Modelling of Complex Real-World Systems
Part B. Tools for Heterogeneous Systems

B1. Homogeneous systems

Ton Coolen
Department of Biophysics, Radboud University
module NWI-NM127, January 2021
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Homogeneous systems

discrete
Spi(0) =Y [W(Fo)p(Fio)-w(@p(a)],  wi(@)=5[1—ortanh(3h ()]

N

Pir(0)=Y Wloio'Ie’),  Wioio'|=]] [1+soitanh(8n(o")]

i=1
continuous

Pt(U Za*[li’r(a)f ]+T28 2Pt

@ forces hi(o)= Z Jjoj+0; Jjoj

agj < gj

/
o)=>_ Jjoj+0i+9(o7)
i
homogeneous, with hij(e)=0O(1) for N— oo:
hi(o)=Jdm(o)+6

Jy=J/N, 6;=0: 1
fi(o)=dJm(o)+0+g(o)) m(o) = 5§ 20






Sequential master equation

Dynamical solution

N
SP@)= > [w(Fio ) Fio)w(@)pu(@)]. - wi()= 5[1-itann(3(m(ar) +6)]
key macros;opic object

m(a):‘ﬁza,-, Pd(m sz )s[m—m(o)]

@ macroscopic dynamics
> Spilo)olm-m(o)]
= Z Z [wi(Fio)pi(Fio)—wi(a)pi(a)]s[m—m(o)]

d
d—tPt(m)

222 pie)w(e) (bm-m(Fie)]~dlm-m(o)



@ expand, using m(Fio)=m(o) — Z0;

sim-m(Fie)] = slm-m(e)] + 20 sm—m(e)] + O(N?)

GiPm = S X pomio){F gpom-mel o)}
- ‘322;»(@[1 ~oytanh(3(Jm() +O)oidlm—m(e)]+O( 1)
= 9 22 PHO)M(o) —tanh(3(um(a) o)l m(@)] O )
- amzpf &) [m-—tanh(3(Jm -+ O)6[m - m(o)] + O( )

= {P,(m) [m tanh(ﬁ(Jm—k@))]}—kO N)

N—soo: %Pf(m):fa%{Pt(m)F(m)}. F(m) = tanh(8(Jm+6))—

(Liouville equation)



solve Liouville egn

Ch(m) =~ L LR(mF(m)} = Pm) = slm-m(], S m(t) = F(m(1)
N—oco: m(a) evolves (see exercises)

deterministically, according to closed eqn

%m =tanh(Jm+@0)—m, J=BJ=J/T, 6=50=6/T
C

o statlonary states: 8 N

m = tanh(Jm+-0)

J>0 -
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@ process 1, - o
minimizes d(m) = M - J™ " log cosh(Jm+6)
proof:
since dm/dt = —9®(m)/Om
d _oe(m)dm _ 0P (m)\2
a®m =5 ar = ) <o

6=—1 - =0 G=1
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Equilibrium solution

1 -6H©) _ . :
p(o) Z¢ ) =N ; oioj — 0 Z oi  (Curie—Weiss model)

— 2 g_ =L 2 _
= 2J 2JNm (o) — Nom(o)

@ generating function
(free energy density)

1

_ —BH(O
f “3N logZ, Z= E e ),
ot 1 §OH(e) —sHo BH(O
0 - TNZZ o0 © Zm(")e = (m(a))

@ objective: find

19,17 2 i
lim f=— ||m — Z 7= — 5J+35JNm= (O )+N6m(0")
N— oo — 00 ﬁ o9 Ze

main obstacle: ",
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Route A: Gaussian linearisation
strategy:
Q use %= e 23 — 037 {0 linearize the term quadratic in o

@ ensure all terms in exponent of integral scale as O(N)
© use steepest descent integration

@ linearization

7 - Zefgﬁgﬂwmz(a)wvém(o-) Y Z/ d;( o= X2 Hxm(T)V IN+NEm(O)
o V aeT

@ scaling with N: 157 INN & o2 o
= — e 2d(YY — L INy2+ym(0)IN-+NEm(OT)
eI 2 = B fore

— o3 ~7N 2 f — JINY? (yI+6) S o)

= ()" fJaret za:e

; 1 . L
2Ne*1?“'(2—21)2 /dy e 2 cosh(yJ+0)



© steepest descent

- _ , 1 N 177 JINY\2 — 1INy? 4N log cosh(Jy+0)
Jm 1= = lim ogleg {2 (50) /dye i }
A 1 f e,
= 3 log2 — Bmaxy[log cosh(Jy+0) — éJy }
= —1I092+ 1 i [13y2—logcosh(:/y+§)}
B B2

= —% log2 + J miny®(y), P(y) = %yz—:/*1 log cosh(Jy +6)

solve ¢'(y) =0 y = tanh(:ly + 5), soln: y*

P 1 o - -
m=(me)) = —g5f=—Js [Ey 2_ J'logcosh(Jy +9)]

- —J[cb’(y*)%—53’1tanh(3y*+5)} = tanh(Jy"+6) = y*
SO

m = tanh(Jm+-6), m = argmin, &(y)
disadvantage:
works only when H quadratic in m(a) ,



Phenomenology

@ spontaneous order and remanence

BJ =05 BJ=1.0 BJ = 2.0

1o —

20 15 10 05 00 05 10 15 20 20 15 10 05 00 05 10 15 20 20 15 10 05 00 05 10 15 20

0 0 0

blue: stable solns of m = tanh(Jm+6)_
red: unstable solns of m = tanh(Jm-+0)

J=BJ> 1: stable solns m+0 even when § = 0
remanence (i.e. memory)



@ no external forces, §=0:
J<0:  mP=mtanh(Jm)=—|m|tanh(]Jm|) <0 so m=0

~ Jim| -
J>0: m? =|m|tanh(J|m|) = |m\/ dx [1—tanh?(x)] < Jm?
0
m?(J—1)>0 hence m=0 for J<1

near J=1: J=1+e, M <1, use tanh(x):x—%x3+0(x5)

m=tanh(m(1+¢))=m(1+e¢)— %mS-s—(’)(emS, m°)

m=0 or e;m2+(19(em2,m4) . P
m=0 or m=4(3¢)2+... os /

m#0 solns emerge at J=1
phase transition




@ apparent paradoxes
@ equilibrium analysis: m=argmin, ®(y),
J>1and 6+#0: minimum has m=|m|sgn(0),
yet if |d| not too big: sgn(m(cc))=sgn(m(0)) (remanence) ...
@ consider =0 for simplicity,
process is ergodic, all o can in principle be reached,
yetif J>1: sgn[m(cc)]=sgn[m(0)] ...
@ consider =0 for simplicity,
Poc(0) =Ppoc(—0), hence (o) = 0 for all i,
yetif J>1: m(co) = N""S(0}) #0 ...

@ explanation: non-commutation of limits

equilibrium calculations: t— oo before N — oo
dynamical solution: N — oo before t— oo

spontaneous symmetry breaking,
timescales required to see ergodicity diverge as N— oo



Route B: integral representation of é-function

strategy:

@ insert 1= [dm [m—m(o)] to relocate m(o)

@ use integral representation of &

@ ensure all terms in exponent of integral scale as O(N)
@ use steepest descent integration

@ more general H(o') = NE[m(o)]
z = Ze—ﬁ’vﬂ"’ Z / dm 5[m—m(o)]e #NEM)
_ / dm =M S [ m(o)]
Q use s(x) = (2r) " [dk &

~ [dmdK  ixm—gnE[m) —ikm(0)
Z = 7 € Ze



e Scaling with N: . N iNym— BNE[m] —iy ;0
K > Ny 4 5 [ dmdye Za:e

- ZN%/dmdy e MM=ANEIM 6osN (y)

@ steepest descent

: _ N iNym—BNE[m]+N log cos(y)
Nli'rlcf = I|m —ﬁN Iog 2 /dmdy }
1
= —B log2 — Bextr(m,y) [iym — BE[m] + log cos(y)]

1 - 1 .
= —jlog2+e(m’y’),  e(my)= E[ml- 5 (logcos(y) +iym)
(m*,y*): solnof 82=99 =0

dimE[m]—iy/ﬁ =0, tan(y)—-im=0



to solve : %E[m]—iy/ﬁ =0, tan(y)—-im=0

@ identify correct saddle point
a4
dm

~  m=tanh (—5%E[m])

E[mleRR, so y=ifx, xR : E[m]+x =0, tanh(8x)=m

lim f= f% log2 4+ E[m] — 8~ log cosh(Bx)+xm

N—oco

1 1 .
= —BI092+ E[m] + BC (m),
c*(m):%[(H—m) log(1+m)+(1—m)log(1—m)]

@ present model: (see exercises)

E[m] = —}JmP—6m

m = tanh(8(Jm +0)),  lim f= ,lj log2 + %c*(m) ~ %szfem






Parallel Markov chain

Dynamical solution

ePoildm(0)+0]

prii(0) = ; Wio;o'lp(o’),  Wio;o'] = H 2 cosh[B(Jm(a")+6)]

define

m(o) = %Zm, P(m) =" pi(o)d[m—m(c)]

@ macroscopic dynamics
Pa(m) = Y pri(e)d[m—m(o)]
7 B i oilm(0)+6]

UZ;/ Ol =Ml 3N sosh ¥ [B(dm(e") 0]
’ &Bm(Im(T)+6)

D(m) Z (2cosh[,8(Jm(a’)+9)]) pi(e’)

with D(m Z&[m m(o

pi(c’)




@ insert1 = [dm' 6[m' —m(c’)]

efml Jm’ +0)
Peri(m) = /d 2 cosh[A( Jm/+6)]) ;pf("/)‘s[m,_m("/”
ePAmUm’ +0) N
- D(m)/dm’(m) P(m')
equivalently
Piii(m) = / dm’ N py(m'y
eBm(Jm’+0)

, 1
o(m.m') = ylogD(m) +10g (5 oocrz o)

@ N—oo: steepest descent integration
Peia(m) = Pi(m™(my)),
m*(m) = argmax,, A}iinw¢(m, m)
= argmax, | m(Jx+6) — log cosh(Jx+6)
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N—oo: if P(m)=4d6[m—m(t)] = Pr1(m)=35[m—m(t+1)]
m(o) evolves deterministically

@ link between m(t) and m(t+1),
solve

m(t) = argmax, [m(t+1 )Jx+8] — log cosh(3x+§)]

differentiate wrt x :  m(t+1) = tanh(Jx+6)
result

m(t+1) = tanh(Jm(t)+6)
@ phenomenology
o fixed-point eqn: same as for sequential dynamics
e stability of fixed-points: different when J < 0!
§=0:
Je[-1,0):  m=0 stable
J € (—o0,—1): m = 0 unstable, system entering oscillation
large times: m(t) = (—1)'m*, m* = tanh(|J|m*)
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Fokker-Planck equation

Dynamical solution

2
P ==X 5 @@ TS oplo). i) = dm(e)0+o(e)

assume py(o) decays sufficiently fast for |or| — oo,
so that we need not worry about boundary terms

G = [doa@ ()

at' 2
S [do Go)| - L o) (@) + T2y pi(o)
- Ooj 0o?

> [do [poile) 5. Glo)+ Tpf(zr)aa:’?G(a)]
= Z<ffaao—,6> + TZ<§,2;G>

no longer closed eqn for m(o’) ...
23/1



Macroscopic dynamics

observables Q(¢)=(Qu(o),..., Qn(0)),
macroscopic, o0 9Q,(o)/do; = O(N~")
Q)= [do pi(0)d[Q—Q(o)]=(5[Q—-2(a)])

@ evolution of P(R)

(%P,(Q) _ Z<ff( )86[9 sz(o—)]> TZ<826[S2 Q(J)]>

i

[Q-Qo)] _ Z 20[Q—Q(o)] 9. ()

do; = o0, Do
O(N—2) O(N~
n n ,—/— e —
?5Q-Q(a)] Z[ PP5[Q—Q(o)] 9.(0) 0. (c) I5[Q—Q(a)] 62§2u(a)}
80',-2 - 00,00, Ooj Ooj o, 60’,-2

p=1 v=

S p@) = - Zm ([t 2242 s 75~ 70N 510 _q(oy)) + o 1)
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@ N—oo: Liouville egn
d o Q. (o
TP = f;@qz:f( TZ i ( )]5[979(0—)]>

= Y2 Ru@ P@)
w=1 .

ith
" Fu(@,1) = lim <Zf TZaQ(">
fdffpr o)o[Q— Q(U)]G( )

Jdo pi(o)d[Q—Q(o)]

(G@)q, =

deterministic soln,
P(R) = o[- (1)),
in which Q(t) is soln of

d . 0
da= n (5100

Q(o) 82Q(o)
0 +TZ 60,.2 >Q,t



Choice of macroscopic observables Q(o)

@ key macroscopic object

o(olo)= NZJ(U 0i), 0€S, S={o|o=le, L, [t|<1/&}

€/ 0 at end of calculation
2
olo)= 1(5”(070,-)

l5'((770,‘), N

N

0 0
8—@@(0\0’)—7 @Q(

dynamics

C%Q(U) NIET] <Zf’( U|‘7) Tza 0 0\0’)>

- +N@;N:<ff<amm>> i S ()

ot

2
= 9 im %/Z<ﬁ(a)5(0*m)>g,t+T%Q(U)
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@ remaining term

Jim Nz<f,(o- 5(o— a,)>’ = lim 1NXI:<[Jm(0)+9+g(a,)} (a—af)>gvt
Jim > ([¢]aro'eto'to) 0+ g(@)]sto-an))

Jim [ /da’a'g(a’)+9+g(a)] (n )> i(o—01)) |

= [ [a0'0 (o) 10+ g(o)]eto)

L) =~ 2 [(4 [a0's o) +0+.0(0))ere)] + T o)

do
@ stationary soln, let g(o) = G'(0)
Q(J):%eﬁ[o(Jm+9)+G(o')]7 m:/do o(o), Z:/da Plo(m+0)+G(o)]

(see exercises)
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