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0 Motivation

@ Tailoring random graph ensembles
@ Loopy random graph ensembles
@ New analytical route

e Replica analysis of loopy graph ensembles
Replica analysis of generating function
Replica symmetry ansatz

Equation for the spectrum

Further symmetries and bifurcations
Limit of locally tree-like graphs
Interpretation and solution of egns
Regular loopy graphs

e Analysis of processes on loopy random graphs
@ Ising models on loopy graphs
@ Test: disconnected graph and spin variables

e Summary
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Tailoring random graph ensembles

Motivation:

stat mechanics of process on complex network ¢*,
use random graph ¢ as proxy

@ max entropy ensemble ;, constrained
by values of wi(€) ... w.(c)

hard constraints:  p(€) o< [ [ duy(e)ie)
<L

soft constraints:  p(€) o eXi=1 290 1, (€)) = we(c™) VA

all graphs

@ approximate process on ¢*:
wi(e)=wq(c

average generating function —
of process over graphs in Q; wa(€)=w2(e)
wa(€)=wsz(c*)

larger L — better approxim ot

U
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which observables
w(e) = {wi(c),...,wi(e)}

should our graphs inherit from ¢*?

e.g. spin system on nodes of graph c,

Hamiltonian H(eo') = — 3=, _; cjJjoio;

@ statics, replica method:

- 5 e2i<j CiKi n
—B3" L HO) _ Zc W, w(c) - - a o
e a=1 = ,  Kij=38J ojo;
> dw w(e) i =5 ; Y
@ dynamics, GFA:
7 — 1 i< ik N -
e~ 2 hih) X cjljoi () — 2edwwie) , Kj= —iJ/jZ[hi(t)(fj(t)‘i‘hj(t)a'j(t)]
e dw wie) :
in both cases Z S w eZ,-<, CiiKjj
to do analytically: —~ ©)
hard easy boils down to: can we

calculate ensemble entropy?
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Shannon entropy per node

° ?E;S"a'”t- §= (Kl Hog( )+ - (Erdds-Rényi)
@ constraints: S= < )[1+Iog( ]—Zp g

P(K)= (% > i0k.k(e))
B(k) = e (k)*/k!

. 1 N p(k)
@ constraints: S=_(k)[1+log(+)] — > p(k)log[%~]
k(c) =k 2 ) Z P
+§ p(k)log p(k) +

@ constraints: 1 N
k(c) = k S = 3 kl1+log( 7)) +Zp ) log p(k
W(k, K')= m 2 Cidk e(e) O k(o)

1 k)ZW(ksk)log [%] + ...
k,k’
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Tailoring graph / all graphs \
ensembles further ...

p(k) =
W(k,k)=...
obvious candidates: k=Y c=4
generalised degrees, N omi= >k CiCik = 20

node neighbourhoods,

nj = (ki; {gf}) = (41 3745 67 7)
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Ising spin models on Qa: correct (k)
tailored random graphs Qp: correct p(k)
Qc¢: correct p(k) and W(k, k')

yardstick: transition temperature T;

4 To(2)=2/log(1+v/2)

] T6(3)=2/l0g(3 + V7)

| To(@)=2/10g(3 +  vT7)

| Te(1)=2/log(1++/2)

@ c¢* = d-dim cubic lattice Te(d) |
P(k) = 0 e
.\‘—.
‘\'—O
’ QA hB 50
@ c* =‘small world’ lattice Te(Q) sf o
p(k>2) = e 99" ?/(k—2)! 4 e
| IS
’ QA hB 50
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transition temperatures T.

degrees 4-loops | d=1 d=2 d=3 d=4
random, (k)=2d 1.820 3.915 5.944 7.958
random, p(k) = dk 24 v 0 2.885 4.933 6.952
hypercubic Bethe v v 0 2771 4.839 6.879
true cubic lattice v v 0 2.269 4511 6.680

hypercubic Bethe lattice:
‘tree of hypercubes’

— correct local degrees
— geometric (non-random)
— finite nr of short loops per site
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The problem s

human protein

o biological networks, interaction network
physical lattices, Tr(c®) ° 1
communication networks,
distribution networks,
socio-ecomomic networks, .... or 1

==

— sparse graphs,
— many short loops

0 L L
] 100000 200000 300000

@ max entropy graph ensembles randomisation with conserved {p, W}
with prescribed p(k), W(k, k'):
— sparse graphs,
— locally tree-like

@ realistic tailoring of graphs requires
adding w(c) that enforces short loops

@ available analysis methods, exceptions:

e.g. replicas, GFA, cavity, belief propagation ... cubic lattices d <3
work only for locally tree-like graphs spherical models
recent immune networks
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Immune model
(Agliari and Barra)

B-clones {b,}, T-clones {0/}, cytokines {&/'}
map to model with effective T-T interactions

aN
c c
H=- ZJI[UIU]: Jj = Zﬁ#ﬁ;ﬂ p(&f) = N [55;‘,1 + 5g,“,71] +(1 *N)‘Sg;ﬂo

i<j p=1
ac® < 1

SRR B
oy
VE B oL S AR

oo
0-0_0-00-0
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25

- =1
Exactly solvable ‘
in spite of short loops ... 2y no clonal cross-talk
1.5 :
;
Ll AP e
0.5
clonal cross-talk
G L L L

0 0.5 1 1.5 2 25 3

here: J = £T¢
&: sparse px N matrix with iid entries

map to model with spins + Gaussian fields,
on tree-like bipartite graph &

N [ M
™
o

is a special case!
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short loop problem has

Ot
practical implications! node removal cost node removal cost

Which predictions/intiuition o(k) ~ k—1 (k) ~ k(k—1)
obtained from tree-like

graphs can we trust ol Popt(K) ] s} Popt(K)
for real-world ones?

e.g. optimal degree
distribution pops (k) ]
to protect against ‘ ‘ ‘ o0
most damaging

intelligent attack,

when nodes are
defended ...
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Loopy random graph ensembles

Simplest loopy ensemble

control average degree (k)
and density of triangles (m)

p(C) o e 205 CitV 2k CiCCri
(Strauss '86, Jonasson '99)

@ to calculate:

1 1 1
Ky =(y2o0), (m=(y> citkn), S=-5>_p(c)logp(c)
i ijk c
@ generating function:
(k) = 0¢/0u
o(u,v) = 1NIogZ<3L’Ef/“"'f'+"z/‘f‘k GGk i (m) = d0¢/dv
¢ S=¢—ulk) —vim)
challenge:
sum over graphs ...

ACC Coolen (KCL)

New analytical tools for loopy random graphs



Early results

ensemble:
Strauss '86

— simulations
— triangles ‘clump together’

p(c) o eu E/[ C/'/J"VZy]k Cij Cji Cri

Jonasson ‘99
—u=—J}alogN +...

— phase transition, ve= 55 logN + ...
Burda et al ‘04
— u=—}logN+...
— perturbation theory in v:
formula for nr of triangles, v. = O(log N) . ..
Park & Newman '05

— u=0(1) so (k)=0O(N)
— mean-field approx:

p(c) — e 21 Gt Xl | eqns for m=(c;), q={(CkCi)
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Generalisation ...

@ control closed paths
of all lengths

p(c) Y27 O + 20z Ve 2iy.iy Oiip Ol -+

generating function:
use Cj = CjiGji
(k) = 0¢/0u

o({vi}) = 1N log Z oY Tr(c?) + g veTr(c’) (my) = <Tr e)> = 9¢/0V,
¢ S=¢—u(k) =353 Ve(mu)

@ since Tr(c’) = N [du plo(ulc):
control eigenvalue spectrum o() p(c) x N Jdu o(m)elule)

generating function:

S N fdu 8(m)e(ule) o(u)
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Some interesting questions

@ How informative are spectra of finitely connected graphs?

@ How many non-isomorphic graphs are there with
given degrees (ki, ..., ky) and a given spectrum o(u)?

@ How similar are processes running on non-isomorphic graphs with
the same degrees (ki, ..., ky) and the same spectrum o(u)?

(spherical spins: free energies identical!)
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Ara. thalian| Mus. mygciius
. N=907
spectra of protein 90
interaction networks ”
00 olanal A#\ H%lh»lnm
Sch. Pomb Pla. falcipatum Cam. jejunil Esc. coli
N=1114 N=1272 N=1325 N=2457
%Jm

o MMLM el o .ulmuﬂ‘“""wﬂw . MM% .
Cae. eleg Sac. cergvisia Dro. melanggaster H. sapiens
N=2528 N=3241 N=7286 N=9463
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a=1
spectra of periodic oaf N=250 2
cubic lattices o 02
00—5—5—6—3—210123A5 006—54—32—|D123455
d=3 d=4 d=5 d=6
N=4096 N=4096 N=3125 N=4096
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co-spectral graphs DS graphs

identical nr of edges and determined fully by their spectrum
closed paths of any length (modulo isomorphisms)

examples of non-DS pairs

N=5: one pair N =6: five pairs

>< : 1Y 1Ol 7l eedee
RS S D & SRS = S o 5

N =10: regular example pair N = 13: example of co-spectral trees
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@ N<5: all graphs are DS

@ N=5,6: some non-DS,
but different degrees

@ almost all trees are non-DS

@ N— oo expectation:
nearly all graphs are DS

(Schwenk '73,
Van Dam & Haemers ’02)

Open questions
what happens if we
@ restrict ourselves to sparse graphs?
@ prescribe spectrum and degree sequence ?

n # graphs|| A
2 211 0
3 4l 0
4 11 O
5 34{]0.059
6 156(|0.064
7 10441(0.105
8 12346(|0.139
9 274668](0.186
10 12005168](0.213
11| 1018997864(10.211
12]1165091172592(|0.188
0 )
size non-DS fraction
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New analytical route

graph ensemble :  p(c) = Z~'[g] "/ clmelrle) H 8,5 0
generating function : o[ = — Iog Z N Jdu elmelule) H 8,5, ¢

o) = 602)/50(n), S =[] - / du 8(u)el)

@ derive ®[9] = sl,iAnlo 1N Iogz [Hék"zf c,/.] X
lim m““ﬂm o H [ (u+iele)™ Z(u+iclc) u}

1A d p5p)
Z(ule) = [ e bietemd
IRN

M=% ag

@ replica method, steepest descent for N — oo,
analytical continuation to imaginary (n,., m,), limits ¢, A0

@ replica symmetry, bifurcation analysis,
phase transitions and entropy, RSB
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Origin of the core identity

spectral ensemble constraints,
use Edwards-Jones ('76):

_ 2 i 9 ~ _ —Ligrle—u1
0l4ie) = - It 09 Z(utiele),  Z(ule) = [ ag et

insert into ®[g],
integrate by parts,

discretise integral,
eN Jdp d(m)e(ple) _— eN Jdp 8(p) 5% lime o Im% log Z(p+ie|e)

lim e—ZIm log Z(u+ielc). %%@(u)
e,Al0
m

e—2 Imlogz __ Zi.f —i

o[a] = lim 3109 3 [TT0u0] [T[200+ley Zvifey |

aou)

3>
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Flavours of the replica method
the replica dimension n ...

@ n—0: Kac (’68), Sherrington, Kirkpatrick (’75), Parisi ('79)
stat mech of disordered spin systems

e T — fim ] Zn
logZ = rI7|LnO - logZ
@ nelR, >0: Sherrington ("'80), ACCC, Penney, Sherrington ("93)
‘slow’ dynamics of parameters in ‘fast’ spin system

(partial annealing, n= T/T)

@ nelR, <0: Dotsenko, Franz, Mezard ("94)
slow dynamics evolves to maximise free energy of fast system

many applications of finite n replica method,
to heterogeneous many-variable systems here: n¢ R ...
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Replica analysis of generating function

graph p(c) = 71 4] NJdu é(n)e(ule) H 5k,-,2]- &

ensemble: ;
graphicality : /du no(ple) =0, /du MZQ(MC) = (k)

generating o[0] = |09 ZGNW 2lmelue) H Ok;.5 ¢
function:

o) = 602/50(n), S =[] - / du 3(u)(n)

o(n) prescribed: o(n) to be solved ...
=> wu':  formula for resulting o(y) ...
4

transform to O N 1
o] = S(k)[log (=) +1] + O(
average over (@] 2< )[og (<k))+ I+ (N)
ER ensemble, | i i I dw, S
use core identity: RS n;ﬁﬁn:i s me L, N og/ o ]
™ dn

(e S ] [Z(uicie)™ W ")
m
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integer {n,., m.}:

I1 [Z(u+ia|0)”“ Z(u+ielc) ’"”] -

LT f 5] T [ i)

i n ; .
e 1<) G 2 [25#:1 Qbu,g“%,gu—za’t‘ﬁ qb’,h%q&/m%]
average over c:

ol = 3(k)10g () +O(x)+ Jm Im im

75l0n qéié(u) my——ny

—Iog{H(/ dwi othiwi /d(ﬁdd,’e*z(ﬁ (eT-iM) — 1,!: (51+lm¢)

i(witw;)+i '
xe% e it WP -¢ ¢I)}
notation:
Ny my,
¢I:{¢:ha“}7 ¢I'¢j:ZZ¢LA,aH¢j}Mu“7 ¢I:{w;wﬁu}7 wl'qﬁlzzquit,ﬁu?//#,@“
133 au:1 133 ﬁM:1

M: matrix with entries M, o,/ o’ = 0, 0aa’
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Steepest decent form

order parameter:
P, 3p,) = 0 36— )3~ —0)]

leads to path integral

representation:
JO N 1
o[0] = 5k log (75) + O)
+ lim lim lim —Iog/{ddefTJ} eN[\U[Tvﬁ)]+5N]
. AsJ,O,, ﬁiig(#)mpﬁ "u
with

v[P,P = i / depdpdw P, 1, w)P(, 1, w)
+5 (k) / dpdipdwde’ dep’ dw’ P(eh, 3, w)P(¢, 4, o Yo e DY ~d-¢)
+Zp )log / = / dpdep ¢ 3P CI-MP— 3P (LHiMp—iT(D.P.0)

¢ = {¢H70¢;L }’ 1/) = {QZJH:BM }
|ImNﬁ,oo EN = 0
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work out saddle point eqns for {P, P}:
o] = 5 < >[Iog )+1] +Zp )log B(K) + en
+ lim lim lim > " p(k) Iog/d¢d¢ 2P (A-MP— 3P (1Y)
my——n, p

Aoelln, — 18 1 o(k)
. ’ 1k
<[ / d'dap’ W(e, ')V V'~ F 9]
W(¢, 1) solved from

Wi, p) =3 %p(k)

k

qb (eI— 1M)¢) -(e14iM) [fdd)/d'l/’, W((f)/, wl)ei(¢4¢’7¢-¢’):| k—1

fd¢”d¢”e*§¢ (T-iM@" — L p" (1+iMy) [ [de'dy’ W(¢',9p")e i<¢”<1/)’—¢”~¢’>}k

next:
— ansatz for W(¢, )
— take limits m, — —n, and n, — 2 72 0(n)

—take limits A, | 0
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Replica symmetry ansatz

W(¢, ) symmetric under all permutations
of {1, ., dun, b and {1, .., Yum,}

De Finetti:
W(@.v) = € [{ampwitm[[] 1 T(6nanl)] [ TT I (B 10)]
wooy=1 mo Bu=1
Wl{m}:

measure on the space of conditioned distributions (x|u)
JdmyW[{m}] =1,
W[{r}] > 0onlyif [dx m(x|u) =1

— insert ansatz into saddle-point egn
— derive closed eqgns for € and W[{7}]
— insert into generation function ®[g]
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closed egns:

Wi = g5 3 Pk

k>0
e f{dm}W[{m}l]A[{m ..... mia e [ ) = 7o)
| s HameyWHme | AL, . )]
with

(Gl ) = e~ 3(emime’ Hzgkﬁzw"ﬂ)

\ de emleminpe He<k Fo(X|1)

Al{m1,. .., T} = /dXe z(ein)x HW xm))
<k
X (/dx o= Ble—in® Hfrz(XLu)) ]

#(¢|n) = [dx e ¥ (x| ), £<k

normalisation constant
Tocs Jldma}WHm N AL, o et}
¢y p |
27% [ Mec JidmeWHmeH | AL, . i
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Exploiting the nature of the propagation

order parameter eqn for W[{r}] describes stationary state of
stochastic propagation of complex conditioned distributions:

—Me—in)d? ~
e 2(e—in)é H[<k7r4(¢‘:u’)

7T(¢|I'L) - 7T(¢|Ma7r1a"'77rk7) >
1 Jdxe™ Bleminx [To<k fe(xp)

propagation shape-preserving

—Yix¢?+iug
for 7(¢|u) of the form m(p|x, u) =

e
(B )zei/x
x(p), u(p): complex functions on IR,

Im x(p) < Oforallp e R

ol 7)< ) V)
O = O R S

<k L<k

If Tmx, () < 0: also Imx’(u) < 0
fore - 0: x(p) e R
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work out math details,

define u(p) = y(p) +iz(p),
so x(u), y(u), z(w) all real-valued

A[{x,y, z}]: induced by the loops

_ l L ‘A[{X,y,Z}]g‘k,d{X,y,Z}]
Wiy 21 = g2 2P0 s Ty az Al .2 o v 2]
2 Lf{dXdde}‘A[{vavz}]g‘k*1[{vaaz}]
¢ = kz;op () (k) [{dxdydz}A[{x,y, z}]Fc[{X, v, z}]

with
X — Fx1, ..., x]

il y. 2] = [T [(axdyedze) Wit ye.201] 0| y = Gl .o 3]

<k z—Gx1,21, ..., X, Z]
Flulxi, ... Xk—1] = —p — 21/)@(#)

L<k
Glulxi, y1, .. X1, Y1l = = > ye(p)/xe(p)
L<k
2(,)— 22 (u

o) = o100 008 {2
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Equation for the spectrum

Evaluate and differentiate
generating function ®[g]:

a Jdxdydz} Al{x, v, 2Y1Fal{x, v, 21 [ hsen [x(u)] — 20|
{Z f{dXdde} A[{X,y,Z}]:Tk[{X,y,Z}]

+5(0€ [{dxdydzax'dy az PWix, . /WKy, 2 )IBlx,y. 20, X,y 2]

x [G[X(H)X’(/A)]GH = x(p)x’ (1)]sgnlx (1) +x ()]

A [Y’Z(u)—Z’Z(M)]/X’(N)Jr[yz(u)—Zz(u)]/x(u)—2[y(u)y/(u)—2(u)2/(u)]} }
™ x(1)x' () =1

with

dp @ i{e "(w)lo[ — "(1)]sgn ! }
Bl{x,y, 2}, {X,y.,2}] = ef o) gz g Olx()X (O[T —x(p)x" (w)lsgnlx(w)+x" (1))

xXe

12 _ 2 ’ 2 _ 2 _ ’ _ !
1 fap @(H)%{Lv (=200 )12 = 22 ) =y )= 21 (u)]}
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Further symmetries and bifurcations

reflections in imaginary and real axis of
centres of propagated functions =(9|x, y, z)

W[{vavz}] — W[{Xv =Y, Z}]7 W[{vavz}] - W[{va’ _Z}]

Strongly invariant saddle-point:

Wlix,y, 2}] = W[{X}]él{y}]ﬂ{z}l

WX =

62

with

Fl{x}]

Alfxi] =
B{x} {x}] =

Z p(k ) AT 1 [{X]]
62

k>0 k) [{dx"YA{X N Tk[{x}]
k f{dx}ﬂ[{x}]ﬁ*’k 1[{x}]
k§:>0 (k) ) HFALXT[{x}]

H / {dxe} W[{xe}]](sp [x = Flxt,...,x]]

1<k

e 1 Jdw )du sgn[x(p)]

o i 8) s [O1x()X' ()16l —x(u)x’ (lsenlx()+x' ()]
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symmetry-breaking transitions

WXy oz = Wi{x,y, 2} # WI{x}6[{y}]s[{z}]

continuous bifurcations located via
functional moment (Guzai) expansion:

@ type I: [{dydz}W[{y,z|x}]y # 0 or [{dydz}W[{y,z|x}]z # 0
3 nontrivial soln of

Te_aolix+1/x"}]
F(ul{x"}) =1 POK(K=1) ey Aoy

- )
X' o PRK Ty Aoy

() = = L pwiix)]

@ type ll: [{dydz}W[{y, z|x}]y = [{dydz}W[{y,z|x}]z =0
3 nontrivial soln of

Fy—al{x+1/x""}]

v _ irsya F VX Lo PRVKK =) ey ateo iorm
f(:“/? |{X}) - /{dX }W[{X }] X"(,LL)X”(I/) Zk>op(k)k f{dx F—1[{x}]

"HARX T R{X" ]
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Limit of locally tree-like graphs

o(p) — Oforall iz p(e) o< 1, 0k, ¢

Al{x,y,2}] = B{x,y, 2}, {x'y 2"} = € =1

@ entropy per node?

S = 5(K)[10g ()11 + 3 pk) log (k) + v
k

@ spectra o(u)?
simplest form W[{x, y, z}] = W[{x}s[{y}]o[{z}]:
WHH = 3 p(k) [ TT [axe W] oo [x—Flxs, .. ]

k>0 <k
o) = —3-{ 3 S P(k) [tx)Tdxlsen x()]]

+%<k>/{dXdX'}W[{X}]W[{X'}] X ()X (w)1o[1 *X(M)X’(u)]sgn[x(u)+X'(u)]}
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Regular locally tree-like graphs

W[{x}] = [H /{ng}W[{Xg}]] D e |

£<k

W] = [IWexl), W) = [TT [ axawel]slxut Y

L<k L<k

@ k=1: 1 1
WXlu) = 8(x +n), - o(p) = 58(n=1) + 56(p+1) v

2\/k—1 ! fot-an
< —1: W(x|p) = —
|l (xlp) = — 1P+ k1= 12

1 1
il >2vk=1: W(xlp) = 8[x+ g+ 5/ T=4(k=1)/17]
gives McKay’s '81 formula:

g(u):0[2~/kf1f|p|] k—M v

2r(k2— 1)
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Poissonnian locally tree-like graphs

(k) +(1 (ky=2
OER (1) y
)NM ™, ) MW\ ,

(k)1 (k)y=2
om) | .
A 0
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Interpretation and solution of eqns

loopy graph ensembles

Z ( ) Al{xy,z2}Fr—1[{x.y,z}]
Wiix.y. 2}] = k>0 PUK) ) Ty a2y ATy, 2 N9y 2 0]
V25l = i [y a2} ALy 2 T e 1[0y 1]
> k=0 P(K) 75

(k) [dx'dy’dz’ FA[{xy,2' HT e [{x"y",2’ }]

X — F[X17 7Xk]
Fkl{x,y,2}] = H/{dXedygdZe} W[{Xz,}%z@}]} Or| ¥ — Glxt, 1, Xk, Vi
<k z— G[X1,Z1, ...y Xk, Zk]

tree-like limit:
o(u) — 0 WH{x,y,z}] = Zp(k) ?k 1[{x,y,2}]
Al{x,y, z}] =1 k>0

structure of message-passing algorithms,
e.g. belief propagation, cavity method

meaning of A[{x, y,z}] #1?
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define stochastic
message passing process:

(i) Draw degree k at random with probability P(k) = p(k)k/(k)
(iii) Draw new state {x’, ¥, z'} at random according to F_1[{x, ¥, 2'}]
(iii) Accept {x',y’, '} with probability P[{x’,y’, z'}],
otherwise stay at {x, y, z}
(iv) Return to (i)
with

X — F[X17 an]
Fisliny 2] = [T [(axdyedze) Wit ye, 210 | y = Gl .- e 1
<k z—Gx1,21,. .., Xk, Zk]

posterior measure W'[{x, y, z}] after one iteration:

W{x.y,2}] = ZP UJ[{X ¥, 20Fkl{x ¥, 23]

+ WXy, 211 —Zp(k)% Jlaxayaza(ix.y, 2 )Telix. . 2]
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invariant measure:

Wiy, 2] = < PR G Ly )il 2]
Vs - Zk p(k)fl;) f{(jlx/dy/dz/}fP[{)(/7 y/7 Z/}]H:’k_1 [{X/, ,Vl, Z/}]

comparison with
present RS theory:

order parameter equation

stationarity condition for process of the above form
with move acceptance probabilities

PHxy, 2} o< Al{x, ¥, Z}]

@ tells us how to solve eqgn via population dynamics algorithm
@ standard (tree-like) belief propagation: A[{x, y, z}] = 1, accept all moves

@ correct loopy belief propagation: nontrivial message acceptance probs

ACC Coolen (KCL) New analytical tools for loopy random graphs 49 /64



k-Regular loopy graphs

simplest soln:

Wit .2 = WILOBLWIBIEN,  Wi] = gt

spectrum:

o(w) - 3(1* /{dXdX PWHHWIHX NB[{x}, {x'}]

x{ B1x(ua)x' (s [x() + X' ()] [1 + (k=2)601 —x(u)X' ()] }
with

ezzfjc{lg)}(;lf[lﬁ(iﬁgf{[zl}] Fo[{x}] = H /{dXE}W[{Xg}]]éF[X Flxt, . x]]

<k

A[{x}] = e~z I 2 senlx(u]
BUx}, {(X'}] = o/ O 20 [00xGx (1011 —x()x’ (lssnlx()+x ()]
can also be written in terms

of marginal distributions W(x| )
ACC Coolen (KCL)
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a=0.1 a=0.5 a=1
o(p) .| | wl |l
05 3 1“ 1 3 5 0'5 -3 -1 “ 1 3 5 DS 3 1# 1 3
a=0.1 a=0.5 a=t1
o(k) .. . .
o—5 3 -1 H 1 3 5 05 -3 -1 H 1 3 5 05 3 1# 1 3

observed spectra for

3-regular random graphs oTr(c’
with N = 5000 and p(e) oc e e H 03,5,
controlled length-£ loops !
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a=0.1 a=0.5 a=1
o(n)
os| 1 ost 1 ost 1
N=5000
Iz Iz Iz
os| 1 ost 1 ost 1
os | 1 osf 1 osl 1
o(n)
popdyn 't 1 oaf 1 ot ,
02t 4 02} 4 02| 4
o oﬁ uﬁ
P 2 o B 4 “ 2 o B 4 n 2 o B 4
Iz Iz Iz
. 3
control triangles :  p(c) o ¢*™) [[ d5 5,
i
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()

N=5000

05t

o(n)
pop dyn

ACC Coolen




Ising models on loopy graphs

Hamiltonian and H(o1,...,onle) = —J ) cjojo; — hz oi

free energy density i<j

for interacting 1

spins on graph c¢: f(c) = 7ﬂ7N log Z exp[—BH(o1,. .., on|C)]
01...0N

average free energy density
(use log Z = limp_o X log Z")

i 1 BhY _ 3o/ —BNEg (T 1,...,0N)
F=lm Im R e 2 ¢
1
effective
interaction energy 1 )
for replicated spins Eg(o1,...,0N) = “3N log Zp(c)e‘“ Li<j % La=1 o7
c

oi=(0,...,0])

p(c) o eV Jdp a(m)e(ule) H k5 i
i 2aj i
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new generating function

ould.{7}] = ylog D et e o) [Tov

i=1

@ limy_,o ®[d,{o}] = ®[J]

@ N—oo: dependence

of ®x on spins only via D(o, k) Nz5kk5tr o, oe{-1,1}"

@ graph problem coupled to spin problem,
connected via D:

—BEer[D] = ®k|o, D] — ®[g]
—Bf_ I|m ex‘cr{D D} { Z@(a K)D(o, k) — BEcx[D]

+> p(k)log Dy e’ a f’afiﬁ(o,w}
k o

@ two types of replicas and analytical continuations:
ap=1...n,, Bu,=1...my: as before (n,, m, imaginary)
a=1...n: spinrelated, n — 0
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spin part of the problem

@ replica .
XZa:1 T

symmetric B &P
ansatz Drs(e k) = Zk:p(k) /dx Wi(x) [2 cosh(Bx)]"

Wi (x): distr of effective fields
at sites with degree k

@ simple manipulations,
replica limit n— 0 where possible:

—Bfrs = extr{Wk}{ > p(k) / dx Wi(x) [Bhtanh(ﬁx) + log[2 cosh(ﬂx)]]
k
—lim %EGH[DRS] - ;p(k) /dx log cosh(8x) /gem Wi (%) log Wk(f()}
Wi (%) = [dx Wi(x)e ™

@ physical 1 L
observables m= lim > o) = /dx W(x)tanh(s3x)

g= lim 1N ZW _ /dx W(x) tanh?(8x)
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resulting
theory —BE[{Wk}] = complicated formula involving
order parameter Wi [{X, y, z},v]

Wk[{x,y,z},v] = soln of complicated order parameter eqn

simplest solns:
Wkl{x,y,z},v] = Wk[{x},vIs[{y}16[{z}]

Wrl{x}, V] = o Z /du Wk(u)/2 i9(

y A} [Hl<k J{dxe}dve WK[{XZ},Vz]e_WH(V"‘)](SF [x — Flxt, ..., X—1]]
[{dx FA[{x'}] [Hégk [{dxe}dve wK[{xg},VZ]efw(m} Se [X' = Fxt, .., xd]

H(v) = %atanh[tanh(ﬂv) tanh(K)]

note: [dv Wk[{x,y,z},v] = W[{x,y,z}]
WkvI{x, y, z}]: effect of local topology on magnetic ordering
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Test: disconnected graph and spin variables

regular loopy graphs,
with kK = 2d, but

Wkl{x,y,z}, vl = W{x, y, Z}]Wk(v)
saddle point eqgn:
W) = [auw(o) [ 57 9 ( [av vavye )
inverse soln:
W(V) = Wk(V) /dv Wi (v)e TH

interaction energy:
—BE[{W}] = dlog cosh(K) + 2d / dg—i‘?ei” W(?) log cosh(3v) log [W(r/) /WK(\“/)]

/ , 14-sinh?(8v')/ cosh?(K)
+d/dv Wilv )Iog( cosh?(Bv’) )

—d/dvdv' Wk (v)Wk(v")log[1+tanh(K) tanh(sv) tanh(8v')]
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in homogeneous

systems: soln of spin W(x) = 8[x — ﬁ*‘atanh(m)]
eqn of the form

giving frs fextrm{E[m]—hm——IOQZJr log(1—m?)+ M}

B B
resulting egns for
m and Wk (v): m = tanh [8(h — dE[m]/dm)]

o7 atanh(m)/8 _ () / dv Wr(v)e 7HO)

soln: .
Wi (v) = 6(v—v*), _ tanh(ﬁvz)h + tanh(K)]

1 — tanh*(8v*)tanh(K)
E[m] decouples from
spectral features of the graph:

. cosh?(8v*)+sinh?(K)
—BE[m] = 2dm|atanh(m)—Sv dlo
BE[m] [atanh(m)—p5v*] + dlog (cosh(K) cosh?(Bv*)+sinh(K) sinhz(ﬁv*))

zero field phase transition:
recovers Bethe lattice result

=2J/log [d/(d—1)] v
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Discussion and summary

@ new analytical approach to (processes on) loopy networks,
based on max entropy graph ensembles characterised by
degrees and spectrum

@ replica formula for tricky constraint
that allows sum over graphs to be done
(via Edwards-Jones)
N J dn au)e(ule) _ “A"Io [Z(u+i€|c)m(“) m *iﬂ(u)}
’ I

_lichTe— Ad
2(ule) = [dge EPENP n) = 2250

@ if spectrum imposed via hard constraint:
same eqns, but ensemble entropy reduced by a (diverging) constant

@ closed explicit order parameter egns
in replica language

@ RS order parameter equations for loopy graphs
interpreted as stationary state of message passing
with nontrivial acceptance probabilities
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Work to do ...

Filling small holes for tree-like limit:
equivalence with spectrum formulae of Rodgers-Bray, Dorogovtsev et al

Use of graphicality conditions [du po(p)=0and [du p?o(u)= (k)
to identify physical saddle-point

Analytical solution of order parameter eqn for regular loopy graphs?

[1 — 7 sgn(x)]Fxk—1(x)
1 —7 [dx’ sgn(x')]Fk—1(x’)’

Fr1(x) = [/H ngW(Xg)](S[X+/~L+Z Xlg]

£<k £<k

W(x) = Te(-1,1)

Analytical solution of g(u) for regular cubic lattice spectra?
Predicted zero field transition temperatures, critical exponents?

Proof that f is self-averaging, i.e. limy_ oo [f2(c) — f(c)2] =07

transitions to W[{x, y, z}] # W[{x}e[{y1o[{z}]?

replica symmetry breaking transitions? (two types)
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