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Discrete variables
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Discrete variables

Discrete variables

Definitions

@ discrete time steps, ¢ =0,1,2,...
@ binary dynamical variables: o = (o1,...,0n), oi = +1
@ local ‘forces’ (or fields’):

N
hi(o) = Z Jjoj + 6; Jj interaction strengths
j=1 0; external fields

Jjoj

@ effect of forces: if hi(o)>0 then o; — 1
if hi(e)<0 then o; — —1



Discrete variables

l l oi=1 o= —1 ‘
magnetic systems spin j up spin i down
neural networks neuron j firing

neuron /i at rest
gene i switched off
person i healthy
Boolean var i is FALSE
pixel i is white
voter i favours democrats
user i prefers Apple Mac
trader i buys shares

gene regulation
epidemics
computer logic
image analysis
sociology
commerce
financial markets

gene i switched on
person i infected
Boolean var i is TRUE
pixel i is black
voter i favours republicans
user i prefers Windows
trader i sells shares

binary values often quite appropriate,

methods are easily generalized to o; € {1,2,...,Q}
(if needed)



Discrete variables

Stochastic evolution of o

@ parallel dynamics:

Vi:  oi(f+1) = sgn[hi(o(€))+ Tni(¢)]

@ sequential dynamics:

if i O'/(€—|—1):O','(Z)

pick i¢ randomly {ifi:ig: oi(t+1) = sen[hi(e(0)+ Tni(0)]

ni(€): indep random vars, drawn from w(n),
w(—n) = w(n), ni(€)n(¢'))=0b;bu

@ noise parameter T > 0

T = 0: parallel dynamics is deterministic,
sequential dynamics has randomness in order of updates

T— oo: fully random evolution of o



Discrete variables

Probabilistic description
@ use integrated noise distribution
z , d
62 =2 [ dnwln): g(-2)=-g(2). lim_o(z)=+1. {z0(z)>0

w(n) = (2m) 2 2"

w(n)

9(2) = Erf(z/V2)
%[Hanhz(n)]; 9(z) = tanh(z)

@ if o' =sgn[h+ Tn]:

, >~ 1T 11
Prob(o'=1) = [ dnw(m) =g+ [ dnwln) =5+ zath/T)
0

h/T 2
Prob(c’ =—1) = %—%g(h/T)

combined:  Prob(c') = = + %(r/g(ﬂh), g=1/T

N —



Discrete variables

@ application to parallel evolution of o,
define Prob(o;(¢) = o) = pe(0)

if o(¢) known: Vi: peri(oilo(f)) = > + 5
N
peti(olo(l)) = H [1 + %U;g(ﬁh/(a(ﬁ)))]

N
more generally : pesi(o) = Zpe H [1 + U,g(ﬁh (o' ))]

i=1

all o; can change state in one time unit
Markov chain representation:

N
=S Wieioloie). Wieio) =[5 + zoa(on(e")

i=1

U)ZZJ/]U]—F@,‘
J

peii(o



Discrete variables

@ application to sequential evolution of o,
define Prob(o;(¢) = o) = pe(o)

ifi#ip:  peyi(oilo(l),ic) = 60;',01'(15)
ifi=1ie: Pott (Uilo'(e) iZ) = %[1 +Uig(ﬂh/(o'(€)))]

prii(olo(@), i) = [T bo,0] g [1+01.9(3h, (o(2)))
JFe

o(¢) and fp known: {

average over o (£): ppi1(o) = Zpg(o' [Hé(,/ ] [1+0i,9(8h;,(c"))]

o’ J#ie

average over fg:  Per1(o NZZ pe(o [H 5(,1 o ] 1 4o (5/7/(0"))]

i o’ J#I

in one time unit: only one o; can change,
so noticeable system evolution only after O(N) time steps ...



Discrete variables

@ sequential dynamics,
simplification using state-flip operators:

Fio(o) = ®(o1,...,0i-1,0i, Tix1,- .., ON)

peri(o) = %ZZ'D‘ [H‘s“ﬂ’} [1+ei9(8hi(e”))]

i o J#i
= S U600y 460y o) [ TT 9oy 3 [1 +010(5 ()
i o’ J#I

= NZZ pe(o [50' o' +oFro o"] ! [1 +0/Q(5hi(‘7,))}

i o’

_ szg(a) +oig(Bhi(a))] + NZ’”F’ [1+0i9(8hi(Fio))]

introduce w;(o) = 3 [1—aig(Bhi(o))]:

;[ +oig(Bhi(o))] = 1-wi(a), 15[1+a,-g(5h,-(l-',-a))] = wi(Fio)



Discrete variables

pei(o) = Nsz o)[1—wi( o—)]+NZpe(F/ Ywi(Fio)

pe(o) + 4 z,: [pe(ﬁa)m(ﬁo)*Pz(U)Wf(G)}

all o; can change state in O(N) time units
Markov chain representation:

peii(o) = Z Wio: o'lpe(o")

Wio; 0']—50-0-/+NZW; 5/—‘00/*50'0'/]

wi(o) = é 1 —oig(Bhi(o) ZJ,,U,+0
notes:

(i) for finite 8, parallel and sequential dynamics are both ergodic,
so both always evolve to unique stationary states p.. (o)
(i) Markov chains of the general form py.1(o) = Y5/ W(o; o’']pe(o”)
have the following solution: p(o) = 3" 5 W'[o; o']po(a”)
10/47



Discrete variables

@ sequential dynamics,
from discrete to continuous times

assume duration of each iteration ¢ is random,

1 _
me(t) = 7 t )Ze A probability that at time t € [0, c0)
precisely £ updates have been made
Poisson distr, (¢) = t/A, ((?) = t/A+1?/A®

now
pio) = > m(Dpele) = m(t) ZWZ o;0'] po(o’)
£>0 £>0
d dme(t
adp(e) = ay 9 )ng” ] poer)
£>0

= > [le>0lm1(t) = m(t)] > W o 0'] po(c)

= Z w [0'; o"} pt(O',) — pi(o)

choose A = N~': (¢) = O(N)

11/47



Discrete variables

combine
lg (o) Z Wo:o'] pi(a’) — pi(o)
N atP I
Wie;0'] = do.0 + Z wi(o") [0ro,00 =00 ,07]

so-called master equation
for sequential dynamics:

(%pf(a) Z Z wi(o')[0r0 .00 — 0o .0 pr(c”)]
— Z [wi(Fio)pi(Fio) — wi(o)pi(o)]

(i) all o; can now change on timescales t = O(1)

(i) wi(o) = 3[1—0ig(Bhi(o))]: transition rates

(iii) /(B)z—(0)2/{)==1/VNt,

hence uncertainty in nr of iterations vanishes for N — oo

12/47



Continuous variables

e Continuous variables
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Continuous variables

Continuous variables

Definitions

@ discrete time steps: f; =¢A, ¢ =0,1,2,...
@ continuous dynamical variables: o = (o1,...,0n), 0i € R
@ local forces’ fi(o)
@ stochastic evolution
Vi:  oi(tt+A) = oi(t) + Af(o(t)) + V2TA ni(£)
ni(€) : indep Gaussian random vars (noise),

(ni(€)) =0, <77i(é)77/'(€/)> = djibeer

for A | 0: Langevin equation
(with continuous time)

dﬁai(t) = fi(a (1)) + &(1)
Gaussian noise, (£(t)) =0, (&(1)&(t)) = 2T8;6(t—t')

14/47



Continuous variables

to confirm this, rewrite

w = fi(o(t)) + &i(te), Gaussian &i(t;)= %m(f)

ALO: d%af(f)=ﬁ(a(t))+£/(t), (&(1) =0, (&i(1)&() =2T5;C(t, 1)
C(t.t) = lim Ca(t.1), Calt,t) = 1 n (t)nf(’Z'»
noise correlations:
Ca(t,)=A"", Ca(t t+7)=0 for 7>0,

m/dr Ca(t, t+7) IAlrﬂ)AZZ:CA(t,H-ZA)

. t t .
= lim ) (5 +6) = L'T)Z&o =1
4 £

AlO

hence: C(t, t,) = |imA¢0 CA(t, t,) = 5(t—t’)

15/47



Continuous variables

moment generating function

for Langevin equation remember: &(t;)=Y2In;(()
(AT VG i (o1 e Ty viltA)E ()
AlO
= |im<eiV 2TAS, Zf’l’i(fA)m(l)>
410
— i VTR (£8)n;(0)
= lim e i
I
; dn  _1p2iine(ea)VETA
= lim /7 e~ 27 FinYi(th)
Aaol;l N
— im TTe TA%¢8) _ jim o= TA S Sy wfea)
A—0 iv A—0

_ efThf‘(i{Zf 1.112(1)
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Continuous variables

Probabilistic description

from Langevin eqn for o(t) to
Fokker-Planck eqn for pi(o) = (0[c—o(1)])

@ use (in distributional sense):
5(x-re) = +Ze,fa(x ze, 6y 300 + O(el)
@ start with discrete time
Prea(e)—pile) = <6[a—a(r)—Af(a(t))—Jﬁn(gm ~ Glo—a(t)
_ —Z 2 oo [Aﬂ(a( 0)+V2Tan(5)))
+ TAZ a

3
2

(L) +0(al)

17/47



Continuous variables

@ o (t) depends only on those n;(t//A) with t'< t,
so for any function A(o):

A1) = (Al (O m(5)) =0

A Im(5)) = (A i In( ) = 5 (A (D))
Prra(a)—pi(o)

=2y o Blo = (Ol () + TA S 5 6lo—a(0)]) + 0(a})
= 83 5, [0lo oD@ + T 57 ol —o (0] +0(a)

2 3
=-A Z 87,,, [p(@)f(a)] + TA Z FozP(e) +0(8%)
@ A | 0: Fokker-Planck egn
d 0

PN+ TS (o)

18/47



Detailed balance

e Detailed balance
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Detailed balance

Detailed balance

Detailed balance for ergodic Markov chains

@ our present pesi(@)=>_ Wlo;o'lp(o’), > Wlo;o'|=1 Vo'
Markov chains o’ o

detailed balance property (DB):
3p(e)>0such that: Wlo;o'|p(e’) = W[o'; a]p(a) for all o, o’

if DB: p(o) is invariant state of the process
since process ergodic: P (o) = liMi o pi(o) = p(o)

proof: Z Wie;o'|lp(a’) = Z Wio';olp(o) = p(o)

notes:

(i) all ergodic Markov chains have unique stationary state, but not always DB
(i) DB is often a useful route for finding the stationary state
(iii) interpretation: no currents in stationary state,

rates of transitions o — ¢’ and o’'— o are the same for all pairs (o, o)
20/47



Detailed balance

application to parallel dynamics
forces hi(o)=3", Jjoj+0;, noise w(n) = 3[1—tanh?(n)]

@ now g(z) = tanh(2),
use 1+tanh(z) = e/ cosh(z)
Bo’, hi(o )

/ 1 1
Wio: o'] = H[ + ~oitanh(Bhi(o ] HWM('))

2 2

DB: P Tiein(@ ) p(g’) B X0 p(q)
[1;cosh[Bhi(o”)] I, cosh[Bhi(a)]

for all o, o’

@ all p (o) non-zero
(ergodicity), so define p(o) = i diert K@l H cosh[gh;(o)]

detailed balance
Y(o,o'): Za, / +Z€,a,+K Za,h(a +Z€,a,+K o)
ZO’,J,/UI + K(o ZO’,J,/U]-i-K( )

if i
21/47



Detailed balance

@ average overo’: K(o)+0=2""Y"_, K(o')+0 forallo,
so K is a constant

Y(o,0'): ZU;J,-,-U,{ = ZO‘,{J,'/'O'/’ ie. Za; (J,j-Jj,')Uf =0
i U

i

hence J; = J; for all (i, ),
interaction matrix J = {J;} must be symmetric

@ final picture for parallel dynamics
@ {J;j} non-symmetric: no DB, p. (o) not generally known

o {J;} symmetric: DB holds,

Poo (o) = 1Z B2 i Hcosh [ﬁ(ZJ,,rrﬁe)}
Z= ZeﬁE’Q’U’HCOSh [ (ZJ,,UN—H,)]
o i

(Peretto distribution)

22/47



Detailed balance

application to sequential dynamics
forces hi(o)=3", Jjoj+0;, noise w(n) = 3[1—tanh?(n)]
exclude self-interactions, J; = 0 for all i

@ now g(z) = tanh(2),
use 1—tanh(z) = e~*/cosh(z)

1
Wio; o'l = bo,00 + N Z wi(o")[oro .00 — doo]
i

only need to inspect DB condition for (o, ') with ¢’ = Fjo for some i
(trivially satisfied otherwise)

e~ Boihi(0)

W) = 3 osniBh@)]

V(o,i): wi(Fio)p(Fio) = wi(o)p(o)
V(o i) : eﬂdfh/(":io')p(,:io.) _ e—ﬁfffhf(o')p(a.)

V(o i) : eB"ihi(a)p(’__’,o.) _ e*BUIhi(o’)p(o.)

@ all p. (o) non-zero, so define

BISk Okok+3 Ske okdkeoe+K(O)]

p(e) =e

23/47



Detailed balance

@ detailed balance
. 1
Y(o,i):  oihi(o) + ZekFiU'k + 5 Z Jee(Fiok)(Fioe) + K(Fio)

- +Z€kak+ ZJkZUko'ZJFK( )

use Fiox = ox—20K0;

Y(o, i) Zek(akf&;,ka, 5 ZJM —26i0)(00—20107) + K(Fior)
= —20’[(9/+Z J,'j(Tj) + Zekak + E %Jkﬂfk(f[ + K(a’)
Y(o,i): —o ZJM (6,kgz+5,gak) + K(Fio) = —20; > Jjo; + K(o)
)

V(o,i): (1-F)K(a) =01y (J/g-Jg,')O’g

12

@ apply to both sides (1—F;), with j # i:

symmetric in (/,) antisymmetric in (/,j)

V(e,i#j): (1-F)(1-F)K(o) = 20i0i(Jj—J;) hence {




Detailed balance

@ final picture for sequential dynamics
without self-interactions

@ {J;} non-symmetric: no DB, p. (o) not generally known

@ {J;} symmetric: DB holds,

1 . 1
po(0) = e HO) - H(e) = > ZU,J,-,-U, —~ Ze,a,
i#f i
7 = Z e~ BH(O)
g

standard in statistical physics,
temperature 1/, Hamiltonian H(o), partition function Z

(Gibbs-Boltzmann distribution)

notes:

(i) sequential dynamics with self-interactions: only DB for pathological cases
(ii) alternative noise statistics w(n) # 1[1 —tanh?(n)]: no DB
(neither in parallel nor in sequential dynamics)

25/47



Detailed balance

Detailed balance for Fokker-Planck equations

@ FP-equation: Z [pt(a)f o)) + TZ s 2,0z

rewrite

fp, )+ Z 5o, (o, 1) =0, Ji(o,t)= (f;(a) — T%)Pt(d)

stationary states: 3_, -2 Ji(o, 00) = 0 (divergence-free current)

i doj

@ detailed balance:
Ji(o,00) = 0 for all i (zero current)

0
DB: fi(o) = Ta—ai log p(o)
(o) =2 _ 1 -sHo)
fi(o) = 9o, H(o) for some H(o), p(o)= e
forces must be conservative

but since o € RV,

further requirement: ~ P(¢) normalisable, / do e M) < oo

26/47



Detailed balance

@ example: conservative forces
but no DB stationary state

fi(oc) =0 foralli: H(o)=C (constant), p(c) = %efﬁc

actual solution : pi(o) = (47 Ti)*N/2 /dg’ po(g’)e*(o'*a")g/ﬂf

lim pi(o) indeed does not exist
t— o0

@ final picture for continuous variables
described by Langevin or Fokker-Planck eqns

@ stationary state need not exist
@ fi(o) non-conservative: no DB, p. (o) not generally known
o fi(o) conservative: DB holds if [do exp(—SH(c)) < oo
with H(o) defined by fi(o) = —0H(o)/00;
Poo(0) = 129(,3,4(0)7 Z= /ida e PHT)

(Gibbs-Boltzmann distribution)

27147



Detailed balance

Examples of interacting continuous variables

d
oecRV: Fridhe (o) +&(t), fi(o)= Zj:Jij tanh(yo;) — oi + 6

@ forces conservative?
note: if i = —9H/0o; then 0f;/0o; — 0f;/0o; =0
here:

o o Of@) _0f(a) _

. _ 2 . — . _ 2 .
b0~ g0 = (Uil —tanh®(r07)] - i1 —tanh(y0:)])

o =0: if conservative then J;j = J; for all (/,j)

if {J;} symmetric:
Vo 0=nJ; (tanh2(w,-)—tanh2(w,))

forces never conservative, unless Jj = 0 for all j # j
here H(o) =3, [307 — 6ioi — (Ji/7) log cosh(va;)]

(non-interacting variables) 0847



The H-theorem

e The H-theorem
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The H-theorem

The H-theorem

Boltzmann’s H-function
for detailed balance processes,
with peo(6) =Z " exp[—SH(o)]

discrete variables : Hip] = Zp(cr) [H(O')—i—ﬂ*1 log p(o)]

continuous variables : Hlp] = /da p(o) [H(O’)+ﬂ71 log p(o)]

generalizes free energy F = U— TS in physics,
with Shannon entropy S=— 3", p(o) log p(o)
(integral instead of summation for continuous o)

claims:
@ 7[p]is a Lyapunov function for standard stochastic processes
that evolve to a Gibbs-Boltzmann equilibrium state

@ so d#H[p]/dt < 0, and H[p] bounded from below
@ dH[p]/dt =0 only at pe (o) = Z~" exp[—BH(o)]

30/47



The H-theorem

lower bound of H[p]

@ discrete o
Hlp] = Zp o)[H(o)+ Iogp o) = Z )log [ ﬂH(O’)p( )]
— ’ p(o) 1 e
= 73 log Z + B Zp(a)log [70)}, Poo(0) = e BH(O)

1 1
= —5lo0Z+ Dlpllpw] =~ log Z

KL distance Dlpl|g] = Yo p(e) loglp(er)/q(a)] > 0

@ continuous o

same argument, but with [do instead of 3",
and KL distance D[p||q] = [do p(o)log[p(c)/q(c)] > 0

lower bound is achieved
if and only if p(o) = poc (o)

31/47



The H-theorem

Evolution of H[p;] for
Fokker-Planck eqn with conservative forces

@ if i(o) = —0H(o)/00i:

0 oH 0 1
P =X G [T T )] T

this gives (via integration by parts)

<Hlpd / do [H(a)+% log pf<a>+%] < pi(o)

/ dor [H(@)+ Tlogpi()] Y- a% (o) ag((; )4 Taimpt(a)]

_ Z/da +T|ogp,(a)] G )i(H(o-)—leogpz(a))]
= boundary terms — Z /dcr pi(o )[a— (H(o-)-|-T|og pi(o ))]2

32/47



The H-theorem

@ boundary terms:

BT = %Z/Hdaj [p,(o—)aam(H(a)+Tlogp,(a)ﬂ UI:_OO

j#i

if pt(0)|s;—+o0 Sufficiently fast: BT=0,

C%H[pz] — z/:/do- p,(a)[a%(H(a)Hlog ;of(a))]2 <0

@ stationarity requires

Vo : p(c)=0 or H(o)+Tlogp(o) is constant
Vo : p(e) =0 or ¢?"9p(o) is constant
Vo : p(e)=0 or plo)=Z"e M)

33/47



The H-theorem

Evolution of #[p] for discrete variables
described by detailed balance master egn

@ mast
master eqn ditpt(d) _ Z |:V|/,-(F,'O')pt(F/O') - w,-(a)pr(a)]

1

evolution of H[pr] (use >, < pi(o)=0)
Z [H(o)+Tlog pi(o)] Z [wi(Fio)pi(Fio)—wi(o)pi(o)|

d
EH[Pt]

IIIC (o) |[H+T log psor ~[H+ T log plor |

@ rewrite transition rates
o—Baihi(0) o2 BH(O)— L BH(FO)

1
wi(e) = st —tanh[Boih(o)ll = 5 R iBR )] ~ 2cosh(ah (o))

Since, if all J,',' =0 and J,'j = J/','Z
H(Fio)—H(o) = 20ihi(o) (see exercises)
34/47



The H-theorem

d e%BH(U)féﬂH(F,O’)
aH[Pt] = ZZP?(U)W[[H‘f‘TlOgPt]FfU_[H‘f'T|°9Pt]a}

ezﬁH o)~ L BH(FiO)

= Zzzpr W[[H+T|°9Pr]FfU_[H+T|09pt]d}

eZﬁH(FU)_fﬁH( H4 Tl H4 Tl
+222Pt i W[[ + ngt]o'_[ + ngt]F,o‘}

_ [H+T log pi]ro —[H+T log pilo
N Z Z 4 cosh[phi(o)]

% [pt(a)e‘gaH(a)f%BH(F;o),pt(,:ia)e%ﬁH(F,-o)f%ﬁH(a)]

i

_ [BHA+log prlrio —[BH+10g pilo 1 sHior)- 1 sH(Fo)
=22 43 cosh[Bhi(o)] ¢

x [pi(@)e” ) —pi(Fir)e® )]
o 3BIH(O)+H(FO)]

- ZZ 4B cosh[Bh(o)]

[[ﬁH+|og pt]F,o’* ] {Q[BHHOQM]F,U _e ]
35/47



The H-theorem

@ final step
(x —y)(e* —¢') >0, withequality if and only if x =y
hence LH[p] >0
@ stationarity requires
C%H[p] =0: foralli: pBH(Fio)+logp(Fio) = pH(o) + log p(o)
BH(o) 4+ logp(o) is constant
P9 p(o) is constant

p(o) = 71— B8H(O)

36/47



Correlation and response functions

e Correlation and response functions
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Correlation and response functions

Correlation and response functions

Definitions

@ add time-dependent perturbations,
0; — 0;+9/(l’) or f,(a) — f,’(O’)-‘r@i(t)

Ot = (@t Gt = el (> )

stationary state
Ci(t, t") = Cj(t—t"),  Gj(t,t') = Gj(t—t)

@ detailed balance equilibrium:
fluctuation-dissipation theorems (FDT)

discrete o, parallel dynamics:  Gji(7>0) = —g[Cj(7+1)—Cj(7—1)]
discrete o, sequential dynamics: Gj(r) = —pé(r) di Cj(r)
T

continuous o': Gj(r) = —59(7)£ Ci(7)
38/47



Correlation and response functions

FDT for discrete variables and detailed balance

@ Markov chain
Pe+1(o Z Wlo; o'lpe(o”)

probability of path
o'y s o(l'H)— ... 5> a(1) - a(d)
£—1
Prob[o(£),...,o(0)] = ( [T Wi (k+1); U(k)])pg/(a'(él))

k=¢'

@ expressions for C and G

Ci(t.t) = > - ZProb[a(Z ). o (Oloi(O)oj(¢)

o)
= Y o] Wf “loio'lpw (o)
oo’
ij([, Z’) — Z o Wz_z’_1 [0_; 0_//] {% W[O'H; O'I]:| Do (0'/)
oo'o! ]

39/47



Correlation and response functions

@ differentiate stationarity egn

a%p(o) - a%ZW[a:o’]p(o’)
5Pe) = LA e« Wi ot}
@ detailed balance
plo) =z e DO [ 1OZ, jOHe) o)

insert into above egn

V4 OH(o 8Wcra

;wm(;g 35 82

OH(o) . OWleo; a'] BH( "
6879,-“0)77;079/ +BZ Wio: o p(c’)

40/47



Correlation and response functions

S ety = 55 Wi o P oo~ 17 )
@ response function G;(¢—¢')
with £ > ¢
Git) = 3 oW o1 P oo
= B W o) {Z Wio'; a1 (a')—a”a(g/f"’p(a“)}
compare to

Ci(0)—Cj(t—1) = Z oW o; 0] {Z W(o" o'lojp(c”) — J,{/p(a'”)}

oo’

41/47



Correlation and response functions

discrete variables, sequential dynamics

@ work out 9H/06;

OH(o)
H(O’ Z Jkeokoo — Z Okok, = = —gj
24 00
hence
Gi(t) = —,BZCF,WZ 1[o' o'" {Z W[o-” o ij( ) 0,{/,0(0'")}
O’o’/l

= —B[Cj(6)—Cj(t—1)]

@ master eqn version, large N: ¢ — Nt+O(v/N)
o Cj(()—Cy(¢t—1) = N5 Cy(1)
@ rescale perturbations 6;(t) — N6;(t) Gj(t) = —B~ d Ci(t)
o Gj(t) » N~'Gy(t) di

rescaling of 6;(t) inevitable because
perturbation lasts only for At = O(N~")
42/47



Correlation and response functions

discrete variables, parallel dynamics

@ work out 6H/60,-

H(o) Z log cosh(Bhk(o Z@kak, he(o) = ZJkZUZ+9k
£
3H
o) =~ tanh 3 (o)
hence
Git) = 83 oW [oi0"] {Z Wio":'lojp(o ')—of’p(a”)}
oo’

B3 W o a"]{ZW[a”: o' tanh(ﬁhj(o’))p(a’)tanh(ﬁh/(a”))p(o”)}

o'o'//
@ final identity, via DB
tanh[Bh;(o’ Z o/ Wia" o'lp(c’) =) of W[o';0"]p(c”)

o' o'
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Correlation and response functions

tanh[3h(c")lp(o") = 3 of W[o'; 0" lp(c”)

=
@ insertinto Gj(¢)
Gi() = —B[Ci(H—Cye~1)]
-8 oW oo YW 713 o} Wle' 0" lple")
oo’ o’

- o,’“W[ "o lp(o") }

= —B[Ci()-Cy(¢~1)] a
—8Y aW'loio"| > W' lejp(e’) — o] plo )}

—B[Ci(0)-Cy(¢—-1)] — B[CU(£+1)_CU(£)]
—B[Ci(£+1)—C(¢—1)]

Gj(¢>0) = —p[Cj(t+1)—Cy(¢—1)], Gj(¢<0)=0
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Correlation and response functions

FDT for continuous variables and detailed balance

@ Fokker-Planck egn in operator form

d N — O Ty - 79 V500 o

P = L. ﬁ(a,o’)——zaai[l‘,(a) Taai]a(a o)

solution : Pt(ff):/dal(etﬁ)(a,a'),oo(al), et = %E”
n>0

@ conditional probability density
t> t/ : p;(cr|o'(t'):a'/) _ (e(t—t’)ﬁ)(a_,a_/)
Cj(t, t') = /doda/ o e(tft/)ﬁ(o, o')o} pr(c’)
@ response function
during interval [t +¢]: fi(o) = fi(o) + e '0;0, L=L+e'AL
AN = 0 /
, AL(o,0") = —Oa—ajd(a—a )
G;j(t,t') = lim lim Y /do- oipy (o)

i-0el0 0 45/47



Correlation and response functions

@ this gives
propagate t/ +e—t propagate t' —t/4e
/_’—
o0 /
Gj(t,t) = ;Tolelmﬁ dodo’ o; "7 (o a)/da” 6L(cr o) pr(a")
_ v 1o}
= lim lim /da’do" gj et =L o, —N/dd'/ £ ("
lim im , (0.0) (o'.a")pu (")
= lim /da’da/ o e(tft/)ﬁ(a',cr')g /da"eAﬁ(o"7o'”)pt,(o"/)
6—0 00
work out

ei o] Pt’(Ul)
—_0)" 9" , L e
= S E T (o) = pu(o’—09)

= n! 8((7;)”

a0 (o' 0 pu(e")

Gj(t,t)

lim /dado" o e(tft,)[:(d7 a’)%pﬂ(a'—ééj)

6—0

_y 0
— /dddo" o et )ﬁ(o',ol)afafpﬂ(o'/)
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Correlation and response functions

always y
Ci(t,t) = /dada/ oi e (g, a')o py (o)

Gj(t,t) - /dodo’ o e(t_t/)ﬁ(o, a’)%py(a/)
i

@ detailed balance equilibrium

_ 9H(o) o Ci(t, 1) = Cy(t—t)

filo) = v fi(e)=T+= =0 Vi,

()= =55, @) =T IP(@)=0Vi, o )~ Gyt—1)

,5% Cij(r) = -8 /dado" o eTE(cr,o")/do"' L(c',0")aj'p(a”)
ar

= 4 /dado" oie " (o,0') Zk: % [fe(o")— T%] [ojp(c’)]

=8 /dcrda” oi e “(o,0") Z % [U; (fk(a')p(a')— Tai;( p(cr/)) - Téjkp(a')}

/ T / a /
= —/da'da' oie (o0 )Z@[éjkp(a )] = Gj(r)
K
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