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Topological heterogeneity

Ising spins on graphs

Models so far:

force heterogeneity o

g * o 1/ 2 1
all pairs of dynamical variables oy . .
have mutual interactions J; " i

hi(e) = 3_; Jjoj + 6

Most real world systems:
topological heterogeneity

dynamical variables interact
with specific partners only

hi(e) = 32; Ajdjoj + 0i ;vﬁvﬁfvﬁv
{Aj}: graph adjacency matrix




Topological heterogeneity

Definitions

@ N lIsing spins ;€ {—1,1},

0’:(01,...

7UN)

H(o) = Z Ajdjoioj

i<j

interactions: Jj€IR, drawn randomly from P(J)

topology:  p(A)=C"dka), K(A)=D A
J

Aj=Aji, Ai=0

@ disorder-averaged free energy density,
use log Z = lim,_,o n~'log Z":
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Topological heterogeneity

Average over graphs

change to Erdds-Renyi measure,
to enable expansion for large N

k k 1
per(A) = H [<N> a1 +(1 —<T\I>)5A,,,0L (k) = N Z ki
i<j i
now
p(A) — Skka) _ k) Per(A) _ Skka) Per(A)
Z C per(A) C (@) i A (1 _ @) ININ-1)=X, . Aj
N N
_ Okka Per(A)
C () 3 A (1) ININ=1)—3 55, Ay
_ Okka) per(A)
- TNk IN(N=1)— I N(k)
C @Ry
S0

> p(A)O(A) = % > per(A)dka®(A) 2= per(A)dkka)
A A A
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Replica analysis

Replica analysis

@ average over graphs oi=(0},....00), k= [T dewlk)
and over interactions
3Z,</AUJ,/ZQ1 for
= Zp T /dJ P(J)e i1
I<]
- ZZPER 5kkA)H/dJP(J BIAT T
i<j
= fz H/ dw W(i—3; A u H/dJPJ)eBJA,,o', o;
Z < [1
= / @ )N 1WkZpER(A 13 wiAj H/dJP J)e BJIAO -0
i
i<j
- / (2 )N e kZpER(A H [ —iwitw)A; /dJ P(J)e i a',]
7

i<j



Replica analysis

@ insert Erdés-Rényi probabilities

()32/</ 1/2111 1 j

I</
/ 277)N | [ Oaz.1+( 1*Q)(SA ] ﬂ(w"“ﬁ')A’f/dJ P(J)eﬂJAijO'i<O'IZ|

A i<j

B / 27r)"’ < T [ <W %eii(wﬁw")/dg/ P(J)eBJO'i‘U/]
i<j

- / 27r)N MKH[ %( itk /dJP(J pIT 01_1)}
i<j



Replica analysis

Exploit graph sparseness

@ L;=0(1), expand for large N

1 g+ 4Ll _ Sl hL+ON=2)] _
g[1+N ] H i e2i<jlnti — e

N7V L+ O(1)

P i A /’/Z(\ 1979

1 dw RS I [Tt fag PP T 1] +o(1)
Z —T

- 27T)N
_ l " w5 55 [e D jag p)e™ 717 —1]+o01)
Z 27T)N
dw 1w.k+@ ! [ —i(wjtwy) _ ]+O( 1)
— z - N 2-jj
p / 271')’\’
hence
BJO ;-0

- J7 dw e“‘”‘*% Sy @it fag p)e j+o(1)
T ST gaga J .
e i<j l// a=17i / — o) i 3
T W -k+ 5 P
jl’ﬁ dw e:w K+ 55 Z/](

+o(1)



Replica analysis

Disorder-averaged free energy density

use previous result

8OO

w W e ) fag p)e i+o(1)

—Bf = Im Ilm—log Z Jo

ok ) s~ —i(wjrw))
N—oo n—0 NN o f dw @k Tje +0(1)

Wk e iwitep g Py % Lo()

= lim lim L|og{2”"’<f:r

N—oo n—0 NN [ dw eiw<k+w sye witeD o) (o}
— T
"" . —i(wjtw)) g4
=log2+ lim lim — |og< de @@t e D fag prje™ J+O(1)>
N—oco n—0 Jp {O.I}
. w+w)
— lim lim — Iog/ dew @k S Pyo(1)
N—ocon—0 N -

= log2+ lim I|m [ (B) — ©(0)]
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Replica analysis

Left to do

™

1 Wkt S 5 milwitw)) BJO ;O
d(B) = N log </ dw 9k X 7 Jdd P(J)e I>{o"}

notes:
@ link with graph ensemble
™ . —i(wjtw;)
®(0) = 1N'Og/ deo & WHE B Tie T jog 00y 4 %<k> + 1N log Z

@ all site-dependent variables
appear in quantity of the form

1
N Z G(wi, oi; wj, o)

)
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Replica analysis

Order parameters

@ define T(O’ UJ‘{O'”(U/} Zéa’a’ 6(w w,)

o(8) = 1N log < /W dw @k

—T
% o3 (ON [dwde’ Yoo PO w|.. ) PO W[ )e~ilwre”) fqy P(J)eBJU‘0/>
{0}

@ introduce for each (o, w)

1 = /dfP(O',w [ (o,w) — NZdagéw w,)]
_ /d?(d w)dP(o,w) v w) [P(o )~ S0, 0, )]
2T
discretise w,
P(.) = P(.INAW

| - /d?(o’,m)d‘j}(a,w)eiNAw’j’(U,w)[(P(O',w)fﬁZ,‘tsa',a'i(s(w—wi):l
27 /NAw

12/28



Replica analysis

@ use Awd., — [dw:

dP(o,w diP(o‘ W) iNAwP(Oo w)[fP(O’ w)—4 8 8(w—w )}
| m s s N i°0,0; i
! H/ 2r/NAw ¢

_ dP(o,w)dP(, w)] iNBw S, g #(Tw)[3(0 )~ 4 5 56 07, 5]
= m /[H 27 /NAw ]e !

w,

_ /{dej)}eiN S fdw PO )P0 w)—i T, PO 1w)

with short hand (path integral measure):
{dPdP} = limaw—o [ ], o [P(o, w)dP(o, w)NAw/27]

@ result:
factorisation over sites!
o(3) = 1N|Og /{diPdﬁ’}eiNZU [dw P(O,w)P(O )

% b WNT g g [dwde’ PO ,w)P(O" W' )~ e +w") [ay P(s)eBIT O

T R
« H < / dw; eiw,-k,vfi‘.l’(O',‘,w,)>
i e gi

i
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Saddle point equations

e Saddle point equations
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Saddle point equations

Saddle point equations

@ simplify
H < /7T dw; eiwiki*iﬁ’(o'iywi)> _ eZHOg(ffw dw eiwkf*ij’(o”“’”o‘
; —r g; N
! — NEkp(R)log([T, dw e KTITOT L)) 5 1 O(VR)
. . 1 A P F ~
Jim o(8) = lim <log / {dPdP} MNVIPTHOWN) extrp 5, V[P, 7]

walp B = 1Y / des Pl w)P(.) + 3 p(k)log { / " k)
o P —r

500 Y [duds’ Do wpp(elw)e ) [ag P
o0
@ extrema
oV . LA o —iw L TN | pJo-O’
57 = 0: iP(o,w) = —(k)e ;/dw P(o’,w')e /dJ P(J)e
SV eiwkfi'j’(a',w)

0: Plo,w)=)Y_ p(k)

- S ST dw! eiw’ k—iP(0"w’)
J—7

5P
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Saddle point equations

@ new quantities and short-hands

= [[awnewme ™ o) =ike ()[4 PW). =

newegns: (o) = Z D(o’' )77,

™ dw eielk=+KeT (@)

Zp ZO'/ fﬂ' dw eiwk+(k)e —iwN(O)

@ do w-integrals:

/de kR Z (k)*~* /7r Qo elk—iwe
4!
- >0 -

- k) {27r<k>"7"/k! if k>0

= /! 0 ifk<0
k ~(o) ) T

D(o) =) PK) 7=k D(e
2P 5 ko) =2 B
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Saddle point equations

use saddle point egns

lim ®(8) = extryz,Vs[P,P]

N— oo

= log(2n) ~ 5 {K) + 3 p(K)log(x* (o)) + 3 p(K)log[(k)/k]

K K
B=0: v(o)=1, D(o)=27"

Jim_(0) =log(2x) — 1 (k) + " p(k)log|(K)*/k1]

k

@ free energy

—Bf = |ogz+ Jim lim n"[dD(B)f ®(0)]

lim Z p(k)log(~
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RS solution

e RS solution
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RS solution

Replica symmetric solution

D(o) invariant under all

: BhY, oa
permutations of {1,...,n}  D(g) = /dh D(h)[Zioshw
@ work out _ _dhD(h) PhT, o +5I0-0
WOrK ou "/(0) »y(a) = [2 cosh(ﬁh ]n < Z >J

dh D(h) /
m< E cosh[cd(h+Jga)]>J

@ any F(o=H1):
F(o)=ae*™: a=+/FQA)F(), b=logy/F()/F(1)

cosh[B(h+Jo)] = v/cosh[B(A+J)] cosh[B(A— J)Jez” 9lcosnB+)/ coshls(h—)]

@ any A, B: 1
3 log[cosh(A+ B)/cosh(A—B)] = atanh[tanh(A) tanh(B)]

19/28



RS solution

[ \/COSh[/j (h+J)] cosh[B(h—J)]1n Latanh[tanh(8h) tanh(8J)] T, oo
(o) = /dh b(h <{ cosh(Bh) ] >

J

@ let Cok = Yo V(o).
remaining eqn:

Phaoa
/th(h)W Zp( )k Cor (o)
= \/COSh[ﬁ (he+Je)] cosh[B(he —Ji)] 17
= kzwp(k)wcn’k/[el:[kdth (he) ]<[g cosh(Bho) }

« eXa Ta Tock ataﬂhlianh(ﬁhz)tanh(BJz)]>

Jiodk—1
B ANy 70 k [2cosh(Bh)
/d [2cosh(Bh)]" Z i) T/[Hdhﬂ) m)]

>0 £<k

<[H \/cosh[3( hél—;/:])(]ﬁ(ils;)h[ﬂ(he Jzz)]] 5[h—1Zatanh[tanh(ﬁhg)tanh(ﬁJg)]>

Jp..d
<k 1--Jk—1

L<k
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RS solution

aftern— 0

Z <k(kc)okk [H dth(he)] < [hf BZatanh[tanh(Bhf) tanh(,BJe)] >

k>0 £<k L<k

Jyonedi—1

@ integrate over h k—1
) Kk
letd = [dh D(h) Zp( )Cd
k>0 0.k

Cox = lim>"+"(o)

n—0

i [T moen] (1] VoS0 Nt

% Z oZa oo Lok atanh[tanh(ﬁh[)tanh(ﬂJl)]>

> gy di

- J}igqo/[gdth(he)K[Zcosh (g(atanh[tanh(ﬁhe)Ta”h(ﬁJe)])]n>J1MJk

= d
hence: d® = (k)7' S, p(k)k=1 = [dhD(h)=1, Cox=1
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RS solution

Interpretation?

@ return to P(o,w):
P(o) = [ﬂdw P(ow) = lim fim Z lim ¢ E[ Soa,of)
hence -

DNTENU L o

n—0

lim Z’P(o- n(n ) Z 0003

- n—0
a#p=1

Q

I

5
==
™M -
5

\

@ P(o) in terms of D(h):
T iwk+(k)e™ lwryo
Zp S dw et 1@ _ p(k) (o)
ZUI f dw eiwk+(kye~iw~(07) Con.k 7

- S [[[anmon] el soto]),

<k
22/28




RS solution

result:

m= /dh D(h)tanh(gh), q= /dh D(h) tanh®(3h)

=" p(k) / [TTah p(h)] (5] _72 atanhltanh(5he) tanh(5)]) )

<k Z<k -k

=3 p(k) / [Hdhﬂ) NG [h—fZatanh[tanh(ﬂhe)tanh(ﬂJg)] ),

k>0 Z<k seJk—1

effective field distr:
D(h): for true graph
D(h): for cavity graph

typical form of order parameter egns
for locally tree-like graphs

alternative derivation via
belief propagation or cavity methods




Phase transitions

e Phase transitions
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Phase transitions

Continuous phase transitions

D=3 p(k)% / [TTan(n)] <5[h_%Zatanh[tanh(ﬂhg)tanh(/m)] )

k>0 <k <k e de
@ at T=8""=o00: D(h) =4(h)
gives: D(h)=46(h), m=q=0
paramagnetic state, is a soln at any g

@ bifurcations away from §(h):
expand eqgns in width of D(h) D(h) = ¢ "W(h/e), 0<e<i
bifurcating state always has
[dh P(h)? >0

1st moment bifurcation : o(h) — P(h) with / dh P(h)h #0

2nd moment bifurcation : d(h) — P(h) with / dh P(h)h=10
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Phase transitions

@ 1st moment bifurcates first:

/th )h = Zp(k) /[Hdhe D(he) ]<%Zatanh[ta”h(ﬁhf)ta”h(ﬂ‘/"')>J1...Jk,1
/dx W(x =3 Z

k>0

/ x W(x) (atanbtanh(ex) tanh(5J) )

- eZp(k)k(lzk_>1) /dx W(x)x (tanh(8J)), + O(E)
bifurcation of ferromagn state
with m, g # 0 at:

P— F: (<k2>/<k>—1)/dJ P(J) tanh(8J) = 1
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Phase transitions

@ 2nd moment bifurcates first:
/dh D =Y / [H dh, D ]<( Zatanh[tanh(ﬁhg)tanh(ﬁJg)> >J

/ ax W)X = Zp k 1) / dx W(x)<atanh2[tanh(ﬂex) tanh(ﬁJ)>

k-1

+ (k71)(k72)[/dx W(x)<atanh[tanh(ﬁex) tanh(ﬁJ)>J] }

= plk) k(k . /dx W(x)x* (tanh?(8J))s + O(°)

k>0

bifurcation of spin-glass state
with m =0, g # 0 at:

P— SG: ((k2>/(k>f1)/dJ P(J)tanh?(8J) = 1
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Phase transitions

Phase diagrams

p(k) ~ k=3

~

L n
0.0 0.1 0.2 03 0.4 0.5

P(J) = 3(1+m)3(J =) + 3(1-n)3(J+h), Jo =0,

n=1: ferromagnet, solid: P —F, n((k®—(k))tanh(8dp) = 1
n = 0: antiferromagnet dashed : P — SG, ((k®)—(k))tanh®(8Jp) = 1
28/28
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