). (€))

Here, the dual variables V' are commonly referred to as the value functions. By strong LP duality and
our Assumption [I] the solution to this LP equals the optimal average reward p* and the dual variables
V'* at the optimum are the solution to the average-reward Bellman optimality equations

a

V*(x) = max (r x,a)—p*+ ZP (y|z, a) )) , (V). ®)

3 Regularized MDPs: A convex-optimization view

Inspired by the LP formulation of the average-reward optimization problem (2), we now define a
regularized optimization objective—a framework that will lead us to our main results. Our results in
this section only require the mild Assumption[I] Our regularized optimization problem takes the form

max pp(p) = max {Z u(z,a)r(z,a) — ;R(u)} : (6)

HEA

where R(p) : R¥*4 — R is a convex regularization function and 77 > 0 is a learning rate that trades
off the original objective and regularization. Note that = oo recovers the unregularized objective.
Unlike previous work on LP formulations for MDPs, we find it useful to regard (6) as the primal.

We focus on two families of regularization functions: the negative Shannon entropy of (X, A) ~ p,
Rs( Z p(x, a)log u(x, a), (7)

and the negative conditional entropy of (X A) ~
Zu x,a)log =———— Z ZZ/N x)m,(alx) log 7w, (alx). (8)
b M

In what follows, we refer to these functions as the relatlve entropy and the conditional entropy. We
also make use of the Bregman divergences induced by Rs and R which take the respective forms

s (ullu) Zu z,a)log 2 ( )) and o () Zu v,a)log =78 /((aki,))

While the form of Ds is standard (it is the relative entropy between two state-action distributions),
the fact that D¢ is the Bregman divergence of R (or even that R is convex) is not immediately
obviouﬂ The following proposition asserts this statement, which we prove in Appendix The
only work we are aware of that establishes a comparable result is that of Neu and Gémez [22].

Proposition 1. The Bregman divergence corresponding to the conditional entropy R¢ is D¢. Fur-
thermore, D¢ is nonnegative on A, implying that R¢ is convex and D¢ is convex in its first argument.

We proceed to derive the dual functions and optimal solutions to (6) for our two choices of regulariza-
tion functions. Without loss of generality, we assume that the reference policy 7,/ has full support,
which implies that the corresponding stationary distribution p is strictly positive on the recurrent set
X'. We only provide the derivations for the Bregman divergences; the calculations are analogous for
Rg and R¢. Both of these solutions will be expressed with the help of dual variables V : RY — R
which are useful to think about as value functions, as in the case of the LP formulation (2). We also
define the corresponding advantage functions A(x,a) = r(z,a) + >, P(ylz,a)V (y) — V(z).

'In the special case of loop-free episodic environments, the convexity of R¢ is straightforward [14} 42, [31].



3.1 Relative entropy

The choice R = Dg (+||’) has been studied before by Peters et al. [27] and Zimin and Neu [44]; we
defer the proofs to Appendix The optimal state-action distribution for a given value of 7 is
i (, @) o i/ (2, @)e o) ©)

where A7 is the advantage function for the optimal dual variables V. The dual function is

1
9(V) = log > W (@ a)en ), (10)

z,a

that now needs to be minimized on R* with no constraints in order to obtain V.. By strong duality,
g is convex in V" and takes the value p; = max,ea py(i) at its optimum.

3.2 Conditional entropy
The choice R = D¢ (-||p’) leads to our main contributions. Similar to above, the optimal policy is
m,(alr) o 7m0 (a]z)emAn @), (11)

In this case, the dual problem closely resembles the average-reward Bellman optimality equations (3)):

Proposition 2. The dual of the optimization problem (6) when R = D¢ (-||i') is given by

nﬁnAeR A

subject to  V(zx) = %logZﬂ'M/(aM)exp (77 <T(m,a) -2+ ZP(y|x,a)V(y)>> , (V).

Y

We defer the proofs to Appendix Using strong duality, the optimum of the above problem is py,
which implies that the optimal dual variables V,* are given as a solution to the system of equations

V,i(z) = %logZﬂ'ul(a\x)exp <77 (r(m,a) =Pyt ZP(y|m,a)Vn*(y)>> , (Vo). (12)

Y

By analogy with the Bellman optimality equations (), we call this the regularized average-reward
Bellman optimality equations. Since ﬁ;k] is guaranteed to be finite (because it is the maximum of a
bounded function on a compact domain), the solution to the above optimization problem is well-
defined, bounded, and unique up to a constant shift (as in the case of the LP dual variables). Again,
we can make the solution unique by imposing the constraint that the expected value should equal 0.

The notion of regularized Bellman optimality equations naturally leads to a definition of a regularized
counterpart of the Bellman equations defined for arbitrary policies, which enables the derivation
of regularized counterparts to several well-studied reinforcement learning algorithms. We provide
the formal definitions to the resulting Bellman equations and Dynamic Programming operators in
Appendix [B] In this section, we highlight one important algorithmic tool resulting from this formalism:
a regularized counterpart of the policy gradient theorem [38]]. This statement provides a closed-form
expression for the gradient of the regularized objective p,, when the policy 74 is parameterized by a

vector § € R%:

Lemma 1. Define A} as the regularized advantage function defined for each policy m as

1 w(alz) -
AT , — , — 1 7 _ P , VT —’VW ,
n(@,a) =r(z,a) %8 2 alm) Py () + Ey (ylz, @)V, (y) = V[ (2)
where VT is the regularized value function corresponding to policy T with baseline 7. Assuming

that %ﬂm)/ﬂ'g(a‘l’) > 0 for all §;, z, a, the gradient of p, exists and satisfies

Von(me) =) pimy (2, 0)V log o (ala) A7 (2, a).

z,a



4 Algorithms

In this section we provide a formal framework for deriving and analyzing reinforcement learning
algorithms based on the insights of the previous section. For the derivation of the algorithms,
we will assume that the MDP M is fully known. While this assumption may seem restrictive at
first, we will see that these derivations will often result in closed-form update rules that can be
approximated by standard RL methods (e.g., estimating value functions). We will study a generic
sequential optimization framework where a sequence of policies 7 are computed iteratively. Inspired
by the online convex optimization literature (see, e.g., 136l [11) and by our convex-optimization
formulation, we study two families of algorithms: Mirror Descent and Dual Averaging (also known
as Follow-the-Regularized-Leader).

4.1 Iterative policy optimization by Mirror Descent

A direct application of the Mirror Descent algorithm [211 3} [17, 32] to our case is defined as

1
[tk+1 = argmax {p(u) ——Dg (MHMk)} : (13)
HEA n

where D, is the Bregman divergence associated with the convex regularization function R. We now
proceed to show how various learning algorithms can be recovered from this formulation.

4.1.1 Mirror Descent with the relative entropy

We first remark that the Relative Entropy Policy Search (REPS) algorithm of Peters et al. [27]] can be
formulated as an instance of Mirror Descent with the Bregman divergence Dg. This is easily seen by
comparing the form of the update rule (I3)) with the problem formulation of Peters et al. [27] pp. 2],
with the slight difference that our regularization is additive and theirs is enforced as a constraint. It is
easy to see that this only amounts to a change in learning rate. This connection is not new: it has been
first shown by Zimin and Neu [44 and has been recently rediscovered by Montgomery and Levine
[20]. Independently of each other, Zimin and Neu [44] and Dick et al. [8]] both show that Mirror
Descent achieves near-optimal regret guarantees in an online learning setup where the transition
function is known, but the reward function is allowed to change arbitrarily between decision rounds.
This implies that REPS duly converges to the optimal policy in our setup.

4.1.2 Mirror Descent with the conditional entropy

We next show that the Dynamic Policy Programming (DPP) algorithm of Azar et al. [2] and the Trust-
Region Policy Optimization (TRPO) algorithm of Schulman et al. [35] are both approximate variants
of Mirror Descent with the Bregman divergence D¢. To see this, note that a full Mirror Descent
update requires computing the optimal value function V,* for the baseline /i, e.g. by regularized value
iteration or regularized policy iteration (see Appendi. Since a full update for V7 is expensive,
DPP and TRPO provide two ways to approximate it. We remark that the algorithm of Rawlik et al.
[31] can also be viewed as an instance of Mirror Descent for the finite-horizon episodic setting, in
which the exact update can be computed efficiently by dynamic programming.

Dynamic Policy Programming. We first claim that each iteration of DPP is a single regularized
value iteration step: Starting from the previous value function Vj, it extracts the greedy policy
mr+1 = G7*[Vi] and applies the Bellman optimality operator T, ™ to obtain Virr =Ty I [Vk]-
This follows from comparing the form of DPP presented in Appendix A of Azar et al. [2]]: their update
rules (19) and (20) precisely match the discounted analogue of our expressions in Appendix B
with 7/ = 7. The convergence guarantees proved by Azar et al. [2]] demonstrate the soundness of
this approximate update.

Trust-Region Policy Optimization. Second, we claim that each iteration of TRPO is a single
policy iteration step: TRPO first fully evaluates the policy 7 to compute its unregularized value
function V), = V¥ and then extracts the regularized greedy policy mj11 = GJ*[Vi] with 7 as a

2 Although they primarily referred to Mirror Descent as the “Proximal Point Algorithm” following [32} [17].



baseline. This can be seen by inspecting the TRPO updateﬂ that takes the form

Tyl = arg;nax {vac (x) Z”(a|x) (Agg (@, a) = %log 71(23;)» } '

x a

This objective approximates Mirror Descent by ignoring the effect of changing the policy on the state
distribution, and in particular uses the divergence

a|xT
Drgeo (1| 1% ZVM Zﬂ'u alx) IOg mu(al7)

Ty (a‘|x)

instead of D¢, the main difference being that the new state distribution v, is replaced here by the old
state distribution v, . Surprisingly, using our formalism, this update can be expressed in closed form
as
Trt1(a)z) o mx(alx)e A (z.a)

We present the detailed derivations in Appendix [B.3] A particularly interesting consequence of this
result is that TRPO is completely equivalent to the MDP-E algorithm of Even-Dar et al. [9]] (see
also [23l 24]]), which is known to minimize regret in an online setting, thus implying that TRPO
also converges to the optimal policy in the stationary setting. This guarantee is much stronger than
the ones provided by Schulman et al. [35], who only claim that TRPO produces a monotonically
improving sequence of policies (which may still converge to a suboptimal policy).

4.2 TIterative policy optimization by Dual Averaging

We next study algorithms arising from the Dual Averaging scheme [41} [18], commonly known as
Follow-the-Regularized-Leader in online learning [36}11]. This algorithm is defined by the iteration

1
[tk4+1 = argmax {p(u) - R(u)} ; (14)
HEA Nk

where 7, is usually an increasing sequence to ensure convergence in the limit. We are unaware of any
pure instance of dual averaging using relative entropy, and only discuss conditional entropy below.

4.2.1 Dual Averaging with the conditional entropy

Just as for Mirror Descent, a full update (T4) requires computing the optimal value function V,*.
Various approximations of this update have been long studied in the RL literature—see, e.g., [[15]
(with additional discussion by [1]]), [26} 133, 128 [10]]. In this section, we focus on the state-of-the-art
algorithms of Mnih et al. [19] and O’Donoghue et al. [25] that were originally derived from an
optimization formulation resembling our Equation (6)). Our main insight is that this algorithm can be
adjusted to have a dynamic-programming interpretation and a convergence guarantee.

Entropy-regularized policy gradients. The A3C algorithm of Mnih et al. [19] aims to maximize
- —Zl/ﬂk Z (a]z)log 7(alx) (15)

by taking policy gradient steps. Similarly to TRPO, A3C uses a regularization term ignoring the
effect of changing the policy on the state distribution:

Ruc(p) = 3 v (2) Y mu(al) log m (al). (16)

where the difference from the conditional entropy regularizer IZ¢ is v, is replaced by the previous
state distribution v, . Thus, A3C is attempting to optimize a non-stationary sequence of objective
functions by gradient descent. Unlike TRPO, however, this change leads to major obstacles in
analyzing the algorithm: by combining the recent results of O’Donoghue et al. [25] and Asadi and
Littman [1]], we can formally show that A3C does not converge to a unique optimum, and as a result

3As in the case of REPS, we discuss here the additive-regularization version of the algorithm. The entropy-
constrained update actually implemented by Schulman et al. [35] only differs in the learning rate.
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Figure 1: (left): the MDP used for evaluation. Reward is —0.1 at the walls and 5, 50, 200 at the
diamonds. The optimal policy is indicated by red arrows. The cell colors correspond to the stationary
state distribution for open locations. (center): Average reward as a function of the learning rate
7 for all algorithms (see text for details). Number of iterations N and samples per iteration S are
N = 5§ = 500. Results are taken over 20 random runs per value of 7. (right): Performance of DPP,
TRPO and two versions of modified regularized Policy Iteration for a fixed n ~ 0.1.

fails to retrieve the optimal policy. In particular, O’Donoghue et al. [25] show that the fixed points
of the A3C objective correspond to the fixed points of a particular softmax value iteration scheme
defined as

mer1(alz) o AL 17

which in turn is shown to have multiple fixed points by Asadi and Littman [I]. In Section[5.2] we
empirically confirm that, already on a very simple example, A3C may converge to various fixed
points depending on the initialization and random noise in the updates. We note that such problems
are avoided by TRPO since the sum of the TRPO objectives is a sensible optimization objective [9,
Theorem 4.1], whereas there is no such clear interpretation for the objective optimized by A3C.

To overcome these issues, we advocate for directly optimizing the objective (T4) instead of (T6) via
gradient descent. Due to the fact that (T4) is convex in x and to standard results regarding dual
averaging [18]], this scheme is guaranteed to converge to the optimal policy. Estimating the gradients
can be done analogously as for the unregularized objective, by our LemmalT]

5 Experiments

In this section we illustrate the behavior of the algorithms from Sectiond]in two sets of experiments.

5.1 Model-based reinforcement learning

In the first set of experiments we illustrate the interplay of regularization and model-estimation error
in a simple grid MDP (Fig.[I} left). The agent has four actions (up, down, left and right) that succeed
with probability 0.9; in case of failure, the agent stays put or moves to a random adjacent location.
Hitting a wall results in negative reward, while reaching a white diamond location results in positive
reward proportional to the distance from the starting locations (marked with ‘X’ in the figure). In
either case the agent returns to a starting location. The optimal policy is to reach the top-right reward,
while ignoring intermediate rewards (sometimes it is even better to hit a wall, e.g. at the bottom-left).

We consider an iterative setup where in each episode £ = 1,2,..., N, we execute a policy 7,
observe the sample transitions and update the estimated model via maximum likelihood. We fix
the number of iterations N and samples per iteration S and analyze the average reward of the final
policy as a function of 77. We compare the following algorithms: regularized Value Iteration with a
fixed reference uniform policy and fixed n (RegVI); several variants of approximate Mirror Descent,
including DPP and TRPO (Section [T); and two Dual Averaging methods (DA and DA-RV). DA
corresponds to the update rule (I7), which is not guaranteed to lead to an optimal policy, and DA-RV
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Figure 2: Comparison between Dual Averaging and A3C in parameter space of 7y (a) for different
random initializations and full policy evaluation (exact). Dots indicate starting condition whereas
circles indicate converged values. (left) The Dual Averaging update always converges to the same
policy, which is represented by the single diagonal ridge. (right) The A3C update converges to two
different minima, corresponding to the policies of Figure 3] (right). We use « = 0.1 and = 8.

corresponds to the iteration (T4}, which has convergence guarantees (Section[4.2). For both variants,
we use a linear annealing schedule i, = 7 - k.

Fig. [T] (center) shows results as a function of 7). The maximum reward is depicted in brown at the
top. For very small 7 (strong regularization), all algorithms perform poorly and do not even reach the
intermediate reward. In contrast, for very large 7, they converge prematurely to the greedy policy that
exploits the intermediate reward. Typically, for an intermediate value of 7, the algorithms occasionally
discover the optimal path and exploit it. Note that this is not the case for RegVI, which never obtains
the optimal policy. This shows that using both a fixed value of 7 and a fixed reference policy is a
bad choice. In this MDP, we observe that the performance of both Dual Averaging methods (DA and
DA-RV) is very similar, and in general slightly better than the approximate Mirror Descent variants.

We also show an interesting relationship between the Mirror Descent approximations. Our analysis in
Section[d.1.2] suggests an entire array of algorithms lying between DPP and TRPO, just as Modified
Policy Iteration lies between Value Iteration and Policy Iteration [30, 34]. Fig.[I](right) illustrates
this idea, showing the convergence of DPP and TRPO for a fixed value of . TRPO tends to converge
faster than DPP to a locally optimal policy, since DPP uses a single value update per iteration. Using
more value updates leads to a modified regularized Policy Iteration algorithm (we call it ModRegPI-2
and ModRegPI-20, for 2 and 20 updates, respectively) that interpolates between DPP and TRPO.

5.2 Convergence of regularized policy gradient methods

In a second set of experiments we show empirically that gradient descent applied to our proposed
objective, Equation (T4), does not lead to problematic behavior, whereas the A3C algorithm of Mnih
et al. [19], which follows the gradients of Equation (I6)), may converge to different solutions even
without the presence of approximation errors. Directly inspired by the counterexample given by
Asadi and Littman [[1]], we study here a simple MDP with one non-terminal state and two actions, and
show that just like softmax value iteration, A3C also converges to one of multiple fixed points. Due
to space constraints, the particular MDP is described in Appendix [C|

We compare Dual Averaging and A3C on this MDP using a parametrized Boltzmann policy g (a)
exp(—0" f(a)), where f(a) is a two-element vector of indicator features corresponding to the two
actions in state sq, i.e., fi(aj) = 1 if ¢ = j and zero otherwise. For Dual Averaging we use
the regularizer R = D¢ (+||"), where 1’ is the fixed uniform policy that selects a; and as with
equal probability. We run both algorithms using the same settings for different initial random
conditions. Figure [2|shows that Dual Averaging always converges to the same policy, represented by
the single diagonal ridge. In contrast, the A3C update converges to two different minima, one being a
deterministic policy. More details about the experiments appear in Appendix [C|



We also analyze the behavior of both algorithms in the presence of approximation errors. We use the
same initial condition and replace the exact policy evaluation step by a Monte Carlo approximation
that records the cumulative reward of each episode (until reaching the terminal state s5). In this case,
while Dual Averaging converges closer to the previous optimal policy, with small differences caused
by the noisy samples, A3C may still converge to either of the two fixed points. Therefore, for A3C,
only the approximation error from the Monte Carlo samples can entirely determine which is the
optimal policy found by the algorithm. The details of these experiments also appear in Appendix [C]
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A Complementary Technical Results

A.1 Convexity of the negative conditional entropy

Let us consider the joint state-action distribution 1 on the finite set X x A. We denote v,,(z) =
> o tt(z,a)and 7, (alr) = p(x, a)/v,(x) for all z, a. We study the negative conditional entropy of
(X, A) ~ p as a function of y:

@)

Zul’alogzbuxb Zuzalog ()

We will study the Bregman divergence Dg,, correspondmg to Ro:

Dre (ulle) = Re(n) — Ro(W') = VRe() " (n— w),
where the inner product between two vectors v, w € RY*4 is w v = > z.a V(@ @)w(z,a). Our
aim is to show that Dp, is nonnegative, which will imply the convexity of Rc.

We begin by computing the partial derivative of R (1) with respect to u(x, a):
ORc(p) _ log p(,a) pa,b) - @ a)

+1-)

oz, a) vu(x) ~ Vu(7) vu(z)’
where we used the fact that 81/H(x) /op(z,a) =1 for all a. With this expression, we have
!/
Re(p') + VR (1) Zu xalog (z,0) +Z ))log Wi a)

v (2)

= Z u(z,a)log VN/(;:))

Thus, the Bregman divergence takes the form

Dre (i) = 3" nlx.a) <10g (izcg)‘bg’iﬁ;?)

x,a

= Zu (z,a)log - /((C;||§ Z ZW“ (alz) log - ,((a|i))

This proves that the Bregman divergence correspondmg to RC coincides with D¢, as claimed.
To conclude the proof, note that D¢ is the average relative entropy between the distributions 7,
and 7,,—that is, a sum a positive terms. Indeed, this shows that D¢ is nonnegative on the set of
state-action distributions A(X x A), proving that R () is convex.
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A.2 Derivation of optimal policies

Here we prove the results stated in Equations (9)-(TT) and Proposition [2] which give the expressions
for the dual optimization problems and the optimal solutions corresponding to the primal optimization
problem (), for the two choices of regularization function Dg (-||¢’) and D¢ (+||'). We start
with generic derivations that will be helpful for analyzing both cases and then turn to studying the
individual regularizers.

Recall that the primal optimization objective in (6] is given by

max (i) = max {Zu(w» a)r(z,a) - 1R(u)} :

HEA n

where A, the feasible set of stationary distributions, is defined by the following constraints:

Zu(y, Z,ua: a)P(y|z,a), Vy e X, (18)
b

Zu(x,a) =1, (19)

u(x,a) >0, Y(z,a) € X x A. (20)

We begin by noting that for all state-action pairs where /'(z, a) = 0, the optimal solution p; (, a)
will also be zero, thanks to the form of our regularized objective. Thus, without loss of generality, we
will assume that all states are recurrent under p’: 11/ (x, a) > 0 holds for all state-action pairs.

For any choice of regularizer R, the Lagrangian of the primal (6) is given by

L(; VN @) = Zuxa r(z,a) —fR —l—ZV <Z,uma (ylz,a) — Z,u(yJ)))
b
+ A (1 - Zu(l‘,a)) + ng(m,a)u(m a
=3 le,0) <r<x, @)+ 3" Plyle,a)V(y) - V() - A+ gz, a>> - LR+

= 3 il a) (A, a) = A+ pla,a)) = Rl) 0

where V, A and ¢ are the Lagrange multipliersﬂ and A is the advantage function for V. Setting the
gradient of the Lagrangian with respect to  to 0 yields the system of equations

P ) (O
OR(n)
o) n(A(x,a) = A+ p(z,0a)), 20

for all z, a. By the first-order stationary condition, the unique optimal solution 4, satisfies this system
of equations. To obtain the final solution we have to compute the optimal values V¥, A}, and ¢} of the

Lagrange multipliers by optimizing the dual optimization objective g(V, A, ) = L(uy; V; A, ), and
insert into the expression for 4. V" and X are unconstrained in the dual, while  satisfies ¢ (z,a) > 0
for each (z,a) € X x A. We give the derivations for each regularizer below.

A.3 The relative entropy

Here we prove the results for R(u) = Ds (ul|p') = >, , iz, a)log “:,((Z’L;)). The gradient of R is

OR(p) o w(z,a)
ou(z.a) " W(w,a)

“Technically, these are KKT multipliers as we also have inequality constraints. However, these will be
eliminated by means of complementary slackness in the next sections.

+1
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The optimal state-action distribution /i, is now directly given by Equation 1):

tiy(x, ) = p'(, a) exp (0 (A(z, a) = A+ @(z,a)) —1). (22)

For 4}, to belong to A, it has to satisfy Constraints (T9) and (20). Because of the exponent in (22),
py(x,a) > 0 trivially holds for any choice of ¢(x,a), and complementary slackness implies
@y (x,a) = 0 for each (x,a). Eliminating ¢ and inserting y; into Constraint (I9) gives us

1= 4 () exp (nA(,0)) e ™,

& A= % (logZu’(xva) exp (nA(z, a)) — 1) : (23)

Since the value of A is uniquely determined by (23)), we can optimize the dual over V only. The dual
function is given by

1. py(w,a) 1
A) —-A—-1 1 A=—+A
g(V) = L(py; Vo A) Zunxa ( (z,a) 7 og u’(m,a)>+ 77+

= 10g Z W (z,a) exp (nA(z, a)).

This is precisely the dual given in Equation (T0). Note that this dual function has no associated
constraints. The expression for the optimal state-action distribution in Equation (9) is obtained by
inserting the advantage function A}, corresponding to the optimal value function V" into 22).

A.4 The conditional entropy

We next prove the results for R(u) = D (pllp') =32, , #(z, a) log = (((;‘Ifc)) The gradient of R is

OR(w) _\,, Tulal2) .S p(z,b)  Om,(blz)

op(w,a) " mu(al) n(blz)  Op(x,a)

Since the policy is defined as 7, (a|z) = & (‘Tz a)) , its gradient with respect to y is

omu(blz)  Iya=py  p(z,b) 1
= - = Irpmpy — mu(blx)), Ve X,a,be A
ou(z,a) vu(z)  vu(x)? T vz ( {a=b} (0] ))

Inserting into the expression for the gradient of R yields

IR e Tulalr) > mgz:z; (Tfa=py = mu (bl2)

optr,a) et T2,
e TR s w(ale)
=K oy 1 2t = o LG

The optimal policy 7, is now directly given by Equation 1):

7r2(a|x) = 7 (alz) exp (n (A(z,a) — X+ p(x,a))) . (24)

For p17 to belong to A, it has to satisfy Constraint (20). Because of the exponent in (24) and the
fact that puy (7, a) oc 7y (alz), py;(z, a) > 0 trivially holds for any choice of ¢(z, a), implying that

¢y (x,a) = 0 for each (z, a) by complementary slackness. Since 7 (a|z) = £ :(?;), we also obtain
n

the following set of constraints:

Zﬂ' (az) = Z un(fx?) = ﬁg; =1, Vo e X.
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Inserting the expression for 7 yields

1= wa (alz) exp (nA(z,a))e”™, V€ X.

If we expand the expression for A(z, a) and rearrange the terms we obtain

Viz) = Ingﬂu a|ac)exp< ( /\—l—ZP ylz,a)V ))), VeeX. (25)

The dual function is obtained by inserting the expression for w* into the Lagrangian:

1 7 (alx)
) E —A— —log L —%
g(ViA) = L(py; Vi A) iy (alz) ( z,a) 7 %8 T )

Together, Equations (23] and @]) define the dual optimization problem in Proposition 2] The
expression for the optimal policy in Equation (TI) is obtained by inserting the optimal advantage
function A} into 24).

We remark that to recover the optimal stationary state-action distribution fi;, we would have to insert
the expression for the optimal policy ) into Constraints and (T9), and solve for the stationary
state distribution v,,. However, this is not necessary since p;, and v, are not required to solve the dual
function or to compute the optimal policy.

)+A_A. (26)

B The regularized Bellman operators

In this section, we define the regularized Bellman operator Ty, corresponding to the policy 7 and
regularized with respect to baseline 7’ as

T V(@) = Y wlale) (T(I,a) -

a

:ff'?) +Y P, a)V(:c')) (Vz).

Similarly, we define the regularized Bellman optimality operator T\, with respect to baseline 7’ as

T;I’T/ V](z) = %long'(a\x) exp <77 (r(x,a) + ZP(y|x,a)V(y)>> (V) ,

Yy
and the regularized greedy policy with respect to the baseline 7’ as

Gy [V](alz) o ' (al) exp (77 (7‘(% a)+ Y Plylz,a)V(y) - V(ﬂf))) :

With these notations, we can define the regularized relative value iteration algorithm with respect to
7’ by the iteration

Ter1 =GT Vil Viga(e) = T [Vil(@) — 0 (27)
for some .41 lying between the minimal and maximal values of T, I~ [Vk]- A common technique is
to fix a reference state ' and choose dx+1 = T:;lﬂ (Vi) (2).

Similarly, we can define the regularized policy iteration algorithm by the iteration
’ 7\
Tip1 =Gy Vel Vi (2) = (T;Hllﬂ ) [Vie](®) = Okt1, (28)
with dy41 defined analogously.

For establishing the convergence of the above procedures, it is crucial to ensure that the operator
T, ™ isa non-expansion: For any value functions V; and V5, we need to ensure

|t a1 - 7 )| < 1va - wal

for some norm. We state the following result claiming that the above requirement indeed holds and
present the simple proof below. We note that analogous results have been proven several times in the
literature, see, e.g., [10, [L]].
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Proposition 3. T}, ™ isa non-expansion for the supremum norm | f|| ., = maxg | f(z)|.

Proof. For simplicity, let us introduce the notation Q1(z,a) = r(z,a) + >_, P(y|z,a)Vi(y), with
Q> defined analogously, and A = Q; — Q2. We have

T3 V() - T [Va) () = <1og S (ale) exp (0@ (3, ) — log' 3 ' (al) exp (1Qs e, y>>>
S ' (ale) exp (1Q1 (x, )
<10g > 7(alz) exp (an(I,y)))
<1og S, 7(al) exp ( (Qa(x, ) + Ala, y))))
S w(ale) exp (1Qa(x,9))

= —log Z p(z,a)exp (nA(z, a)) (with an appropriately defined p)
77 a

(
(

— IR I3 I

1
< —log maxexp (nA(z, a))
’]7 a

= max A(z,a) = mgxz P(ylz,a) (Vi(y) — Va(y))

SmgXlVl(y) - Va(y)l-

With an analogous technique, we can also show the complementary inequality
T3 Wal () = T3 VA (@) < max [Va(y) = Va()]

which concludes the proof. O

Together with the easily-seen fact that T}, ™ is continuous, this result immediately implies that 7}, I

has a fixed point by Brouwer’s fixed-point theorem. Furthermore, this insight allows us to treat the
value iteration method as an instance of generalized value iteration, as defined by Littman and
Szepesvari [15].

We now argue that regularized value iteration converges to the fixed point of T, ™ If the initial value

function Vj is bounded, then so is V}, for each k since the operator T; I is a non-expansion. Similar
to Section [3] we assume without loss of generality that the initial reference policy 7 has full support,
i.e. mo(alx) > 0 for each recurrent state 2 and each action a. Inspecting the greedy policy operator

GZ;', it is easy to show by induction that 7 has full support for each k. In particular, 7341 (a|x) only

equals 0 if either 7 (a|x) equals O or if the exponent A (x, a) equals —oo, which is only possible if
V. is unbounded.

Now, since 7 has full support for each k, any trajectory always has a small probability of reaching a
given recurrent state. We can now use a similar argument as Bertsekas [4] Prop. 4.3.2] to show that

regularized value iteration converges to the fixed point for T} I

B.1 Regularized performance difference

In this section we provide a regularized counterpart to the performance-difference lemma (6, Prop. 1,
13, Lemma 6.1, 7).

Lemma 2. For any pair of policies w, 7, we have

Pu(r") = () = 30 s . ) A7 (2. 0) = = D ).

15



Let 11 and p* be the respective stationary distributions of 7 and 7*. The statement follows easily
from using the definition of A7:

S maAfe ) = i ) <r<x, ) = 2iog T 0 + X Plale. )i () - vn’f(x))

= py(p Zu (z,a)log ((I)) Pn(1t)

+) pt(z,a) (Z P(ylz,a)V; (y) — V;@))

= (1) = i) + Do ().

where the last step follows from the stationarity of p’ and the definition of Dg.

B.2 Regularized policy gradient

Here we prove Lemma which gives the gradient of the regularized average reward p, () when the
policy 7y is parameterized on §. Following Sutton et al. [38]], we first compute the gradient of V,™:

oV (x mo(alx g (alz

1 Omp(alz) 8pn 8V7r9( )
R <_mre(alx) o, +ZP o )

Rearranging the terms gives us

opy Omg(alz) 1. me(alz) - o 1

v (y) oV (x)
+ E mo(alx) g (y|z,a) g@- - g@-
8V”9() OV’”’(x)

_26779 a|x Aﬂ'e J,-Zﬂ'g \a? ZP y|$ a 0; gei

The last equality follows from the fact that since ) | 0wy (alz)/06; = 0 for each x, we can add any
state-dependent constant to the multiplier of 0wy (a|z)/00;; adding the term — V7o (z) results in
the given expression. Summing both sides over the stationary state dlstrlbutlon Vg, yields

py opy omg(alz) ,r,
801 7;” ( )89 7ZV7T6(I)WATI ('I7a)

z,a

ovre(y) oV, (x)
+Zzy7r9 71-0 a|x (y|x,a)#—2ym(x)#

_ Z v ( 37r9 a|x Omo(alr) yrs ;. q) 4 Z vy oV (x)

37T alz) .
_Z Vro ( ol | )An"(m,a).

To conclude the proof it is sufficient to note that

alOg'fTG(a‘x) _ Mm (x,a) 3’/T9((1|£L’) _ 37T9(a|93)
firy (2,0) a0, = re(az) 06 =y (7) 90,
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Figure 3: (left) The two-state MDP considered in our experiment (from Asadi and Littman [[1]]). State
So is a terminal state. Signed numbers correspond to rewards and unsigned ones to probabilities. We
use v = 1. (right) Standard Value Iteration using softmax policy updates (in red) suffers a hysteresis
effect and two solutions coexist for a range of values of 7. In contrast Regularized Value Iteration (in
blue) has a single optimum. Circles (dots) denote increasing (decreasing) values of 7, respectively.

B.3 The closed form of the TRPO update

Here we derive the closed-form solution of the TRPO update. To do so, we first briefly summarize
the mechanism of the algorithm. The main idea of Schulman et al. [35] is replacing p(u’) by the

surrogate
L7(x") = p(m) + Y val@) Y _ 7 (ale) AL (w, a),

where A7 is the unregularized advantage function corresponding to policy . E] Furthermore, TRPO
uses the regularization term

alz
Dirgeo (1]|pt") ZV“ Zﬂ'u alx) log H((a||x))

The difference between L + Drrpo and p + D¢ is that the approximate version ignores the impact
of changing the policy 7 on the stationary distribution. Given this surrogate objective, TRPO
approximately computes the distribution

1
i = argmax { () = = Do ()} 29)
HEA n

Observing that the TRPO policy update can be expressed equivalently as

Tht1 = arg;nax {Z Vi, (@) Zﬂ'(a\x) (Agg (,a) %log 7:;(&3)) } 7

x a

we can see that the policy update can be expressed in closed form as
Tk
Tra1(a|z) o< mp(a]z)emd= (39,

This update then can be seen as a regularized greedy step with respect to the value function of the
previous policy 7.

C Complementary experimental results

This section provides further details about the experimental results of Section[5.2} We first highlight
the MDP structure shown on Figure 3] (left), and describe the fixed points of softmax value iteration

>This form is inspired by the well-known identity we state as Lemma
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in this MDP. Figure 3] (right) shows the policies obtained after convergence of VI for different values
of 1, in two sweeps: first increasing and then decreasing 7. For each value of 7, VI is run until
convergence using as starting condition the solution obtained for the previous step. In the case of
standard VI with softmax updates, we observe a hysteresis effect: there is a region of values of 7 for
which two fixed points coexist, one corresponding to 7(a;|s1) = 0 and another one corresponding
to m(ai|s1) > 0. E] In contrast, Regularized Value Iteration (in blue), Equation @]) has a single
optimum. For the experiments, we set n = 8, which corresponds to the vertical, dashed line in the
figure.

We now turn to describing the details of the gradient-descent methods we use. Gradient descent on
the Dual Averaging objective performs the policy update

Oki1 =0k + Y pixy(a)Vologme(a) AT (a), (30)

where A7¢(a) = Q7¢(a) — V7 is the regularized advantage function. In our case, we use the
uniform policy as the reference policy. The full policy evaluation step iterates the following equations
until convergence:

1
Q7' (@) =y =+ 10g(2m(a)) + Plsafa, 1) > mo(a)QF (a) 31
In contrast, A3C performs updates according to the following regularized gradient

Ori1 = Oy + (Z [ (@) (ve log 79 (a) AT (a) + ;VQH(W(@))» , (32)

where H(-) is the entropy function. Unlike Dual Averaging, A7¢(a) evaluates my(a) using the
non-regularized Bellman equation, i.e., Equation (31)) without the term —% log(27(a)).

We run both algorithms using the same settings for different initial random conditions. Figure[2]shows
that Dual Averaging always converges to the same policy, represented by the single diagonal ridge.
In contrast, the A3C update converges to two different minima, which correspond to the policies in
red of Figure 3] (right).

It is also interesting to analyze the behavior of both algorithms in the presence of approximation
errors. Figure [4]shows histograms of the values of the first component of § after convergence for
different runs using the same initial condition, but replacing the exact policy evaluation step by a
Monte Carlo approximation. We observe that, while Dual Averaging converges closer to the previous
optimal policy, with small differences caused by the noisy samples, A3C may still converge to either
of the different solutions. Therefore, for A3C, only the approximation error from the Monte Carlo
samples can entirely determine what is the optimal policy found by the algorithm.

SThe region differs from that reported by Asadi and Littman [[I]] because we use y = 1.
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Figure 4: Comparison between Dual Averaging and A3C for the same initialization and using an
approximate policy evaluation step based on 50 samples. (left) Dual Averaging converges to the
previous policy up to a difference due to the noisy samples. (right) In the presence of approximate
evaluation step, A3C converges to different policies, even using the same starting condition.
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