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Definitions Macroscopic structure Random graphs

Definitions

Networks and Graphs

N-node graph G(V ,E): set of vertices/nodes V = {1, . . . ,N}
set of edges/links E ⊆ {(i, j)| i, j ∈ V}

simple graph: no self-links, ∀(i, j) ∈ E : i 6= j

nondirected graph: symmetric links only, if (i, j)∈E then (j, i)∈E

directed graph: contains non-symmetric links, ∃(i, j)∈E with (j, i) /∈E
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V = {1, 2, 3, 4, 5, 6, 7, 8}

E = {(2, 1), (3, 2), (4, 2), (5, 2), (3, 3),

(5, 4), (7, 4), (8, 4), (6, 5)}
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Adjacency matrix

adjacency matrix A∈{0, 1}N×N :
fully equivalent definition of graphs

∀(i, j) :
Aij = 1 if (i, j) ∈ E , i.e. there is a link j → i
Aij = 0 if (i, j) /∈ E , i.e. there is no link j → i
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Aij =1•i • j

simple graph ⇔ Aii =0 for all i
nondirected graph ⇔ Aij =Aji for all (i, j)
directed graph ⇔ Aij 6=Aji for some (i, j)

advantage:
convert graph analyses to matrix manipulations
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examples
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⇔ A =



0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 1 0 0 0 0 0
0 1 0 0 0 0 0 0
0 1 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 1 0 0 0 0
0 0 0 1 0 0 0 0


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⇔ A =



0 1 0 0 0 0 0 0
1 0 1 1 1 0 0 0
0 1 0 0 0 0 0 0
0 1 0 0 1 0 1 1
0 1 0 1 0 1 0 0
0 0 0 0 1 0 0 0
0 0 0 1 0 0 0 0
0 0 0 1 0 0 0 0


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Definitions Macroscopic structure Random graphs

Paths in networks

k−1∏
`=1

Ai` i`+1 = 1 if the graph contains the path of connected links
ik → ik−1 → . . .→ i2 → i1

k−1∏
`=1

Ai` i`+1 = 0 if it does not

N∑
i1=1

. . .
N∑

ik =1

Aii1

( k−1∏
`=1

Ai` i`+1

)
Aik j > 0 ⇔ there exists a path of length

k +1 from node j to node i
N∑

i1=1

. . .
N∑

ik =1

Aii1

( k−1∏
`=1

Ai` i`+1

)
Aik j = 0 ⇔ there exists no path of length

k +1 from node j to node i

(Ak+1)ij > 0 ⇔ there exists a path of length
k +1 from node j to node i

(Ak+1)ij = 0 ⇔ there exists no path of length
k +1 from node j to node i
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Definitions Macroscopic structure Random graphs

Node degrees

in-degree of node i : k in
i =

∑N
j=1 Aij

out-degree of node i : kout
i =

∑N
j=1 Aji

non-directed graphs: k in
i =kout

i =ki for all i

degree sequence in non-directed graphs: k = (k1, k2, . . . , kN)
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•
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Definitions Macroscopic structure Random graphs

Clustering and closed paths

clustering coefficient Ci (A) of node i with degree ≥ 2
(nondirected graphs only)

Ci (A) =
number of connected node pairs among neighbours of i

number of node pairs among neighbours of i

=

∑N
j,k=1(1−δjk )AijAjk Aik∑N

j,k=1(1−δjk )AijAik
∈ [0, 1]

i�
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AA

Ci =1/6

•
•

•
•
•

i�
�
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AA

Ci =2/6=1/3

•
•

•
•
•

number of closed paths
of length ` > 0

L`(A) =
N∑

i1=1

. . .
N∑

i`=1

( `−1∏
k=1

Aik ,ik+1

)
Ai`,i1 =

N∑
i=1

(A`)ii = Tr(A`)
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Definitions Macroscopic structure Random graphs

Macroscopic structure

Averages and distributions of single-node quantities

average in-degree: k̄ in =N−1∑N
i=1 k in

i

average out-degree: k̄out =N−1∑N
i=1 kout

i

average clustering coefficient: C̄ =N−1∑N
i=1 Ci (A)

(Ci ≡ 0 if ki <2)

degree distribution
of non-directed graph ∀k ∈ IN : p(k) =

1
N

∑
i

δk,ki

joint in- and out
degree distribution
of directed graph

∀(k in, kout)∈ IN2 : p(k in, kout)=
1
N

∑
i

δkin,kin
i
δkout,kout

i
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Definitions Macroscopic structure Random graphs

examples with N =100
(non-directed)
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Distributions of multi-node quantities

joint distribution of degrees of connected
node pairs in non-directed graph

∀k , k ′ ≥ 0 : W (k , k ′) =

∑
i 6=j δk,ki (A)Aijδk′,kj (A)∑

i 6=j Aij

�
��@
@@ �

��@
@@

Aij =1•
ki (A) = k?

•
kj (A) = k ′?

fraction of non-self links that
connect a node of degree k

to a node of degree k ′

degree correlation ratio

Π(k , k ′) =
W (k , k ′)

W (k)W (k ′)
=

k̄2

kk ′
W (k , k ′)
p(k)p(k ′)

Π(k , k ′) 6= 1: degree correlations
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Definitions Macroscopic structure Random graphs

examples with N =5000
(non-directed)
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Definitions Macroscopic structure Random graphs

Modularity

nodes i have ‘features’ xi ,
nodes with same feature
more likely to connect

modularity of
non-directed graph

Q =
1

2Nk̄

∑
ij

(
Aij −

kikj

Nk̄

)
δxi ,xj

Q∈ [− 1
2 ,

1
2 ]

Q > 0 : modular graph
Q < 0 : anti-modular graph (see exercises)
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Definitions Macroscopic structure Random graphs

Eigenvalue spectra of adjacency matrices
for non-directed graphs

eigenvalue spectrum
of non-directed graph
with eigenvalues {µk}

∀µ ∈ IR : %(µ) =
1
N

N∑
k=1

δ[µ− µk ]

bounds: µmin ≤ k̄ ≤ µmax ≤ maxj kj

simple non-directed graphs∫
dµ µ%(µ) = 0,

∫
dµ µ2%(µ) = k̄ ,

∫
dµ µ`%(µ) =

1
N

L`

L`: nr of closed paths of length `

if %(−µ) = %(µ) for all µ ∈ IR,
then graph has no closed paths of odd length
(consequence of last identity)
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Definitions Macroscopic structure Random graphs

proof:

transform A to diagonal form via unitary transformation,
A = UD(µ)U†, where D(µ)ij = µiδij

N
∫

dµ µ`%(µ) =
∑

k

µ`
k =

∑
k

[
D`(µ)

]
kk

=
∑

k

[
(U†AU)`

]
kk

=
∑

k

[
U†
(

AUU†
)`−1

AU
]

kk
=
∑

k

[
U†A`−1AU

]
kk

=
∑

k

[
U†A`U

]
kk

=
∑

k

∑
ij

(U†)ki (A`)ijUjk

=
∑

k

∑
ij

(A`)ijUjk (U†)ki =
∑

ij

(A`)ij (UU†)ji =
∑

i

(A`)ii

` = 1:
∫

dµ µ`%(µ) = 1
N

∑
i Aii = 0

` = 2:
∫

dµ µ2%(µ) = 1
N

∑
ij AijAji = 1

N

∑
ij Aij = 1

N

∑
i ki (A) = k̄

general `: use Tr(A`) = L`
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Definitions Macroscopic structure Random graphs

examples with N =1000
(non-directed)
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Definitions

Definitions
random graph ensemble {Ω, p}:
(i) set Ω of adjacency matrices A,
(ii) probabilities p(A) for each A∈Ω

ensemble averages 〈f 〉 =
∑
A∈Ω

p(A)f (A)

Erdös-Rényi model:
simple nondirected graphs, i.i.d. links

Ω = {A∈{0, 1}N×N | Aij =Aji and Aii =0 ∀(i, j)}

p(A) =
N∏

i<j=1

p(Aij ), p(Aij ) = p?δAij ,1 +(1−p?)δAij ,0

now two types of averages, e.g.
k̄ = k̄(A) = N−1∑

i ki (A) vs 〈k〉 =
∑

A∈Ω p(A)k̄(A)
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Properties of ER model

average value of average degree

〈k̄(A)〉 =
∑
A∈Ω

p(A)
1
N

∑
rs

Ars =
∑
A∈Ω

p(A)
2
N

∑
r<s

Ars =
2
N

∑
r<s

∑
Ars

p(Ars)Ars

=
2
N

1
2

N(N−1)
∑

A∈{0,1}

(
p?δA1 +(1−p?)δA0

)
A = (N−1)p?

graphs A with same number L(A)
of links are equally probable

p(A) =
∏
i<j

[
(p?)Aij (1−p?)1−Aij

]
= (p?)

∑
i<j Aij (1−p?)

1
2 N(N−1)−

∑
i<j Aij

= (p?)L(A)(1−p?)N(N−1)/2−L(A)

probabilities can be written as

p(Aij ) =
〈k〉

N−1
δAij ,1 +

(
1− 〈k〉

N−1
)
δAij ,0
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ER model in the finite connectivity regime

N→∞ with 〈k〉 finite
p? =O(N−1)

degree distribution:
Poisson

lim
N→∞

〈p(k |A)〉 = e−〈k〉〈k〉k/k !

 0

 0.1

 0.2

 0  5  10  15
 0

 0.1

 0.2

 0  5  10  15
 0

 0.1

 0.2

 0  5  10  15

k k k

p(k)

N = 50, 〈k〉= 5 N = 500, 〈k〉= 5 N = 5000, 〈k〉= 5

average clustering coefficient

〈Ci (A)〉 =
〈k〉
N

[
1−e−〈k〉−〈k〉e−〈k〉

]
+O(N−2)
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Percolation phase transition
in random tree-like graphs

giant component: finite fraction of nodes mutually connected
emerges at 〈k〉 = 1, percolation phase transition

 0
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 0.2

 0.3
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 0.5

 0.6

 0.7

 0.8

 0.9

 1

 0  20  40  60  80  100

d

Frac(d)

〈k〉= 2.0

〈k〉= 1.8

〈k〉= 1.6

〈k〉= 1.4

〈k〉= 1.2

← 〈k〉= 1.0, 0.8, 0.6, 0.4, 0.2

dij : distance in graph between nodes i and j
Frac(d) = 2

N(N−1)

∑
i<j I[dij ≤ d ]
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