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Linear separability of data

Linear separability of data

Motivation: dimension mismatch and overfitting

two clinical outcomes (A,B),
4 patients, 60 gene expression levels ...

: (100101001010010101010010001010111001001001001001001000011111)
: (010001000010101001010101010010101000111100101001001010101000)
: (001010001110101101100100100111001110010100101010101000101010)
: (101011001010110010100100111100100101100111010111010001010010)

WW>>

prognostic signature!

A: (100101001010010101010010001010111001001001001001001000011111)
A: (010001000010101001010101010010101000111100101001001010101000)
B: (001010001110101101100100100111001110010100101010101000101010)
B: (101011001010110010100100111100100101100111010111010001010010)

shuffle outcome labels ...

A: (100101001010010101010010001010111001001001001001001000011111)
B: (010001000010101001010101010010101000111100101001001010101000)
A: (001010001110101101100100100111001110010100101010101000101010)
B: (101011001010110010100100111100100101100111010111010001010010)

overfitting, no reproducibility ..., .,



Linear separability of data

suppose we have data D on N patients,
pairs of measurement vectors + clinical outcome labels

D={x"t"),....,(x", "), xe{-1,1}", te{-1,1}, p,N>1

e.g. xf: gene expressions of patient i (each component on/off)
t'= treatment response of i (yes/no)

@ assumed model:

VA +
; P I +
() — { 1 ?f 25:1 0uX, > 0 S
=1 it 3 0uxu <0 <
P
= sgn[Z@uxﬂ} 5
=1 £

B =1
o t'=—1

@ classification task: p
find parameters (61 ..., 6,) foralli=1...N: t’:sgn[ZHHxL]

such that =1



Linear separability of data

@ data D explained perfectly
by model with 6= (61, ..., 6p) if

foralli=1...N: t' =sgn(@-x), ie (@ -x)>0
separating plane in input space : 6-x=0

distance A; between x' and separating plane :  d; = t'(8 -x')/|6|
|6| irrelevant, so choose |6> = p

@ defn: version space

all 6 that solve above egns
with distances « or larger

N .
l(l I
volume of version space: V(k) = /de 5(0 HG[ ”}
i=1

(iy if V(x) large: many choices of 8 possible, easy problem
(ii) if V(x) small: few choices of 8 possible, hard problem
(iii) if V(x)=0: data not linearly separable




Linear separability of data

@ high dimensional data: plarge, o« = N/p
a>1: fewer parameters than constraints
a<1: more parameters than constraints

V(x) scales exponentially with p,
so define

1 1 2 o TTa[f@X)
F_plogV(n)_pIog/deé(O p)H@[ 75 ]

since V(k)=¢e"":
F = —oco: V(k)=0, no solutions 6 exist,
data D not linearly separable

F =finite: V(x)>0, solutions 0 exist,
data D linearly separable



Linear separability of data

Overfitting

parameters 6 define a ‘rule’ for computing answers t' to questions x’,
what if we choose random data D?

D={(x",t"),....(x",t")}, x'e{-1,1}", t'e{-1,1}, fully random

typical classification

— 1 N rti(e - xi)
erformance: —lo /do 5(p—62 0 -
p 5 log (p—6°) ,l—[1 [ N/ «]

n
I

N X X
1 dz . .02 (0 -x')

_ izp —iz0 I I _
plog/2ﬂ'e /dee /:10[ \/ﬁ K]

introduce d-functions,

1= /dy/ 6[},/ _ f(?/'ﬁx )] _ /d};:yi oI5t (0-x)/ /B

= 1 "dzdydyde 2/
_ ! Jizp+ij-y—iz0 & )e—isiti(0-x)//p
F= E Iog/ (@m)+ € (II:! O(yi—r)e >



e Gardner theory



Gardner theory

Gardner theory

large p, large N,
N = ap:

N
dzdydyde Y o
F = — 1zp+1y»y—120 L —i ,-t’(9<x’)/\f
pllm ) Iog/ (@r)Ve (l |0(y, K)e~ p)

i=1
@ replica identity
log Z = limp,_o n~'log Z"

dzdydydo . o pe oLt o n
P =t g | I e ([t sg-ono)
1=

. 1 dzadyo‘dyadO ipz™ +ig™ .yo‘—izo‘(e
= im, n"L"o pn %9 / H B

5 N
FTTow ]

xe 1 Ny S0y IO X))/ vp




@ average over data D

= = —iZf\i1 DI f’,"ff(ea'xi)/\/ﬁ IZ“ LN, tixi, S50 _ 9202/ /P
p N 1 n
T o [ S
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= e 2 Z/;::1 =Y 6,81 y/ay,ﬂ9ﬁ05+0(p )

i
I

N
i dz dydy*do® ipzoige.ye—iz(0°)2 o
it ton [ T [ @A [Tovr )

N napB N 8 0
X e 2p Z,L 1 i a1 I 9“9L+O(p )

= —alog(2m) + lim lim flog/H dz 40P —iz7 (07 )2)

p—ro0 n—0

N n
o i o _1 oo S~
XH/H dyfdjfet Ze I oly; —/@]]e EDINN 7 (i D DA Bl
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Gardner theory

o Withy:(yh...,yn),gl:(_;/1,“.7}7")’
z2=(zy,...,2n):

_ . . 1 - @ ipz"‘—iz"‘(ea)2
F = —alog(zn)+p|me||Lnom|og/dz(1_[1de e )

n
X { /dyd9 eIy H 0ly* —k] o2 Ta,s VI S0 0:95]}”
a=1

@ insert [ }
19 dQusdfus iPlap |das—1 P _, 0500
1= da5a77§9a93: QYap@Yap p 2= 00
/ Qﬁ |:q/3 pH:1 w u] / 27r/p e
F=—-u log(27) + lim lim l log /dqudq elP 0 p=1 dapdaptip ot Za
p—o00 n—0 pn

“{ / dydy eV H1 6y r] ef%vw}”

n
% /H (deae—iza(oé )Z)e—iZﬁ:1 Sas aaﬁgﬁgﬁ
a=1
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Gardner theory

@ with @ = (61,...,0n):
(N = ap)

F = —alog(27) 4+ lim lim 1 log /dqudd P Xap=190pTapHP L0 20
p—o0 n—0 PN

X{ / dyag f[ Oly™—r] =29 }ap{ / 1 o1 Shor 2702 -i0-60 }p

= lim lim — Iog /dqudq PYEad)

p—o0 n—0 PO

v(..) = Z Q0pGap +1 ZZ(¥+|Og/d9@ 502703 -i16-40
apB=1 a=1
+alog /dydy e]yyHH ] e 299 _ anlog(2r)

a=1

@ assume limits n—0 and p— co commute,
steepest descent integration

— 1 R
F = ,|7|g10 Eexuzqqlll(z q,9)
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Gardner theory

Order parameter equations

n n
V(@A) = > Gusdes +1 20+ log [do e i 2 E 1048
apB=1 a=1

n
+ alog /dyd{/ ey H Oly“—k] e 2V anlog(2r)
a=1

@ transform §as = — §ikap—Zadas,
integrate over §
1 ¢ . 1040
. ~ 10k
Y(z,qk) = 2;1kaﬁqag+12za(1—qaa)+log/dee }

+alog / dy [] ey ==l / 4y Y299 _ onlog(2r)
a=1

(27‘(’)”/2
Detk

1 <« e
= 5 Z Ko Qap + lzza(1 _qaa) + log
ap=1 a=1
n
o (2m)"% _iya-ly
+alog /dy [] oyl e 2 — anlog(2r)
ol v/Detq
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Gardner theory

@ re-organise

V(zq.k) =5 Z KapQop + i Zza —Qaa) — %IogDetk— %alogDetq
afB=1

+ alog /dy H Oly"—rkle 2V Y 4 %n(1 —a)log(27)
a=1

@ extremise with respect to z,
OV/0Zo, =0: Qaa =1forall «

1
v(q,k) = (1704 ) log(27) Z KapQap — |OgDeL k— 5alogDet q

031

+ alog /dy HH[y —Kle —avatly

a=1

next: ergodicity assumption,
replica-symmetric form for q and k ...
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Replica symmetric solution

e Replica symmetric solution
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Replica symmetric solution

Replica symmetric solution

v(q,k) = —n(1 —a)log(2r) + = Z KapQap — Iog Det k — %alog Det q
a[‘} 1

n
+ alog /dy H g[ya_n]e—%y.qfw
RS saddle-points a=1

Qo = dap +(1-0ap)q,  Kap = Kdap + (1—0ap)k

@ eigenvalues:

x=(1,...,1): (kX)o = Zn:[k—l—(K—k)éaB]Xg = nk+K—k

. eigenval: \ = nk+K—k

> Xa=0: (KX)o =Y [k+(K—K)daplXs = (K—K)Xa
- - eigenval: A= K-k (n—1 fold)

Det k = (nk+K—k)(K—k)"™",  Det q= (ng+1—q)(1—q)"""
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Replica symmetric solution

@ invertq,try (@ as=r+(R—r)das
bop = (AQ Nap =Y _(q+ (1=q)day)(r + (R—1)d,p)
= ngr+ q(R—r;+ r(1—q) + (R—r)(1—q)das
S0 ngr+q(R—r)+r(1—q)=0, (R—r)(1—-q)=1
1 q

R=r+—+ r=——--————
1-q (1-9)(1—g+nq)

@ hence, using exp[3x°] = [Dz e*

n n
log /dy He[ya—/{]e_%y'qqy = log /dy He[ya_ﬁ]e_%za/} Yalr+(R—r)daplys
a=1 a=1
n
= log / dy J] oLy rle ttEerel=2(A-nEar
a=1
n
= log /DZ /dy He[y“—n]ezﬁzay@—%m—nza va
a=1

o0 n
— log [z [ “ayervroieor]
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Replica symmetric solution

put everything together ...

1 1 1 1 1 1
E\U(q, k) = E(1 —a)log(2w) + EK + E(n—1)qk ey log[(nk+K—K)(K—k)" ]

_a —q)(i—-q)" "+ & T L
5, 100[(ng+1-9)(1-q) ]+nlog/DZ[/K dy e 2 ]

1 1 1 nk 1
= 5(1-a)log(2m) + 5(K—ak) — 5-log(1+ =) — 5 log(K—k)

@ ng .y _ « _

2nlog(1+1_q) 5 10g(1—-q) + O(n)

+%Iog/Dz[1 +n|og/ dy IV -9=ai57 | o(r?)
take n — 0:
2F = (1-a)log(2n) + cxtrK,k‘q{Kqu ko log(K —k)

' K—k
f% —alog(1—q) + 2a /Dz Iog/ dy ezyﬂ/“’q)’ﬁyz}
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Replica symmetric solution

oF =

(1-a)log(2r) + extrK,k,q{Kqu -
aq

- alog(1—q)+2a/Dz Iog/ dy ezy\/a/(1_q)_72(11q)y2}

k
Kk~ log(K—k)

@ extremise over K and k

=00 1 g e =0 S oK=1729 4
o =0: _q_ﬁ_(ka)Z"'ﬁ:O (1-q)*’ (1—q)?
2F = (1-a)log(2n) + extrq{i - % + (1—a)log(1—q)

+ Za/Dz Iog/ dy ezy‘/a/(1’Q)’2(1La’)Y2}

19/24



Replica symmetric solution

@ in terms of error function, Erf(x) = ffo dte t:

oo z oo _ 2 a2

/ dyezy\/é/m—q)—ﬁy2 _ 62(77_24,)/ dy o
N e R R ] s A

2 2(1-q)
2F = logm+(1—2a)log?2
‘ 1 ' . K—=2,/q

+(,xt1q{q+log(1—q)+ ZWv/DZ log [1—E1f< 2(17q))]}

@ extremisation with respect to q

short-hand u(z,q) = (k—2,/9)/+/2(1-q),

use Exrf’(x) = 2 exp[—x]

d o, _+ 1 ouy_Erf’u(z,q) _
g~ (i—qr 1-gq za/Dz(aq)PErfU(z,q)_
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Replica symmetric solution

@ work out further

I P ) I
(1-92 = 9q/ 1—Erf u(z,q)
ou 1 0 k=2/q _ _ kG —2Z
0q  V20q(1-@)'2 " 2,/2q(1-q)¥>
insert: - (zq D (/G- 2)
— (v z
9va = a\/7 - /DZ —Erf u(z,q)

2F =logm + (1—2a)log2 + &1 +log(1—q) + 2« /Dz log [1 —Erf u(z,q)}

g oz O L0 0ea2) _ 524
qffo\/i 17q Dz “Exf u(z,q) u(z,q) = )

remember:

E =finite: random data linearly separable with margin «
F = —oo: random data not linearly separable with margin «
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Replica symmetric solution

@ a=0 (so1<N«p):

g=0, 2F =logr+log2+1 random data linearly separable (overfitting)

@ a>0 (so1<N~p):

transition point: value of a where g — 1

- K—z ]2
V(-9 _
1:ac(ﬁ)\ﬁ/nz lim +/T—q = ? (r=2)
m 9 1-E f[ n=z ]
“Vei-a

i Gar N I

_ | . o1 oe e
xelr) = L/% [Pz i Sy
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Replica symmetric solution

@ remaining limit:

1 77202
. 0
g~ VTN
proof:
1 o 7202
Q<0:  Eif[Q - -1 so lim RS oo Rl
| B 1 e 1
Q> 0: SeNz (1+O( 202))
2P -2
im e im 1 ° =Qvr

y=oo ¥ 1—Erf[yQ]  ~—o0 vy O\Fe 'y202( + O(= 2@ ))

23/24



Replica symmetric solution

Final result

ac(k) = [/:CDZ (/{+Z)2r1 ac(0) = [/OOODZ 22}71 = [%]’1 =2

p covariates, N patients 20 |
binary outcomes,
pand N large

15 | aC(K/) B
random data =N /
(i.e. pure binary noise) p
is perfectly separable if 10k . ]
N/p < a(k) ‘
machine learning algorithms 05 | g
will find pararameters 61 ... 6, ‘ §
such that & = sgn[3-"_ 0,,x,] masee S
fOI‘a||I:1...N 0.0 1 1 1 1

0 1 2 3 4 5

classification margin K
24/24



	Linear separability of data
	Gardner theory
	Replica symmetric solution

