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Networks and Graphs

@ N-node graph G(V,E): set of vertices/nodes V = {1,...,N}
set of edges/links E C {(i,))| i,j € V}

@ simple graph: no self-links, V(i,j) € E: i #]
@ nondirected graph:  symmetric links only, if (i,j) € E then (j, /)€ E
@ directed graph: contains non-symmetric links, 3(i, j) € E with (j, /)¢ E

V=1{1,2,3,4,5,86,78}

E= {(27 1)’ (37 2)7 (4’ 2)’ (55 2)7 (37 3)7
(5,4),(7,4).(8,4),(6,5)}
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Adjacency matrix

adjacency matrix Ae {0, 1}V*V:
fully equivalent definition of graphs

) Aj=1 if (i,j) € E, i.e. thereis alink j — /
I7 : . e . . .
/ Aj=0 if (i,j) ¢ E, i.e. there is no link j — i
Aj=1
S N J
@ simple graph Ai=0 forall i

&
@ nondirected graph < A;=A; forall (i,j)
@ directed graph < Aj#A; for some (i,))

advantage:
convert graph analyses to matrix manipulations
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Paths in networks

k—1

H Aigigy = 1 if the graph contains the path of connected links

=1 | PNy Ay

k—1

H Aijip.; =0 if it does not

£=1

N N
Z . Z Ai, ( H A,WH) ij >0 <& there exists a path of length
=1 =1 k+1 from node j to node i

N N
Z . Z A,,1 ( H A'Mu) i =0 <& there exists no path of length
=1 =1 k+1 from node j to node i

(A*™); >0 &  there exists a path of length
k+1 from node j to node |

(AkJr1 )j=0 & there exists no path of length
k+1 from node j to node i



Node degrees

@ in-degree of node i:  k"=3"1'  A;

@ out-degree of node i: k"' =3, A;

@ non-directed graphs: k" =k""=k; forall i

@ degree sequence in non-directed graphs: K = (ki, ko, ..., kn)

% %

k=1, k't =3



Clustering and closed paths

@ clustering coefficient C;(A) of node i with degree > 2
(nondirected graphs only)

number of connected node pairs among neighbours of i

Ci(A) = number of node pairs among neighbours of |
S et (1= 83) Aj Ak Aix € [0.1]
Z/I'\,Ik:1 (1—0i) AjAix ’
i i
=1/6 Ci=2/6=1/3

@ number of closed paths
of length ¢ > 0
2—1

L,(A) = Z Z ( A, ’K+1) ip,iy = i(AZ)"f = Tr(Al)

ip=1 ip=1 k=1



Macroscopic structure
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Macroscopic structure

Macroscopic structure

Averages and distributions of single-node quantities

@ average in-degree: kin=N=1SN Kin
@ average out-degree: kout=N=T SN kput

@ average clustering coefficient. C=N""S"" . Ci(A)
(C:=0if ki<2)

@ degree distribution 1
of non-directed graph VkeIN:  p(k) = > Gk
i

@ joint in- and out

degree distribution  y(jin gouty - N2 Kim kOt = P
of directed graph (K5 H) A( NZ kin, in Ofout, kout
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Macroscopic structure

examples with N=100
(non-directed)

.
Erdés-Rényi Modular Small world Scale-free Regular random Periodic lattice
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Macroscopic structure

Distributions of multi-node quantities

@ joint distribution of degrees of connected
node pairs in non-directed graph

2 iotj Ok k() A0k i ()

vk, k' >0: W(k, k') =
= (k. k) Zi;szij

fraction of non-self links that
connect a node of degree k
to a node of degree k’

ki(A) = k? K(A) = k'?

@ degree correlation ratio

Wi(k, k") _E W(k, k")
WK)W(K') ~ kk' p(k)p(K')

M(k, k') # 1: degree correlations

Nk, k') =
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Macroscopic structure

examples with N=5000
(non-directed)

Nk, k")
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Macroscopic structure

Modularity

nodes i have ‘features’ x;,
nodes with same feature
more likely to connect

@ modularity of

non-directed graph 1 kik;
Q = — Z Afj 5)(,,)(
QE[—%,%] 2Nk ( Nk) /
Q > 0 : modular graph
Q < 0 : anti-modular graph (see exercises)
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Macroscopic structure

Eigenvalue spectra of adjacency matrices
for non-directed graphs

@ cigenvalue spectrum

N
of non-directed graph
v R: -
with eigenvalues {ux} me oln) = kz:: [ = ]

@ bounds: fimin < k< Hmax < max; K;
@ simple non-directed graphs

/du po(p) =0, /du w2o(n) = k, /du 1o(p) = 1NL/,

L.: nrof closed paths of length £

@ if o(—p) = o(p) forall 4 € IR,
then graph has no closed paths of odd length
(consequence of last identity)
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Macroscopic structure

@ proof:

transform A to diagonal form via unitary transformation,
A = UD(p)UT, where D(p)j = pidj

>ouk= 3 [pw], =3 wiavy ]
_ n o1 _ tpl—1
; [u (Auu ) AU} B ; [u A AU] B
= Z[UTA[ ] ZZ(UT);« A% Ui
ZZ iU (UM = (A);(UUT); = (A%
i

N / du i o(p)

i
C=1: fdupfo(u) =3 XA =0
=2 [dp pPo(p) = %ZUA«‘/‘A/:‘: 1NZ/‘/'A0 ¥ ki(A) =k
general £: use Tr(A’) = L,
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Macroscopic structure

examples with N=1000
(non-directed)

Erdés-Rényi periodic ring periodic 2D lattice

o()
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Random graphs

e Random graphs
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Random graphs

Definitions

Definitions

@ random graph ensemble {Q, p}:

(i) set Q of adjacency matrices A,
(i) probabilities p(A) for each A€ Q

ensemble averages Z p(A)f(A)
AcQ

@ Erdés-Rényi model:
simple nondirected graphs, i.i.d. links

Q= {AE {0, 1}NXN| A,'/':Aj,' and A;=0 V(I,j)}
N
P(A) = H p(A;),  p(Aj) = P da;,1+(1—p")da;0
i<j=1
now two types of averages, e.g.
k=k(RA)=N"T"3,K(A) vs (k)= pcqP(A)k(A)
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Random graphs

Properties of ER model

@ average value of average degree

<R(A)> = Zp(A)‘INZAfS = ZP(A)% ZArs = %ZZP(Ars)Ars

AcQ AcQ r<s r<s Ars

21 N N .
= NEN(N—UAE{ZO”(;) Sm+(1—p")oa)A=(N-1)p

@ graphs A with same number L(A)
of links are equally probable

) TN A- NS A A INNZT) —
pA) = TT[()Y(1=p)' 4] = ()=t —p )N DS
i<j

_ (p*)L(A)(1 7p*)N(N71)/27L(A)

@ probabilities can be written as

p(All) = %5&7,1 + (1 - <7/i>)5Aij‘o
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Random graphs

ER model in the finite connectivity regime

N— oo with (k) finite
pr=0(N"")

@ degree distribution:
Fosson Jm_(p(k|A)) = e~ (k)* k1

N=50, (k) =5 N=500, (k) =5 N=5000, (k) =5

@ average clustering coefficient

Ay = Wl—e® e ®] + o(v2)
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Random graphs

Percolation phase transition
in random tree-like graphs

giant component: finite fraction of nodes mutually connected
emerges at (k) = 1, percolation phase transition

Frac(d)

A (ky=1.4
d(ky=1.2
+— (ky=1.0, 0.8, 0.6, 0.4, 0.2

20 40 60 80 100

d

dj: distance in graph between nodes / and j
Frac(d) = gy ,\H >ieilldj < d
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