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Ising spins on graphs

Models so far:
force heterogeneity

all pairs of dynamical variables
have mutual interactions Jij

hi (σ) =
∑

j Jijσj + θi

Most real world systems:
topological heterogeneity

dynamical variables interact
with specific partners only

hi (σ) =
∑

j AijJijσj + θi

{Aij}: graph adjacency matrix
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Definitions

N Ising spins σi ∈{−1, 1},
σ = (σ1, . . . , σN)

H(σ) = −
∑
i<j

AijJijσiσj

interactions : Jij ∈ IR, drawn randomly from P(J)

topology : p(A)=C−1δk,k(A), ki (A)=
∑

j

Aij

Aij =Aji , Aii =0

disorder-averaged free energy density,
use log Z = limn→0 n−1 log Z n:

f = − lim
N→∞

1
βN

(
log

∑
σ∈{−1,1}N

e−βH(σ)
)

= − lim
N→∞

lim
n→0

1
βnN

log
∑

σ1...σn∈{−1,1}N

e−β
∑n
α=1 H(σα)

= − lim
N→∞

lim
n→0

1
βnN

log
∑

σ1...σn∈{−1,1}N

eβ
∑

i<j Aij Jij
∑n
α=1 σ

α
i σ

α
j
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Average over graphs

change to Erdös-Rènyi measure,
to enable expansion for large N

pER(A) =
∏
i<j

[ 〈k〉
N
δAij ,1 +(1− 〈k〉

N
)δAij ,0

]
, 〈k〉 =

1
N

∑
i

ki

now

p(A) =
δk,k(A)

Z
=
δk,k(A)

C
pER(A)

pER(A)
=
δk,k(A)

C
pER(A)(〈k〉

N

)∑
i<j Aij

(
1− 〈k〉N

) 1
2 N(N−1)−

∑
i<j Aij

=
δk,k(A)

C
pER(A)(〈k〉

N

) 1
2
∑

ij Aij
(
1− 〈k〉N

) 1
2 N(N−1)− 1

2
∑

ij Aij

=
δk,k(A)

C
pER(A)(〈k〉

N

) 1
2 N〈k〉(1− 〈k〉N

) 1
2 N(N−1)− 1

2 N〈k〉

so ∑
A

p(A)Φ(A) =
1
Z
∑

A

pER(A)δk,k(A)Φ(A) Z =
∑

A

pER(A)δk,k(A)
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Replica analysis

σi = (σ1
i , . . . , σ

n
i ), δk` =

∫ π
−π

dω
2π eiω(k−`)average over graphs

and over interactions

eβ
∑

i<j Aij Jij
∑n
α=1 σ

α
i σ

α
j

=
∑

A

p(A)
∏
i<j

∫
dJ P(J)eβJAijσ i ·σj

=
1
Z
∑

A

pER(A)δk,k(A)

∏
i<j

∫
dJ P(J)eβJAijσ i ·σ j

=
1
Z
∑

A

pER(A)
[∏

i

∫ π

−π

dω
2π

eiω(ki−
∑

j Aij )
]∏

i<j

∫
dJ P(J)eβJAijσi ·σj

=
1
Z

∫ π

−π

dω
(2π)N eiω·k∑

A

pER(A)e−i
∑

ij ωi Aij
∏
i<j

∫
dJ P(J)eβJAijσi ·σ j

=
1
Z

∫ π

−π

dω
(2π)N eiω·k∑

A

pER(A)
∏
i<j

[
e−i(ωi +ωj )Aij

∫
dJ P(J)eβJAijσi ·σ j

]
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insert Erdös-Rényi probabilities

eβ
∑

i<j Aij Jij
∑n
α=1 σ

α
i σ

α
j

=
1
Z

∫ π

−π

dω
(2π)N eiω·k∑

A

pER(A)
∏
i<j

[
e−i(ωi +ωj )Aij

∫
dJ P(J)eβJAijσi ·σ j

]

=
1
Z

∫ π

−π

dω
(2π)N eiω·k∑

A

∏
i<j

[[ 〈k〉
N
δAij ,1 +(1− 〈k〉

N
)δAij ,0

]
e−i(ωi +ωj )Aij

∫
dJ P(J)eβJAijσi ·σj

]

=
1
Z

∫ π

−π

dω
(2π)N eiω·k∏

i<j

[
(1− 〈k〉

N
).1 +

〈k〉
N

e−i(ωi +ωj )

∫
dJ P(J)eβJσ i ·σj

]
=

1
Z

∫ π

−π

dω
(2π)N eiω·k∏

i<j

[
1 +
〈k〉
N

(
e−i(ωi +ωj )

∫
dJ P(J)eβJσi ·σj − 1

)]
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Exploit graph sparseness

Lij = O(1), expand for large N∏
i<j

[
1 +

1
N

Lij

]
=
∏
i<j

elog[1+ 1
N Lij ] = e

∑
i<j [

1
N Lij +O(N−2)] = eN−1 ∑

i<j Lij +O(1)

eβ
∑

i<j Aij Jij
∑n
α=1 σ

α
i σ

α
j

=
1
Z

∫ π

−π

dω
(2π)N eiω·k+

〈k〉
N

∑
i<j

[
e−i(ωi +ωj )∫dJ P(J)eβJσi ·σ j−1

]
+O(1)

=
1
Z

∫ π

−π

dω
(2π)N eiω·k+

〈k〉
2N

∑
ij

[
e−i(ωi +ωj )∫dJ P(J)eβJσi ·σj−1

]
+O(1)

β = 0 : Z =

∫ π

−π

dω
(2π)N eiω·k+

〈k〉
2N

∑
ij

[
e−i(ωi +ωj )−1

]
+O(1)

hence

eβ
∑

i<j Aij Jij
∑n
α=1 σ

α
i σ

α
j =

∫ π
−π dω eiω·k+

〈k〉
2N

∑
ij e
−i(ωi +ωj )∫dJ P(J)eβJσ i ·σj +O(1)∫ π

−π dω eiω·k+
〈k〉
2N

∑
ij e
−i(ωi +ωj )

+O(1)
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Disorder-averaged free energy density

use previous result

−βf = lim
N→∞

lim
n→0

1
nN

log
∑

σ1...σN

∫ π
−π dω eiω·k+

〈k〉
2N

∑
ij e
−i(ωi +ωj )∫dJ P(J)eβJσi ·σ j +O(1)∫ π

−π dω eiω·k+
〈k〉
2N

∑
ij e
−i(ωi +ωj )

+O(1)

= lim
N→∞

lim
n→0

1
nN

log
{

2nN
〈∫ π
−π dω eiω·k+

〈k〉
2N

∑
ij e
−i(ωi +ωj )∫dJ P(J)eβJσ i ·σj +O(1)∫ π

−π dω eiω·k+
〈k〉
2N

∑
ij e
−i(ωi +ωj )

+O(1)

〉
{σ i}

= log 2 + lim
N→∞

lim
n→0

1
nN

log
〈∫ π

−π
dω eiω·k+

〈k〉
2N

∑
ij e
−i(ωi +ωj )∫dJ P(J)eβJσ i ·σj +O(1)

〉
{σi}

− lim
N→∞

lim
n→0

1
nN

log
∫ π

−π
dω eiω·k+

〈k〉
2N

∑
ij e
−i(ωi +ωj )

+O(1)

= log 2 + lim
N→∞

lim
n→0

1
n
[
Φ(β)− Φ(0)

]

10 / 28



Topological heterogeneity Replica analysis Saddle point equations RS solution Phase transitions

Left to do

Φ(β) =
1
N

log
〈∫ π

−π
dω eiω·k+

〈k〉
2N

∑
ij e
−i(ωi +ωj )∫dJ P(J)eβJσ i ·σj

〉
{σ i}

notes:

link with graph ensemble

Φ(0) =
1
N

log
∫ π

−π
dω eiω·k+

〈k〉
2N

∑
ij e
−i(ωi +ωj )

= log(2π) +
1
2
〈k〉+

1
N

logZ

all site-dependent variables
appear in quantity of the form

1
N

∑
ij

G(ωi ,σi ;ωj ,σj )
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Order parameters

define P(σ, ω|{σi , ωi}) =
1
N

∑
i

δσ,σ i δ(ω−ωi )

Φ(β) =
1
N

log
〈∫ π

−π
dω eiω·k

× e
1
2 〈k〉N

∫
dωdω′

∑
σσ′ P(σ,ω|...)P(σ′,ω′|...)e−i(ω+ω′)∫dJ P(J)eβJσ·σ′〉

{σi}

introduce for each (σ, ω)

1 =

∫
dP(σ, ω) δ

[
P(σ, ω)− 1

N

∑
i

δσ,σi δ(ω−ωi )
]

=

∫
dP(σ, ω)dP̂(σ, ω)

2π
eiP̂(σ,ω)

[
P(σ,ω)− 1

N
∑

i δσ,σi
δ(ω−ωi )

]
discretise ω,
P̂(. . .)→ P̂(. . .)N∆ω

1 =

∫
dP(σ, ω)dP̂(σ, ω)

2π/N∆ω
eiN∆ωP̂(σ,ω)

[
P(σ,ω)− 1

N
∑

i δσ,σi
δ(ω−ωi )

]
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use ∆ω
∑
ω →

∫
dω:

1 = lim
∆ω→0

∏
ω,σ

∫
dP(σ, ω)dP̂(σ, ω)

2π/N∆ω
eiN∆ωP̂(σ,ω)

[
P(σ,ω)− 1

N
∑

i δσ,σ i
δ(ω−ωi )

]

= lim
∆ω→0

∫ [ ∏
ω,σ

dP(σ, ω)dP̂(σ, ω)

2π/N∆ω

]
eiN∆ω

∑
ω,σ P̂(σ,ω)

[
P(σ,ω)− 1

N
∑

i δσ,σi
δ(ω−ωi )

]
=

∫
{dPdP̂}eiN

∑
σ

∫
dω P̂(σ,ω)P(σ,ω)−i

∑
i P̂(σi ,ωi )

with short hand (path integral measure):
{dPdP̂} = lim∆ω→0

∏
ω,σ [P(σ, ω)dP̂(σ, ω)N∆ω/2π]

result:
factorisation over sites!

Φ(β) =
1
N

log
∫
{dPdP̂}eiN

∑
σ

∫
dω P̂(σ,ω)P(σ,ω)

× e
1
2 〈k〉N

∑
σ,σ′

∫
dωdω′ P(σ,ω)P(σ′,ω′)e−i(ω+ω′)∫dJ P(J)eβJσ·σ′

×
∏

i

〈∫ π

−π
dωi eiωi ki−iP̂(σi ,ωi )

〉
σi
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Saddle point equations

simplify∏
i

〈∫ π

−π
dωi eiωi ki−iP̂(σi ,ωi )

〉
σi

= e
∑

i log〈
∫ π
−π dω eiωki−iP̂(σ,ω)〉σ

= eN
∑

k p(k) log〈
∫ π
−π dω eiωk−iP̂(σ,ω)〉σ + O(

√
N)

lim
N→∞

Φ(β) = lim
N→∞

1
N

log
∫
{dPdP̂} eNΨ[P,P̂]+O(

√
N) = extr{P,P̂}Ψβ [P, P̂]

Ψβ [P, P̂] = i
∑
σ

∫
dω P̂(σ, ω)P(σ, ω) +

∑
k

p(k) log
〈∫ π

−π
dω eiωk−iP̂(σ,ω)

〉
σ

+
1
2
〈k〉

∑
σ,σ′

∫
dωdω′ P(σ, ω)P(σ′, ω′)e−i(ω+ω′)

∫
dJ P(J)eβJσ·σ′

extrema
δΨ

δP
= 0 : iP̂(σ, ω) = −〈k〉e−iω

∑
σ′

∫
dω′ P(σ′, ω′)e−iω′

∫
dJ P(J)eβJσ·σ′

δΨ

δP̂
= 0 : P(σ, ω) =

∑
k

p(k)
eiωk−iP̂(σ,ω)∑

σ′
∫ π
−π dω′ eiω′k−iP̂(σ′,ω′)
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new quantities and short-hands

D(σ) =

∫ π

−π
dω P(σ, ω)e−iω, P̂(σ, φ) = i〈k〉e−iωγ(σ),

∫
dJ P(J) . . . = 〈. . .〉J

new eqns: γ(σ) =
∑
σ′
D(σ′)〈eβJσ·σ′〉J

D(σ) =
∑

k

p(k)

∫ π
−π dω eiω(k−1)+〈k〉e−iωγ(σ)∑
σ′
∫ π
−π dω eiωk+〈k〉e−iωγ(σ′)

do ω-integrals:∫ π

−π
dω eiωk+〈k〉e−iωγ =

∑
`≥0

〈k〉`γ`

`!

∫ π

−π
dω eiωk−iω`

= 2π
∑
`≥0

〈k〉`γ`

`!
δk` =

{
2π〈k〉kγk/k ! if k ≥ 0
0 if k < 0

D(σ) =
∑
k>0

p(k)
k
〈k〉

γk−1(σ)∑
σ′ γ

k (σ′)
, γ(σ) =

∑
σ′
D(σ′)〈eβJσ·σ′〉J
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use saddle point eqns

lim
N→∞

Φ(β) = extr{P,P̂}Ψβ [P, P̂]

= log(2π)− 1
2
〈k〉+

∑
k

p(k) log〈γk (σ)〉σ +
∑

k

p(k) log[〈k〉k/k !]

β = 0: γ(σ) = 1, D(σ) = 2−n

lim
N→∞

Φ(0) = log(2π)− 1
2
〈k〉+

∑
k

p(k) log[〈k〉k/k !]

free energy

−βf = log 2 + lim
N→∞

lim
n→0

n−1[Φ(β)− Φ(0)
]

= lim
n→0

1
n

∑
k

p(k) log〈γk (σ)〉σ
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Replica symmetric solution

D(σ) invariant under all
permutations of {1, . . . , n} D(σ) =

∫
dh D(h)

eβh
∑
α σα

[2 cosh(βh)]n

work out γ(σ) γ(σ) =

∫
dh D(h)

[2 cosh(βh)]n

〈∑
σ′

eβh
∑
α σ
′
α+βJσ·σ′

〉
J

=

∫
dh D(h)

coshn(βh)

〈 n∏
α=1

cosh[β(h+Jσα)]
〉

J

any F (σ=±1):

F (σ) = aebσ : a =
√

F (1)F (−1), b = log
√

F (1)/F (−1)

cosh[β(h+Jσ)] =
√

cosh[β(h+J)] cosh[β(h−J)]e
1
2σ log[cosh[β(h+J)]/ cosh[β(h−J)]]

any A,B:
1
2

log[cosh(A+B)/cosh(A−B)] = atanh[tanh(A) tanh(B)]
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γ(σ) =

∫
dh D(h)

〈[√cosh[β(h+J)] cosh[β(h−J)]

cosh(βh)

]n
eatanh[tanh(βh) tanh(βJ)]

∑
α σα

〉
J

let Cn,k =
∑
σ γ

k (σ),
remaining eqn:

∫
dh D(h)

eβh
∑
α σα

[2 cosh(βh)]n =
∑
k>0

p(k)
k

〈k〉Cn,k
γk−1(σ)

=
∑
k>0

p(k)
k

〈k〉Cn,k

∫ [∏
`<k

dh`D(h`)
]〈[∏

`<k

√
cosh[β(h`+J`)] cosh[β(h`−J`)]

cosh(βh`)

]n

× e
∑
α σα

∑
`<k atanh[tanh(βh`) tanh(βJ`)]

〉
J1...Jk−1

=

∫
dh

eβh
∑
α σα

[2 cosh(βh)]n

∑
k>0

p(k)
k
〈k〉

[2 cosh(βh)]n

Cn,k

∫ [∏
`<k

dh`D(h`)
]
×

〈[∏
`<k

√
cosh[β(h`+J`)] cosh[β(h`−J`)]

cosh(βh`)

]n
δ
[
h− 1

β

∑
`<k

atanh[tanh(βh`) tanh(βJ`)
]〉

J1...Jk−1
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after n→ 0

D(h) =
∑
k>0

p(k)k
〈k〉C0,k

∫ [∏
`<k

dh`D(h`)
]〈
δ
[
h− 1

β

∑
`<k

atanh[tanh(βh`) tanh(βJ`)
]〉

J1...Jk−1

integrate over h,
let d =

∫
dh D(h) d =

∑
k>0

p(k)kdk−1

〈k〉C0,k

C0,k = lim
n→0

∑
σ
γk (σ)

= lim
n→0

∫ [∏
`≤k

dh`D(h`)
]〈[∏

`≤k

√
cosh[β(h`+J`)] cosh[β(h`−J`)]

cosh(βh`)

]n

×
∑
σ

e
∑
α σα

∑
`≤k atanh[tanh(βh`) tanh(βJ`)]

〉
J1...Jk

= lim
n→0

∫ [∏
`≤k

dh`D(h`)
]〈[

2 cosh
(∑
`≤k

atanh[tanh(βh`) tanh(βJ`)]
)]n〉

J1...Jk

= dk

hence: d2 = 〈k〉−1∑
k p(k)k = 1 ⇒

∫
dh D(h)=1, C0,k =1
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Interpretation?

return to P(σ, ω):

P(σ) =

∫ π

−π
dω P(σ, ω) = lim

n→0
lim

N→∞

1
N

∑
i

lim
n→0

〈 ∏
α≤n

δσα,σαi
〉

hence

m = lim
N→∞

1
N

∑
i

〈σi〉 = lim
n→0

∑
σ

P(σ)
1
n

n∑
α=1

σα

q = lim
N→∞

1
N

∑
i

〈σi〉2 = lim
n→0

∑
σ

P(σ)
1

n(n−1)

n∑
α6=β=1

σασβ

P(σ) in terms of D(h):

P(σ) =
∑

k

p(k)

∫ π
−π dω eiωk+〈k〉e−iωγ(σ)∑
σ′
∫ π
−π dω eiωk+〈k〉e−iωγ(σ′) =

∑
k

p(k)

Cn,k
γk (σ)

=
∑

k

p(k)

∫ [∏
`≤k

dh`D(h`)
]〈

e
∑
α σα

∑
`≤k atanh[tanh(βh`) tanh(βJ`)]

[
1+O(n)

]〉
J1...Jk
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result:

m =

∫
dh D(h) tanh(βh), q =

∫
dh D(h) tanh2(βh)

D(h) =
∑

k

p(k)

∫ [∏
`≤k

dh` D(h`)
]〈
δ
[
h − 1

β

∑
`≤k

atanh[tanh(βh`) tanh(βJ`)]
)〉

J1...Jk

D(h) =
∑
k>0

p(k)
k
〈k〉

∫ [∏
`<k

dh`D(h`)
]〈
δ
[
h − 1

β

∑
`<k

atanh[tanh(βh`) tanh(βJ`)
]〉

J1...Jk−1

effective field distr:
D(h): for true graph
D(h): for cavity graph

typical form of order parameter eqns
for locally tree-like graphs

alternative derivation via
belief propagation or cavity methods
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Continuous phase transitions

D(h) =
∑
k>0

p(k)
k
〈k〉

∫ [∏
`<k

dh`D(h`)
]〈
δ
[
h− 1

β

∑
`<k

atanh[tanh(βh`) tanh(βJ`)
]〉

J1...Jk−1

at T =β−1 =∞: D(h) = δ(h)

gives: D(h) = δ(h), m = q = 0

paramagnetic state, is a soln at any β

bifurcations away from δ(h):
expand eqns in width of D(h) D(h) = ε−1W (h/ε), 0<ε≤1

bifurcating state always has∫
dh P(h)h2 > 0

1st moment bifurcation : δ(h) → P(h) with
∫

dh P(h)h 6= 0

2nd moment bifurcation : δ(h) → P(h) with
∫

dh P(h)h = 0
25 / 28



Topological heterogeneity Replica analysis Saddle point equations RS solution Phase transitions

1st moment bifurcates first:∫
dh D(h)h =

∑
k>0

p(k)
k
〈k〉

∫ [∏
`<k

dh` D(h`)
]〈 1
β

∑
`<k

atanh[tanh(βh`) tanh(βJ`)
〉

J1...Jk−1

ε

∫
dx W (x)x =

1
β

∑
k>0

p(k)
k(k−1)

〈k〉

∫
dx W (x)

〈
atanh[tanh(βεx) tanh(βJ)

〉
J

= ε
∑
k>0

p(k)
k(k−1)

〈k〉

∫
dx W (x)x〈tanh(βJ)〉J +O(ε2)

bifurcation of ferromagn state
with m, q 6= 0 at:

P → F : (〈k2〉/〈k〉−1)

∫
dJ P(J) tanh(βJ) = 1
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2nd moment bifurcates first:∫
dh D(h)h2 =

∑
k>0

p(k)
k
〈k〉

∫ [∏
`<k

dh` D(h`)
]〈( 1

β

∑
`<k

atanh[tanh(βh`) tanh(βJ`)
)2〉

J1...Jk−1

ε2
∫

dx W (x)x2 =
1
β2

∑
k>0

p(k)
k
〈k〉

{
(k−1)

∫
dx W (x)

〈
atanh2[tanh(βεx) tanh(βJ)

〉
J

+ (k−1)(k−2)
[ ∫

dx W (x)
〈
atanh[tanh(βεx) tanh(βJ)

〉
J

]2}
= ε2

∑
k>0

p(k)
k(k−1)

〈k〉

∫
dx W (x)x2〈tanh2(βJ)〉J +O(ε3)

bifurcation of spin-glass state
with m = 0, q 6= 0 at:

P → SG : (〈k2〉/〈k〉−1)

∫
dJ P(J) tanh2(βJ) = 1
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Phase diagrams

〈k〉 α

T
J0

T
J0
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η=0.25
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6

8

10

0.0 0.1 0.2 0.3 0.4 0.5

p(k) = e−〈k〉〈k〉k/k ! p(k) ∼ k−3−α

P(J) = 1
2 (1+η)δ(J−J0) + 1

2 (1−η)δ(J +J0), J0 ≥ 0,

η = 1: ferromagnet,
η = 0: antiferromagnet

solid : P → F , η (〈k2〉−〈k〉) tanh(βJ0) = 1

dashed : P → SG, (〈k2〉−〈k〉) tanh2(βJ0) = 1
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