Modelling of Complex Real-World Systems
Part C. Applications in Physics

C1. Spin Glasses

Ton Coolen
Department of Biophysics, Radboud University
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Spin Glasses

Spin Glasses

Magnetic materials

N~102* interacting
atomic magnetic moments (spins),

stochastic dynamics
with detailed balance

H = _Zi<ijf§f'§/ - F’Z, S
if temperature T low (H-theorem!):
go to state with low energy H

Jj>0: interactions prefer S = §,
(ferromagnetic order)

Jj<0: interactions prefer S = —§,—
(anti-ferromagnetic order)

)

®

Ferromagnetic

trreeet

Below T, spins are
aligned parallel in
magnetic domains

Antiferromagnetic

tititit

Below T, spins are
aligned antiparallel in
magnetic domains

Ferrimagnetic

tetetv?

Below T, spins are
aligned antiparallel
but do not cancel

Paramagnetic

titritd

Spins are randomly
oriented (any of the
others above T, or Ty)
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Spin Glasses

Spin glasses

alloys of conducting host metal with
magnetic impurities in random locations
(CuMn, AuFe, ...)

RKKY Coupling

resulting ‘RKKY” interactions Jj:
oscillate with distance between S; and S;

@ result: frustration - % s Py

impossible to achieve
Si=sgn(Jj)S; everywhere ...

L | 2 | ferromagnetic
@ many local minima of energy :

H=- Zi<]‘ JI]§/§I Jr | +7 | ’) | anlii_e‘r;gmagnelic
O-*~0=—0Q0=—Q=—
@ very slow & complex dynamics, | + | ? |
system remembers earlier states i_i‘“‘ fr+‘|3‘$‘+
(‘ageing,) O—Oﬂ/‘—O—O—x}‘—O



Spin Glasses

@ clear evidence TR e,
for phase transitions % ;. P I N
but not visible in 2ol zey | WX
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1 ” 1

ferromagnetic order: m= N (Si) #0, 9=y

no order: m=—=> (S5)=0, 9=y Z

spin glass order: m= N2 (Sy=0, qg= N



Spin Glasses

Spin glass models

| common simplifications desired features |
Ising spins: g;==+1 large T: P phase, m=0,g=0
H=-%_;Jjoio;—h3,0i large h: F phase, m#0,q>0
m=N"3 (o), g=N"">(01)> small T, h=0: SG phase, n=0, g>0
random bonds, J; >0 and J; <0 T small: slow dynamics, ageing
long range, no lattice T small: many locally stable states

@ Sherrington-Kirkpatrick model (1975):

Jj = %+ﬁ21j, Zj %N(Nfﬂ itidrv., p(z)=

@ Van Hemmen model (1983):
(no slow dynamics, no ageing ...)

1 ..
Jij = N(ffnj+77ffj)v &mi: 2N iidrv, p(&)=-—=

@ Droplet model (Fisher & Huse, 1986):
very different setup, will not discuss here ...
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Sherrington-Kirkpatrick Model

Sherrington Kirkpatrick model

Equilibrium solution using replicas Dz = (2r)~" 22 -Z/24z
Dz e = o2
cel-1 1Y, HE) =Y (B4 Lz)o0 - hZa,
i VN

@ disorder-averaged free energy density

_ R —————— o — ]
v = ——| [ fﬁH(U)] = —lim lo [ —BH(G)]
N BNOg Ze b n,BN 9 Zo;e
= —lm | [ —Bi HE™)
n—0 nﬂN 9 Z ©
— _lim |Og[ 3 e%z,qzaa?oﬁmhz;zaa?e%Z,v<,'zlyzaa,-%f‘]
n—0 n,BN ol on
B~ @,y ghS. o (847 o g o2
= —lim |Og|: Z e N ZI</ Zaol j +Bh3Z; anl e 2N (Zaar i j|
o nﬁN ol.on i<j
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Sherrington-Kirkpatrick Model

@ rewrite to identify order parameters

v = —lm—o |Og{ Z o T S o BN T oo+ 4ﬁ22¢(2a0?0f)2}
n—
n 1 2
lim nBJ n~(BJ

+ Im ﬁN( Bo+ 4 (8I)?)
Bl T ol 43 of BT W5 of 1+ EL S (45 m%ﬁ“z]

_ ||m IO |: i%F a\ N £~ 7 4 aB\N i“i 9

i oo {

@ insertforall ,8=1...n

_ 1 o _ [dMadMa inm[me—t 2iof]
17/dma§|:ma*N§i:O',i| 7/We N
1 o f d o dAa i O'{vgf
1= /dCIaﬁ 5[qaﬁfﬁzdi U}j] - /% Mesltes” e

short-hands: m={m.}, m={Mm,}, n-dim vectors
a={q

d={q.s8}, Gap}, Nxnmatrices



Sherrington-Kirkpatrick Model

@ swap order of limits n—0 and N— oo,
work towards steepest descent expression

f B
lim fy = —lim lim ——log [ dgqdmd§dr —iY Cafaof —i2 X aplasof o]
Nesoo n—0 N— oo ﬁN g/ a q Z €
o'l.on
X e [Zamamﬁ‘zaﬁ%ﬁqaﬁ* By Sm 4605 gmat B2 g2 ]
3\ N
= —lim lim | m m( iYXYo Maoc® =i gdapoo )
AN BN ngN OQ/dqd dqd E :e

)2
X e [1zam@m0+lzaﬁqaﬁqaﬁ+zﬂxfoZama+[3hzama+(g4) Zaﬁ%g}

— lim lim ﬁbg/dqdmdﬁdrﬁ GNVIm.mh.q.4]

n—0N—=co N

n—0

1 R
— Jim, gt mamaV[m. M. q,q]

n n n
A A~ N . N 1
Vim,m,q.8] = i> MaMa+i)  GosGas+ 5Z(§Jomi+hma)

a=1 ap=1 a=1
1 - —i Mo —i P o8B
+Z(6J)2 Z qi@ + |Og ( Ze >aMa EaﬂQQﬁ )
af=1 ol...on
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Sherrington-Kirkpatrick Model

Analysis of replica saddle point equations

new notation: o=(o1,...,0n)

V..

iz Mo My, + iz GapQup + B Z(%JomiﬂLhma) + %(“SJ)z Z q(%s
« aff a apf

+ |ngc—iﬁ1»0'—i0'-ﬁ0‘
@ saddle point egns o
ov ov

s 1 N
I =0 0 =0: Bdoma+Bh+if, =0, E(gat/)zq(,ﬁ,ﬂqcW =0

ow Ty 0o o~ O 0 4T

o =0 1Ma —1 —mo—icas 0
OMq, Yoe

—ih.O—i0-§0

ov . ) Oao~ €M

~—=0: 1qa.y—1zo' St —— =0
8qaw ZO’ e—ih-0-i0-q0

> Ta of Saloma+h)ox+3 (B2 T oxdrcoc

@ eliminate m, § Mo =

Zo_ ef Salomra+h)ox+3(BI2 e oadacoc

Za- a0~ el Taloma+hiox+3 (8 a4 OAANCTC

3 ef Saoma+h)ox+3(BIR S oxdrcoc
o 11/22
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Replica symmetry

e Replica symmetry
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Replica symmetry

Replica symmetry

Intuition for the form of the solution

@ forall (o, 8): Qaa=1, Gus=0sa

o RN 37 L2 i AL
infinite noise D S D S R

@ 0< 3« 1, high noise,
equation for my:
S 0o [14+8 5, (om+h)ar +O(5°)]
PO [1+ﬂ ZA(JOmA+h)aA+O(52)}

J h) Y g 0aorx+0O 2
_BR omx;lng) 2O _ g soma+h) + O(F)

m, =

s0: m, = Bh+0O(B%) foralla
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Replica symmetry

@ 0< B« 1, high noise,
equation for o, a#7:

> o Taly [1 +p ZA(JomA-i-h)UA-FO(ﬂz)] 7
ZUP+BZﬂ%mﬁmhxﬁxmﬂ

Qary =

next order, use m, = Bh+0O(5?) ...
Yo a1+ 1B ) i r0c+ (B e Grcoroc+0(8)]
Yo [1+30(8h72+0(5)]

1 -
- éﬂzg(h2+quA<) 2773 oaonorce + O(F)

Qay =

]
= 562 D (FP+8ax¢) (Bardyc+3achn) + O(B°)
A

= B (PP +Gay) + O(8°)

80! Qup = dap+(1—0ap)B2H+0O(B%) forall (o, B)
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Replica symmetry

conclusion: for high temperatures
solution is of the following form

for all o, F=1...n: Mo = M, Gas = das + q(1—0ap)
symmetric under all permutations of (1 N n),

— replica symmetric solution (RS)

@ what does RS mean intuitively?
are solutions {m., .3} always of RS form?
if no, how to find solutions with broken replica symmetry (RSB)?

@ need physical interpretation!
use alternative form(s) of replica identity:

(ole)) = n"L“OnZZ 3 gl R
~=1 o1
{9(a,07)) = rHonn n(n=1) Z Z Zgaam)e B o= HO®)
c«#w 1ot
apply to

P(m|o) = 6[m——ZU,}, P(glo, o) [ Za,a,]
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Replica symmetry

@ repeat steps of calculation of 7,
gives expressions in terms of
saddle-point soln {Mq, Qu~ }:

lim (P(m|o)) = lim — Zé [m—m,]

N— oo n—0 N

Jim ((Plaler. ) = fim s > g |
\# 1 (see exercises)

@ ergodic systems in equilibrium:

fluctuations in quantities like N~ 3, o
or N=' 3", 00/ scale as O(N~'/?)

im (P(mlo)) = fim (s[m— 1 2 o)) =o[m-1 ﬁjw}
Jim (Pl o)) = im {(5[a— 4 Z oil] )) = o[a— 1 > (o]
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Replica symmetry

@ meaning of replica symmetry (RS):
ergodic equilibrium state with

Jim (P(mlo)) = 5[m - 1N > o)

Jim (gl o)) = bla— > (2]

A
Vg2 (o YaFEy: Gep= lim oY (012 = gea

=1 i=1

. 1
Ya: m, = lim
N—

@ RSB can occur !
nontrivial breaking of ergodicity at low temperatures ...
(De Almeida & Thouless 1978, Parisi 1978)
(see also exercises)
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Replica symmeric solution of the SK model

e Replica symmeric solution of the SK model
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Replica symmeric solution of the SK model

Replica symmetric solution of the SK model

Moa=m, Qaxg=q, nowfindmandgq ...

@ RS saddle-point eqns for m,,
insert RS form and use exp(3x°) = [Dz e

Zo’ aaeﬁ(Joth) PN U>\+1§(ﬁJ)2fJZA;z< aaT¢

Zo_ eﬁ(‘—’om‘*h)ZA 0'/\'*'15(13‘])2‘72)\#( ONO¢

B(dom+h) =y ox+3(BH2A[Z y oAl
Yo Tat

T g PN Do+ H (82T oA
fDZ Zo_ Co H§:1 Blom+h+dzy/G)oy
fDZ Zo’ H’;:1 eB(Jhomt+h+dzy/q)ox

_ [Dz sinh[B(Jom-+h+Jz\/q)] cosh" " [B(Jom+h+Jz\/G)]
- Dz cosh”[3(Jom+h+Jz./q)]
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Replica symmeric solution of the SK model

@ RS saddle-point egns for qa.,
insert RS form and use exp(3x°) = [Dz e

Za’ UQUWeB(JOerh) A 0A+%(5J)2qz,\¢c arT¢

ZO’ eB(JO”H'h) DI ‘7/\+%(ﬁJ)2q A TATE
fDZ Zo’ Caly 1—[;1:1 eB(JUm+h+Jz\/ﬁ)a>\
fDZ Za_ H’;\ﬂ eB(Jom+h+dz\/G)o

Dz sinh?®[B(Jom+h+Jz,/q)] cosh"2[B(Jom+h-+Jz\/G)]
JDz cosh"[3(Jom+h+Jz\/q)]

@ two coupled eqns for (m, q)

[Dz sinh[B(Jom+h+Jz/q)] cosh™ ' [B(Jom+h+Jz,/q)]
/Dz cosh"[B(Jom+h+Jz./q)]

[Dz sinh?[8(Jom+h-+Jz\/q)] cosh” 2 [3(Jom+h+Jz,/q)]
/Dz cosh"[B(Jom+h+Jz,/q)]

m =
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Replica symmeric solution of the SK model

n—0: o
m:Nll_r:loNZ<a,>, = lim —

- N— oo
i=1

m= /Dz tanh[5(Jom+h+Jz\/q)], q= /Dz tanh? [d(Joerh+Jz\/a)]

@ phases of the system for h=0

paramagnetic (P) : m=0, g=0 (no order, {(ci)=0 for all i)
spin glass (SG) : m=0, g>0 qg= /Dz tanh®[8Jz/q)]
ferromagnetic (F) : m#0, g>0

@ bifurcations away from (m, g) = (0, 0):
m = /Dz [Bdom-+8Jz/G+O(m, VG)] = Bom + ...
q = / Dz [Bdom+BJz/G+0O(m, v/q)°)* = (B’ mP+(BI)°q + ...
continuous P—F transition: SBJy =1

continuous P—SG transition: gJ =1
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Replica symmeric solution of the SK model

@ bifurcations SGto F, i.e. of m#£0
qg= /Dz tanh®[3Jz\/q], soln: gea
m= /Dz tanh[3Jz\/Qea) + BJOm/Dz [1 —tanh®[8Jz\/qra] + O(m?)
= Bdom(1—gea) + O(m?)  SG—F transition: Bdo = (1—Gma)~"

RS phase diagram S
of SK model

LI B
g ]

P—F:  Bdo=1, i.e. o/J=T/J
P—SG: gJ=1, i.e. T/J=1
F—SG: Bo=(1—qra)™"

T/J 1

i
Lo b by

Al s e e

SG

I I A

cee b e N e by
5 1 15

o

Do/ T
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