Modelling of Complex Real-World Systems
Part B. Tools for Heterogeneous Systems

B2. The replica method
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Self-averaging

Self-averaging

Site-heterogeneity

heterogeneity in single-site properties, e.g.  J;j—&&/N, 0;—6; (Mattis
model)

@ repeat analysis with N — oo
parallel dynamics : m(t+1) :/d§d0 p(&,0)¢tanh[B(Em(t)+0)]

sequential dynamics : d%m:/dgde p(&, 0)¢tanh[B(Em+6)—m

M=y Do pEM=Jim > o(E-e)0-0)
@ observations (see exercises)
@ again deterministic macroscopic laws
@ again spontaneous order, but not in terms of N~' 3", o;
o details of {&;, 6;} not important, only p(¢, 6): ‘self-averaging’

@ interactions mediated via single observable: h;(o)=¢&m(o)+06;



Self-averaging

Interaction heterogeneity

site-heterogeneity: O(N) parameters, harmless
interaction heterogeneity: O(N?) parameters ... ?

@ simulation examples, o {—1,1}"

Jzjj . 1 1,2
Jj = \/—%(1 —9j), Zzj=2;: drawn indep from p(z) = (2) 2o 27
1 1
measure: M(o) = NZ oi, E(o)= *Wg oidjo;
sequential N=400 N=1600 N=6400
dynamics,
BJ=10 e
8o =0 - "
Eo=0, i ’
mo=¢/10 R T e T %
m m m



Self-averaging

plotted versus time ...

N=400 N=1600 N=6400

sequential
dynamics,

—E
BJ=10
B9—2 0 0 0

l7l7nn 20 40 60 80 10.0 uunn 20 40 6.0 80 10.0 l7l7nn 20 40 6.0 80 10.0
Ey=0,
mO :£/1 0 10 10 10
m
t t t

previous analysis routes no longer work,
but macroscopic dynamics again self-averaging!



Self-averaging

Implications of self-averaging

let £ be (static) system parameters

drawn from p(g) | on: @) = JEIGEG

@ w(o) self-averaging:
forallt >0: Nlim (w(a (1)) = Nlim (w(a(t)))
@ generating functions:
if imy_ o f(A) exists and is self-averaging

. . Of of
Nll—>moc<WK(a)> a NIEJ]OO 87)\/( - Ninoo 87)\/(

@ can work with f instead of f, for N— oo
@ fruitful new route to solving complex models
@ generating functions exist for statics and dynamics



Self-averaging

Previous example

h/(O’):Z Jjoj+0, Jy:%ﬁ —dj), Zj=z;: static random pars
! 1
observables: m(o) = Z i, == W; oidjo;

Sherrington-Kirkpatrick spin-glass model
@ equilibrium

p(U) = %efﬂH(O')’ = 2 ZJUO',O'I 920’,
/#/
f=— BN logZ = ﬂN log [Zezf i 2i0j+P0 m]
large N
= of —— of - 1 Zjojo+BOY, o
=J— = - — 21 0] i
(Elo)=Jg5 (me)==75: T=-gxlog {%: ”]

see also: https://scitechdaily.com/new-whirling-state-of-matter-discovered-self-induced-spin-glass/
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The basic replica identity

The basic replica identity

the replica method

A clever trick that enables the analytical calculation of averages
that are normally impossible to do, except numerically

is particularly useful for

Complex heterogeneous systems composed of many interacting variables,
and with many parameters on which we have only statistical information
(too large for numerical averages to be computationally feasible)

gives us

Analytical predictions for the behaviour of macroscopic quantities
in typical realisations of the systems under study.

first appearance: Marc Kac 1968
first in physics: Sherrington & Kirkpatrick 1975
first in biology: Amit, Gutfreund & Sompolinksy 1985

since then: computer science, economics, statistics, ...



The basic replica identity

Disorder-averaged generating functions

@ Consider processes with many
fixed (pseudo-)random parameters £ (‘disorder’),
distributed according to P(&)

e2$:1 A1’«“"1’4(0"5)

p(cl€) = W, Z(\, €)= 2625:1 Ay (0,8)
' g

— calculating (g(o, &)) for each realisation of £ usually impossible
— we are mostly interested in typical values of state averages

— for N— co macroscopic averages will not depend on &, only on P(&),
‘self-averaging’: limy_{(g(o,&)) indep of &

so focus on

@@ = Y. P€)9(0.&) = 3 P& plole)g(c. )
€ € @
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The basic replica identity

@ new generating function

F(An) = Z? Jog Z(\, . £),  Z(A 1, €) = Y e UT R Al E)
(o

lim S F () = ;igoéj?(a) {

o. £)eXe Aewe(T.8) _
£

Zo- Y(o, E)e‘“l’(o'véHZ,{ Aowe(0,6)
o ott(0,€)+ 3y Apwy(0.8)

Sy eXe Agwe(T,€)

@ main obstacle in calculating F:

the logarithm ...
replica identity : log Z = lim 1 log Z"
proof: neon

i 1 n i 1 nlogZ] — |j 1 2
,LITonlogZ = ’I7|E1onlog[e ]_,I1|i1>10nlog[1+nlogZ+(’)(n )]
= lim l|og[1 + nlog Z + O(n?)] = log Z
n—0 n
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The basic replica identity

Powers by replication

@ apply logZ = lim, .o Llog Z" (for simplest case L=1)

FO) = Z’P(é)log[Ze“("’g)]:nliLno%logZ?(g)[Zekww,E)}"
3 g ¢
= im Log Y a(e)[ 0. 30 e )
3 ol o’

= im 1 log [Z . .ZZ?(E)Q)‘ZZ:1 w(U",E)]
n—0 n por P E

notes

@ ¢-average converted into doable one ...

@ involves n ‘replicas’ o of original system,

@ but withn— 0 attheend ...

@ penultimate step true only for integer n,
so limit requires analytical continuation ...
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The basic replica identity

@ imagine a physical system, with
free energy density as generating function

_ 1 _ —BH(0 £)
fy=— BNIogZ Z=>"e

replica method

- 1 1
fv = ——Io Z_—Ilm—lo zn
N 3N ¢} 3N g

n—0 N,

= _,|7|_r>nﬂN|og Zne—ﬁza1 U“£:|

_ ' —BHez(0,....07")
mﬁ NIogZ z dooe

If f self-averaging:

disordered N-variable system with H(o, £) for N— oo
equivalent to homogeneous nN-variable system with Hoz (o, ..., ")
13/23



The basic replica identity

But does the replica identity actually help?

@ return to previous example ...

3 1 >icjZjoioj+BO0 > o
fn = —gx 09 [Zexf <i%o1% }
n
= —lim log [ oV Zf<fz/‘f"’f"f'“”Ei"i]
o ;
_ T2 S0 oo BT 20 o
= —lim ﬂN > VA Ti<i % S 1
0'1 .on
= 7||m N Z eBGZZW1 i H/ 122+[\3/JE 2‘10’ UJ:|
ﬂ iy
_ 1 BOS S0y of GR (s o00r)?
-t | o [ ()
Lot...on i<j
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The basic replica identity

v = —lm ﬁN log Z 8502 S ot G s (50 o)
n—0 N
= —hm log Z eNBGZ op )+ MEEE s o (ool o)
ﬁN

new key macroscopic observables:
1 N 1 N
:NZJ"&’ qa/BZNZO'/aJiﬁ, a,B=1...n
i=1 i=1

@ unusual mathematics,
n-vectors and nx n matrices with n—0 ...

@ new types of statistical theories

@ but results turn out to be correct, confirmed by
computer simulations and alternative (much more tedious) routes
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e Replicas and minimisation
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Replicas and minimisation

Replicas and minimization

Suppose we have data D, with prob distr P(D)
and an algorithm which minimises an error function E(D, )

(maximum likelihood, logistic,
Cox & Bayesian regression, machine
learning, discriminant analysis, ...)

@ algorithm outcome

0* (D) = arg ming E(D, 6)
Emin(D) = mine E(D, 9)

most computer science analyses
focus on worst case performance
(i.e. on most difficult data)

not always useful in practice ...
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Replicas and minimisation

Typical performance of algorithms

@ typical performance

0 = Z?(D)G*(D) = 6*(D)

Emin = ZT Ewin(D) = Ewmin(D)

@ steepest descent identity
combined with replica trick

Ewin(D) = ming E(D,0) = — Jim flog/de ~BE(D.H)

Emin = Emin(D) = — 5|me %log /dO e—BE(D,G)

o B—o00 n—0

1 n
- _ _ —BE(D,0)
lim lim An log [/dee ]

— lim lim ,—Iog/dé’1 9" A0 ED,0%)

B—o00 n—0 /
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Alternative forms

Alternative forms of the replica identity

suppose we need disorder averages, but for
a p(o|€) that is not of an exponential form?

W(s,£) S olo B ale £)

p(olé) = S W(o &) <Q>:;P(0’|§)Q(0’75)

@ main obstacle: the fraction ...

—~

o = [Zaza( o] = DICEECIIDY Wio.6)]
lim [Z W(m&)g(m&)] [Z W(a,g)]
= Jim Z Zg(o‘ EW(o",€)... W(o™, )

(again: used integer n, but n — 0 ...)
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Alternative forms

@ equivalence of the two forms W(o, €)= e Aede(0,6)
of replica identity, if ’

(@) = lm Z Zg(cﬂ W(o',8)... W(o,§)

n—0
= lim 1 S0 S (0 E)
n—0 Z ;g(a &) e 1

= n'@oﬁz Z[Zgo—a )] o2 S &

0 n
— lim Lim 2 B PUIRD DFRVEVI (LR IENTD DERE-I(- L
n—0 N p—0 3u Z Ze 1 1

on

= lim lim —72 Ze a=1 Ee>\2¢e (o) +ug(oe, E)]

n—0—0 O N

_ 9 1n7 N Med0(0,)+ug(0,€)
= lim lim %72( 1, €), Z()\ng),ze PR g

n—0 p—0

0
- ;!,ILnO alog Z(Aaljﬁg)
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More complicated objects

More complicated objects

Q@ let p(ol¢) = Z*‘(g)efﬁH(U,ﬁ)

[Za efﬁH(U,E)g,] [Za e—ﬁH(U,E)g,}

(oi){o) =

Sy eBHEE) 1L o-pHO.E)
n—2
— i —BH(O, . —BH(O, ; —BH(O,
= n"L”o[Ze 8 <a£>g,HZe BH( s)g,][;e pH@ &)]

— lim 1,2 —B_ HO.E)
Im2 -2 oloe

(oi)(oj){ok) = lim Z e Z olotog e P X H(o &)
1 on

n—0

@ detect macroscopic order,
not visible in m = N~"3" (/)

qEA—NZ 0'/ —||mz Z( UIUI) —AXa HO &)

(Edwards-Anderson parameter) ...,
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