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Synopsis. The geometrical arrangement of the extra-ocular muscles
enables rotations of the eyes in three dimensions (3D). It was already
noted by Helmholtz [27] that the oculomotor system should therefore
account for the non-commutative properties of 3D rotations. This
principle entails that, in a series of rotations, the final orientation of
the eye depends on the order in which they are generated.

As a consequence, this property could jeopardize the stability of the
perceived visual world and greatly complicate visuomotor control.
However, for head-fixed saccadic eye movements the problem is ele-
gantly circumvented by Listing’s law, which imposes precize geomet-
ric constraints on the ocular rotation axis. Recent findings have shown
that somewhat different constraints, described by Donders’ law, ap-
ply to conditions where both the eye and head are free to move.

A current controversy is whether these constraints are due to a non-
commutative neural control strategy [47], or whether they result mainly
from passive mechanical properties of the motor plants in combina-
tion with commutative neural controllers [52].

In this paper, we review the 3D kinematic principles of rotations that
underlie the control of saccadic gaze shifts. We will argue that the ex-
perimental evidence strongly supports the notion that both Donders’
and Listing’s law have a major neural component.

2.1 Introduction.

Due to the highly inhomogeneous distribution of photo receptors on the
retina, optimal visual resolution 1s only achieved for targets projected on the
central retina (the fovea). In primates, the fovea has an effective diameter of
less than a degree. Therefore, whenever the primate visual system decides to
further explore the details of a peripheral visual target, the current gaze line
must be precisely redirected at the object. Such a gaze shift is generated
by the saccadic gaze control system. The saccadic orienting response is
extremely rapid (peak velocities in monkey may exceed 1000 deg/s) and
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flexible, since in general, goal-directed gaze shifts may be achieved by an
eye movement only, or by a myriad of different combinations of eye-, head-,
and body rotations. Because of its clear function and apparent simplicity,
the gaze control system has been studied extensively in many laboratories
over the past two decades, and experimental data have been accounted for
by an increasing number of detailed quantitative models.

WEell into the seventies and early eighties, most studies were confined to
gaze shifts in one dimension (1D; typically horizontal). Initially, recordings
were made of head-fixed ocular saccades only, but later also horizontal head-
movements were incorporated in these early studies [1,23].

Additional new insights into the saccadic system emerged when movements
were recorded with two degrees of freedom (2D; horizontal and vertical)
[22,48,67]. In recent years, however, the study of the gaze control system has
been further extended to incorporate all three dimensions simultaneously
(3D; horizontal, vertical, and torsional), and allowing for both the eye(s)
(e.g. [13,32,43,60,70]) and head [20,58,65] to move freely. This paper will be
specifically concerned with the concepts and results from these 3D studies?.

2.2 The gaze control system in one and two
dimensions.

The two important concepts that have dominated the visuomotor literature,
and that are important for the present discussion, are the notions of internal
feedback and velocity integration.

Internal feedback in saccade programming: When a visual stimulus
is presented on the peripheral retina, the saccadic system might program an
accurate eye movement to foveate the target, solely on the basis of the retinal
error signal (defined as the difference between the current gaze direction and
the desired gaze direction). Based on the following considerations, however,
the retinal error, although sufficient at first glance, is not the only source of
information on which the saccadic programmer relies:
e Saccades accurately compensate for any intervening eye movement
that may occur between target presentation and saccade initiation.
For example, in a flashed double-step paradigm, the subject has to
generate saccades to two, briefly flashed targets, both exinguished
well before the first movement onset. Despite the absence of visual
feedback, the two saccades accurately land on both targets. A second
saccade is even accurate when the second target is flashed during the
first saccade (e.g. [24]).

2An excellent and nontechnical state-of-the-art review of the topics covered in this
paper, and more, is provided in the proceedings of a recent workshop on 3D eye-, head-,
and limb movements, held in Tiibingen, Germany, 1995 [15].
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e Monkeys can generate an accurate eye movement to an extinguished
flashed target in darkness, even after the eyes had been driven away
from their initial position, within the reaction time period, by electri-
cal stimulation of the midbrain superior colliculus (SC; [42]).

e Accurate saccades can be generated to auditory targets in darkness,
although the acoustic frame of reference i1s head-centered, rather than
eye-centered (e.g. [17]). For this, the saccadic system needs to know
the absolute position of the eyes in the orbit.

Internal feedback in saccade generation. It was further noted by
Robinson and colleagues [50,66] that visual feedback is far too slow to be
of any use for the accurate control of rapid eye movements (visual delays
are in the same order of magnitude as typical saccade durations, roughly
50-60 ms). Since normal saccades have quite stereotyped kinematics with
relatively little scatter, the possibility exists that they are generated by
a preprogrammed pattern generator in the brainstem. However, without
going into the details, strong additional evidence supports the idea that
also the brainstem saccade generator is controlled by internal feedback:

e Saccades remain accurate despite a considerable, e.g. drug-induced
or fatigue-related, variability in their kinematics (see [39]).

e Saccades that have been interrupted in midflight (by brief electri-
cal microstimulation of the saccade gating system, embodied by the
brainstem omnipause neurons (OPNs, [40]), and the rostral SC [46])
accurately re-acquire the target in complete darkness.

Velocity integration: The motoneuron signal that innervates the hor-
izontal extraocular muscles is well characterized by a pulse-step activity
pattern. The pulse 1s an intensive, phasic burst of action potentials, and 1s
derived from so-called short-lead burst neurons in the paramedian pontine
reticular formation [66]. The output of these latter neurons, b(t), corre-
lates well with a linear combination of instantaneous eye velocity, é(t), and
acceleration, €(¢), and is needed to rapidly accelerate the plant against the
viscous drag of surrounding tissues [66]. These premotor neurons are consid-
ered to embody the horizontal saccade generator, since lesions in this area
completely, and specifically, abolish the occurrence of horizontal saccades
[28].

The static elastic forces of the muscles are overcome by an eye-position
related tonic innervation (the step). It was proposed by Robinson that such
a signal could be obtained from the burst neurons by time-integrating the
phasic burst [50,66]:

n(t):/tlb(t)wlt + n(t,) -exp(—t/T) (1)

The existence of such a neural integrator stage has been convincingly con-
firmed by lesion studies of the nucleus prepositus hypoglossi (NPH) and
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the medial vestibular nuclei (MVN). Under normal conditions, the neural
integrator (NI) has a time constant of about T=20 s; lesions in this area,

however, cause the time constant for horizontal fixations to drop well below
1s [4].
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Fig. 1: (A) Overall organization of the saccadic system. The saccade pro-

Plant

grammer issues a desired movement command (DM) to the brainstem saccade
generator. The programmer may update DM on the basis of feedback (FB)
about intervening eye movements (EM). Also the generator is driven by local
feedback (not shown). RE: retinal error. (B) In Robinson’s eye position feed-
back model [50], the desired movement command is eye position in the head
(en). Feedback from the neural integrator (NI) about inital (e,) and current
absolute eye position (e(t)) is provided to the programmer and the generator.
The timing of the latter is controlled by an inhibitory gating mechanism em-
bodied by pause neurons. s,: retinal error; m(t): current motor error; é: eye
velocity. (C) Eye displacement feedback model of Jirgens et al. [39]. The eye
displacement signal (initial: Ae,, current: Ae(t)) is computed by a resettable
displacement integrator (DI).

A problem with the position feedback model, however, was the lack of ev-
idence for a neural representation of e,. In addition, the model did not
provide a role for the SC, which was generally held to be part of a crucial
stage in saccade visuomotor programming, since it provides direct input to
the burst cells. Yet the neurophysiological evidence has indicated that the
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SC rather seemed to encode a desired static displacement signal for the eyes,
Aey, irrespective of initial eye position [49].

The 1D oculomotor plant. In models of the saccadic system (Fig. 1B,C),
the brainstem pulse-step signal matches the dynamics of the horizontal
plant. This is achieved by letting the net innervation of the oculomotor
neurons, given by a linearly weighted sum of the NI (n(¢)) and burst-cell
outputs (b(¢)), precisely counteract the muscle stiffness, K, tissue viscosity,
V, and plant inertia, J, respectively. That is, if the pulse-step motoneuron
innervation, MN(%), is given by:

MN(t) = C-n(t) + D - b(t) (2)
with C and D representing an internal model (as neural weights) of the
plant’s dynamics, then the actual eye velocity of the system is given by:

1
(1) = 5 MN(E) = K -eft) = T - (1) 3)
For the system to have matched dynamics, it follows that n=(K/C)e, and
b=(1/D)(Vé + Jé), respectively. When the inertia of the globe may be
ignored (Ja0), the burst neurons simply encode eye velocity according to

b=(V/D)¢.

One-dimensional models. Since visual feedback plays no role in the
experimental observations described above, it was hypothesized by Robinson
that the saccade generator is driven by an internal feedback circuit in which
a desired eye movement (issued by the saccade programmer) is continuously
compared with an efference copy of the actual movement [50,66].
In the current literature there is some controversy on the nature of the
signals involved in the different feedback mechanisms. In Robinson’s original
local feedback model [50], the saccadic burst generator is supposed to be
driven by a neural estimate of the dynamic motor error, m(t), by subtracting
the desired eye position in the head, ep, from an efference copy of current
eye position, e(t):

mit) = en — eft) (4)
The latter signal is derived from the position neural integrator (NI, see
Eq. (1); Fig. 1B). The former signal was obtained, in the model, by adding
the retinal error of the target, s,, with a neural estimate of the initial eye
position, e, (sampled from the initial state of the NI, n(t,)):

en =S, +e, (5)

Therefore, recent displacement feedback models proposed that the dynamic
motor error 1s obtained by comparing the collicular signal with an efference
copy of actual eye displacement (e.g. [39]; Fig. 1C):

m(t) = Aeg — Ae(?) (6)
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The latter signal is produced by a feedback resettable displacement integra-
tor (DI), which integrates eye velocity, just like the position NI, but needs
to be reset to zero after each saccade. To account for the double-step re-
sults, and the inter-saccadic eye-displacement experiments (see above), the
former signal was not directly taken as the initial retinal error of the target,
$,, but was assumed to take the displacement of the previous saccade, Ae,,
into account, by ‘remapping’ the target into oculocentric coordinates:

Aeg = 5, — Ae, (7)

Although the revised model solved one problem (it accommodated the SC),
it created a new one (lack of neurophysiological support for a DI).

Two-dimensional ocular control: The vertical saccadic pulse-step gen-
erator in the brainstem consists of short-lead burst cells in the rostral in-
terstitial nucleus of the medial longitudinal fasciculus (riMLF) [29], and the
neural integrator in the interstitial nucleus of Cajal (iC) [9]. Neurophysi-
ology has revealed that cells in this burst generator are actually tuned to
movements in the vertical /torsional plane ([32] for review, and [8,9]).

Both saccade generators receive a common input command from the SC,
that represents a desired displacement of the eye (Aey) relative to the ini-
tial eye position (see also above). The SC signal is spatially encoded in
a topographic motor map, in the sense that neighbouring recruited regions
encode similar saccade vectors by their location within the map, rather than
by the intensity of the neural activity (e.g. [33,49,70]). The transformation
of this oculocentric wvectorial signal into the appropriate innervation pat-
terns of the extraocular muscles, has become known as the spatial-temporal
transformation stage, and involves two different processes:

(a)  Vector decomposition (VD) into the horizontal and vertical saccade
components.
(b)  Pulse generation (PG) of motor error, m(t), into an eye velocity com-
mand, é(t).
Because the latter stage is assumed to be nonlinear (described by a sat-
urating function that accounts for the observed saccade kinematics: é =
a[l —exp(—b-m)]; [50,66,67]), the order in which these two processes are im-
plemented matters (it is a non-commutative operation: VD-PG # PG-VD).

An interesting question therefore is, whether the horizontal and vertical
components of an oblique saccade are generated by independent pulse gen-
erators, or whether they are somehow coupled.
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Fig. 2: Two-dimensional extensions of the saccadic system should account for
the fact that oblique saccades are approximately straight, and that the peak
velocity and duration of horizontal and vertical saccade components systemat-
ically depend on saccade direction, ¢ (‘stretching’) (A). Note that the order of
the vector decomposition (linear) and pulse generation (nonlinear) processes
matters. (B) In the Independent model, vector decomposition precedes pulse
generation. This model therefore predicts that component velocity is indepen-
dent of saccade direction (no stretching). (C) In the Common Source scheme,
a vectorial pulse generator precedes the decomposition of the vectorial eye
velocity signal. (D) The Crosscoupling scheme resembles the Independent
model, but the pulse generators are mutually coupled. The latter two models
produce both stretching and straight saccades.

A detailed behavioural and model study of monkey oblique saccades re-
vealed that both saccade components are tightly synchronized and coupled,
such that approximately straight saccades are elicited in all directions [67].
For example, the kinematics of a fixed horizontal component, when com-
pared for a set of oblique saccades in different directions (having different
vectorial amplitudes and vertical components), systematically depend on
the direction of the saccade vector. The peak velocity of the horizontal
component decreases as function of the angle with the horizontal meridian,
such that its duration closely matches the duration of the vertical com-
ponent (Fig. 2A). The vertical component is subjected to similar effects.
In this way, a given component always reaches its highest peak velocity
when executed in isolation (either purely horizontal (nr. 1 in Fig. 2A), or
purely vertical movements). The reduction in peak velocity, and concomi-
tant increase in component duration, has been termed component stretching
[48,67]. Tt is generally believed that this phenomenon reflects a property of
the neural organization of the saccade generator.

Although this finding excludes an independent control of the horizontal
and vertical burst generators (Fig. 2B), two conceptually different schemes
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coexist that both account for these findings (see Fig. 2C,D). In the ‘cross-
coupling scheme’ (Fig. 2D), the horizontal and vertical burst-generators
receive a decomposed horizontal /vertical motor error input from the SC,
like in the independent scheme, but mutually couple their velocity outputs
at the brainstem level [48]. In contrast, in the so-called ‘common source
scheme’ (Fig. 2C) a vectorial burst generator issues a vectorially-encoded
pulse command, that is subsequently decomposed into the respective hori-
zontal and vertical velocity components [67]. Note, that straight saccades
and stretching are emergent properties of this latter model, whereas they
are a specific design feature in the crosscoupling model.

Eye-head movement control in 1D and 2D: When the head is also
allowed to move, the position of the eye in space (gaze in space, g;) now
comprises both the position of the eye in the head, e, and the position of
the head in space, hy, according to:

gs =ep + hy (8)

The nature of combined horizontal eye-head movements has been studied
extensively in human, cat and monkey (e.g. [1,23,51]). Initially, Bizzi and
colleagues proposed that head-free gaze saccades are, like head-fixed gaze
saccades, programmed as an ocular saccade, independent of the occurrence
and size of a concomitant head movement. According to this so-called ocu-
locentric hypothesis, the vestibulo-ocular reflex (VOR) would cancel any
contribution of the head to the gaze shift by causing the eyes to counter-
rotate by the same amount [1].

Despite its simplicity, a serious flaw of this model is that such a system
would not enable accurate gaze shifts beyond the oculomotor range. In
addition, several experiments have shown that the action of the VOR is
actually suppressed during gaze saccades. These and other observations
have led to the conclusion that the oculocentric hypothesis is strictly valid
only for gaze shifts smaller than ~10 deg.

As an alternative for the oculocentric hypothesis, the conceptual oculomotor
model (see above) was extended to a gaze control model in the head-free
condition [23]. According to this gaze feedback hypothesis, an internally
created, instantaneous gaze motor-error (i.e. desired gaze~ minus current
gaze displacement) is used to drive the oculomotor system. In this way, the
accuracy of gaze saccades can be maintained, regardless of head movements,
even if the VOR is suppressed during the movement.
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Fig. 3: Two-dimensional eye-head coordination model, adapted from [22]. Eye
and head are driven by a desired gaze displacement signal, Agq (emanating
from the SC) that is updated by feedback about current gaze displacement,
Ag(t). Note, that this part of the model could alternatively be formulated
in terms of a desired gaze-position signal in space (see e.g. Fig. 13). The
head is driven by a current head motor-error signal, mp(t). The same signal
is also fed into a 2D neural representation of the (circular) oculomotor range
(OMR) to determine the desired position of the eye in the head, e5*. The eye
pulse-step generator is then driven by instantaneous eye motor-error, m.(t)
(cf. with Robinson’s model; for clarity, local feedback is omitted). The VOR
is inhibited by the current gaze motor error signal, mgy(t). As this signal falls
to zero during the gaze shift (i.e. eye is on target), the VOR is re-activated
by the ongoing head movement.

Note, that the concept of gaze feedback by itself does not specify the head
motor command. It was initially proposed, on the basis of gaze control
studies in the cat, that both the oculomotor system and the head motor
system are controlled by the same internally created gaze motor-error signal
[19]. Although several behavioural and neurophysiological studies seemed to
provide support for this so-called common gaze model, a recent analysis of
the eye-, head- and gaze trajectories in two dimensions rather suggested that
the two motor systems are driven by signals expressed in their own frames of
reference (oculocentric and craniocentric, respectively; [22]). For example,
it was found that when eyes and head start from unaligned initial positions,
both motor systems make a goal-directed saccade toward the target. Since
eye and head then simultaneously move in quite different directions, they
must be driven by different inputs. Fig. 3 presents a simplified scheme that
summarizes the ideas of gaze feedback in combination with different eye-
and head controllers. The scheme is qualitatively supported by recent data
obtained from SC stimulation in the head-free monkey [16]. For specific
details, the reader is referred to [22].

Although not detailed in Fig. 3, a complete model of the gaze control system
should also incorporate the dynamics of the head motor system. In its
simplest 1D form, the head is modeled by a linear, overdamped, second-
order differential equation (e.g. [19], compare to Eq. (3)). In contrast
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to the eye, the head inertia is substantial and should not be ignored. In
addition, for head movements in non-horizontal directions, there may also
be a considerable translational component to the movement, due to the
flexibility of the neck vertebrae that cause the rotation axes of the head-
neck system not to intersect in a single point. We will, however, not deal
with the latter problem in this paper.

2.3 New aspects for eye rotations in 3D.

That the eye should be considered as a rigid sphere rotating about its
head-fixed center [32] can be ignored as long as movements are confined
to the horizontal plane (only rotation about a fixed, vertical axis, so that
parametrization by a single scalar, the horizontal angle, suffices). As soon
as movements are allowed in more dimensions, however, the ocular rotation
axes may differ from saccade to saccade, and a full 3D approach is called
for.

The three antagonistic pairs of extra-ocular muscles pull in approximately
orthogonal directions, so that movements of the eye are in principle allowed
three independent degrees of freedom [3]: the horizontal recti (LR and MR)
rotate the eye about a vertical axis (z) to generate horizontal gaze shifts,
whereas the vertical recti (SR, IR) and oblique muscles (SO, 10) define two
orthogonal rotation axes in the vertical-torsional (y-x) plane (Fig. 4).

MR

SR
SO

+y

+X

LR

Fig. 4: Left: frontal view of the right eye’s six extraocular muscles, shown
with the eye rotated about 20 deg leftward from the primary direction (+x).
Right: Schematic of the muscle rotation axes, represented in the head-fixed,
primary coordinate system, (x,y,z). Note that the antagonist pairs (LR-MR,
SR-IR, and SO-10) pull in three, approximately orthogonal directions. The
torque vectors are also approximately aligned with the on-directions of the
semicircular canals.

Despite the apparent simplicity of the mechanical organization of the ocu-
lomotor system, it also induces an interesting problem that was already
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noted more than a century ago by Helmholtz [27] and has received renewed
attention in more recent studies [14,26,30,52,60,70,77].

The problem arises because 3D rotations of rigid bodies are non-commultative.
As a consequence, the order in which two consecutive rotations about differ-
ent axes are performed, determines the final orientation of the object [21].
The problem is absent as long as movements are constrained to one dimen-
sion only, and because of this, it has been ignored in oculomotor studies
for a long time. Yet, it has been recognized that this property could have
important consequences for the way in which eye (and head) movements are
programmed and generated [32,60,62].

If gaze shifts would be controlled without accounting for the noncommuta-
tivity of 3D rotations, problems could arise for the visual perceptual system,
for visuomotor control, as well as for the motor system proper.

First, the orientation on the retina of fixed objects in the visual world would
depend on the history of previous eye rotations. Since typically about three
saccades per second are generated in all directions and from all possible
initial eye positions, the ability to perceive a stable visual world, and to
precisely control binocular alignment for adequate depth perception, would
be seriously challenged.

Second, the visual information on the retina is, by itself, not sufficient to
produce accurate eye movements (see also below). The absolute position
of the eye in the head should be incorporated to prevent systematic mis-
localizations of the stimulus, especially for targets presented in the retinal
periphery with eccentric initial eye positions, or with considerable torsion
[7,10,60]. Finally, also from the motor point of view, problems could arise if
the motoneuron signals to the plant would not account for the nonabelian
property. However, as will be discussed below, a precise assessment of this
problem requires a detailed model of the plant dynamics.

Fig. 5 illustrates the problem for the vestibulo-ocular reflex (VOR) by letting
the eye maintain fixation of a stationary point in space after two different
sequences of head rotations. Obviously, a properly functioning VOR re-
quires that the amount of head rotation is exactly canceled by an equal and
opposite rotation of the eyes in the head. Like for the saccadic system, it
is generally accepted that the vestibular input, which at the level of the
vestibular afferents is proportional to head angular velocity, 1s neurally in-
tegrated (by the same NI as in Fig. 1B) to generate the tonic eye position
signal. However, as was pointed out by Tweed and Vilis [60], in 3D, eye
position is not obtained by taking the time-integral of eye angular velocity.
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Fig. 5: Noncommutativity of rotations illustrated for a perfectly functioning
VOR that compensates for two consecutive 90 deg head rotations about the
head-fixed -z (rightward head movement) and 4y (downward) axes, respec-
tively (top). The orientation of the eye in the head is shown (as if viewing onto
the subject’s nose). Reversing the order of the two head-rotations (bottom)

yields very different final eye positions, although the total amount of rotation
is equal for the two cases. This property results from the fact that eye posi-
tion is not the integral of eye angular velocity. Rotation about an axis that
is the vectorial sum of the (simultaneously presented) angular velocity signals
(center, right) yields yet a different eye position without torsion. After [59].

The two exaggerated examples in Fig. 5 clearly illustrate that the VOR
brings the eyes in very different positions in the head (to the extreme left
and with 90 deg counterclockwise torsion for the first series of head rotations,
but upward and 90 deg clockwise torsion for the second example). Yet, it
is also obvious that the total time integral of the two consecutive angular
velocity signals for both cases (cf. [(w1 +ws) dt vs. [(wa + wi) di), is
identical (7/2(ey — e;)). Thus, if the tonic oculomotoneuron firing would
be produced by a neural integrator that receives eye angular velocity as
an input, the eyes would have ended up in identical, but wrong, positions
[59,60].

Clearly, these problems do not seem manifest in actual visuomotor be-
haviour (we do have a stable visual percept despite eye movements, our
eye muscles do not knot, and the VOR works appropriately, also in 3D),
so the question is what features of the oculomotor and eye-head control
systems resolve these potential problems.

It is important to stress at this point, that the logic of this example does not
depend on any mechanical plant model. It is only assumed that identical
oculomotoneuron firing patterns (regardless their origin) lead to identical
eye positions in the head. The principles of noncommutative rotational
kinematics therefore require that the central nervous system somehow takes
the integrator problem of Fig. 5 into account. Since the neural integrator
is thought to be shared by all oculomotor subsystems (not only the VOR,
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but also by the pursuit, the saccadic, and vergence systems), this problem
affects the cornerstone of gaze control theories [30,60,62].

To successfully deal with the underlying concepts in a quantitative way,
however, one has to apply the mathematical framework of 3D rotational
kinematics. The main principles, deemed relevant for the eye-head gaze
control system, will therefore be briefly introduced. Some of the computa-
tional details, when not immediately needed for comprehending the line of
thought, have been delegated to the Appendix.

2.4 Mathematics of 3D rotational kinematics.

Any finite rotation of a rigid body can be fully described by a real, orthogo-
nal, proper 3x3 matrix (i.e. with determinant +1, and transpose RT:R_l),
and all 3D rotations make up the special, nonabelian (i.e. noncommutative),
orthogonal group SO(3) [57].

There are many ways to describe the orientation of a rigid body. Here, we
will not review all the different methods (like rotation matrices, and the
twelve different sets of Euler angles, see e.g. Goldstein [21] for a detailed
treatment). Rather, we will present those parametrizations that have been
particularly useful in their applications to the oculomotor and eye-head con-
trol systems. We start out with the basic equation describing the rotation
of an arbitrary vector, and then proceed with the framework of quaternions
and the Euler-Rodrigues coordinates.

2.4.1 Finite rotations

According to Euler’s theorem, the general displacement of a rigid body,
when one point of the body remains fixed in space, is uniquely described
by a single-axis rotation, with the rotation axis passing through the fixed
point [21].

To describe eye orientations in 3D, we adopt a right-handed, head-fixed
cartesian coordinate system (like in Fig. 4), with the origin in the center of
the eye. The &,-axis points forward (clockwise torsional rotations positive),
the &, -axis lies along the interocular line connecting the two centers (down-
ward rotations positive), and the &,-axis points upward (leftward rotations
positive).

The fixed-axis rotation of an arbitrary vector, u, over some finite angle, p
(in radians), around axis fi (a unit vector, see Fig. 6), is then given by:

R(f, p) u = (uei)i+sin(p)(ih x u) — cos(p)ii x (i x u) (9)

in which e is the scalar (dot) product, and x the vector (cross) product.
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Fig. 6: Rotation of vector u over finite angle p about axis fi.

Note that u = (ue )i — i x (fi x u), from which a Taylor expansion yields
in good approximation:

1
R(ﬁ’p) u:u—|—pﬁ><u—|— §p2ﬁ>< (ﬁxu)+(’)(p3) (10)

For fixed-axis rotations, only the angle p is a function of time, and thus
R = R(fi, p(t)) = R(t). The angular velocity, w(t), with which u spins
around the rotation axis fi is a vector defined by

w(t) = p(t)h (11)

(p is the time derivative of p). The angular velocity is related to the rotation
R(t)u by the well-known kinematic relation:

Rt)lu = w(t) x R(t)u
e NNt (12)
~ p() [ < u+p (R w)— u)]
where we have used Eq. (10) and Eq. (11). Here, R(t)u will be designated
the coordinate velocity vector. It is the velocity with which the tip of u
rotates around the axis. Note from Fig. 6 and Eq. (12), that for a given
angular velocity, the coordinate velocity vector depends on both the orien-
tation of u re. the rotation axis, and on its length.
An important question for understanding 3D gaze control, briefly touched
upon in the discussion of Fig. 5, is whether the saccadic short-lead burst
neurons in the brainstem encode a coordinate velocity or an angular ve-
locity signal. As will become clear below, the distinction has important
implications for the neural organization of the saccadic system, and for its
interactions with other oculomotor subsystems (like the vestibular system,
the smooth pursuit system, and the vergence system). Before elaborating
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further on these matters, we will first provide an outline of the mathemat-
ical framework within which these concepts can be elegantly represented.
For a more detailed treatment, the reader is referred to [2,57].

2.4.2 Quaternions.

W.R. Hamilton (1843) was the first to propose a closed algebraic framework
for the multiplication of 3D vectors. The result of his work was that such
an algebra had to be described by hypercomplex, four-dimensional entities,
which he named quaternions [2]. Quaternions have a particularly useful and
natural relationship with fixed-axis rotations and it is for that reason that
their properties will be reviewed in somewhat more detail in this section.

A quaternion is written as a four-component complex quantity defined by:

§=q+1Teq (13)

with {¢o, ¢z, ¢y, ¢} € R, the four quaternion components (¢, is called the
scalar part of the quaternion, S(¢), and q = (¢s, ¢y, ¢-) is its vector part,
V(q)). The adjunct (or complex conjugate) of the quaternion is given by
7 = ¢o — q @ I. The components of the complex vector, I = (é,5,k) € C
obey the following noncommutative, cyclic relations®:

9212 s
o Z_j._k__l..j._k.__l (14
t-j=—j-1=k jok=—k-j=1 ki=—i-k=
Main properties of quaternions. Armed with these definitions, it is
now possible to multiply two arbitrary quaternions, say p = p, + peI and
9= qo+qel. Applying Eq. (13) and Eq. (14), the following important rule
for the quaternion product is obtained:

Pq=Dpogdo—Peq+ (Poq+qp+pxq)el (15)

Thus, multiplication of two quaternions results in a new quaternion (hence,
they form a closed algebraic system). Note that, in general, the vector
part of the product quaternion, V(pg), does not lie in the plane spanned by
p and q. More importantly, however, pg # ¢p whenever p and q are not
parallel (or zero). This latter property, the noncommutativity of quaternion
multiplication, is deeply connected (see below) to the noncommutativity of
rotational kinematics briefly outlined above.

31t can be readily verified that the properties of the components of the complex vector
I can be identified with the Pauli spin matrices [0;] which are the generators of the SU(2)
group (the special group of complex, hermitean 2x2 unitary matrices; see e.g. [21,57]):

Wo=(5 V) Eh=(7 5) w=(% 0) we=(p )

which establishes the local isomorphism between SO(3) and SU(2) (1& [oo], @ & [o1],
j =4 [0'2]7 k& [0’3]).
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The length (or norm) of a quaternion is given by

lgl =V =2 +aqeq (16)

Taken together, Eq. (13) can be parametrized, for reasons that will become
clear below, by;

q=1q| - (cos(8) + sin(0) - & o I) (17)
Here, & denotes the unit vector (or axis) of the quaternion, with e¢; =
4i/\/ @3 + qi + ¢%, and @ is the quaternion angle (cos(f) = ¢./ql).
Note that in this framework, a 3D vector can be regarded as a quaternion
with scalar part zero, any real number is a quaternion with vector part zero,
and any complex number is a quaterion with vector components (¢, ¢,) = 0.
The inverse of a quaternion is obtained by the demand ¢q¢~! = ¢~ ¢ = 1,

and it can be readily verified from Eq. (15), Eq. (16), and Eq. (17) that it
is determined by?:

_1—i~cos —sin(f) -éel) = -
i7" = o os(0) = sin(0) &)

q
P 1)
Relation with fixed-axis rotations. Now what is the relation between
a quaternion, ¢, and the rotation of an arbitrary vector, u, about an axis,
i, over angle p (see above)? An elegant theorem that follows from the
rules of quaternion calculus, described above, says that if one parametrizes
a quaternion by Eq. (17), then the new vector u’:

u =qug ! = R(H,20) u (19)

In other words, the unit vector, &, of the quaternion is directed along the
rotation axis fi, and vector u is rotated by twice the quaternion angle around
this axis. This important property may be verified in Appendix A-1.
Without loss of generality, it is customary to constrain the norm |¢| = 1,
so that the following unit quaternion fully parametrizes the rotation of an
arbitrary vector about i over angle p:

q = cos(p/2) +sin(p/2) (e I) = exp(

[NV

‘fied) (20)

Geometrically, there 1s an interesting correspondence between the space of
unit quaternions, and the unit sphere in 3D cartesian space. In particular,
the real quaternion ¢ = 1 (i.e. # = 0) corresponds to any single point on the

40One may now also define the quotient of two quaternions, p and ¢, as the solution,
r, of an equation of the following type: p = gr. However, rather than writing r = p/q
for the solution, one should distinguish the two different possibilities: r; = pg~!, and
ro = ¢~ 'p, which are generally unequal due to the noncommutativity of quaternion
multiplication. In this case, r is the correct solution (left quotient), which was obtained
by left-multiplying both sides with ¢~1 (the right quotient r; is the solution of p = rq).
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unit sphere, whereas ¢ = —1 (i.e. # = 7) describes any great circle on the
unit sphere (in both cases, & is arbitrary). All other non-real quaternions
(with 0 € (0, 7)) correspond to arcs (of length @ radians) that are part of
the great circle perpendicular to the quaternion (or polar) axis é.

Angular and coordinate velocities in ¢ representation. As was
briefly mentioned in the introduction of this section, a proper understanding
of 3D gaze control requires that a distinction be made between the angular
and the coordinate velocity vectors. If a quaternion, q, may be identi-
fied with the rotation R(fi, p)u, then the time derivative of the quaternion,
¢ = dq/dt, corresponds to the coordinate velocity, Eq. (12), of the rotating
vector.
In Appendix A-2, a derivation is given for the relation between the coordi-
nate velocity, ¢, and the angular velocity, w, in the quaternion parametriza-
tion. The result is given by the following simple equation [60]:

. wq

1= (21)
By applying the product rule Eq. (15) for quaternions one finds immediately
for the vector part of Eq. (21):

1

4= 5(gw +wxa) (22)

(note that w, = 0) and, similarly, the reverse relation is obtained by right-
multiplication of both sides in Eq. (21) with ¢=1:

w=24g"" = 2(¢9,4 - Goa + a x q) (23)
It is now also possible to obtain the coordinate and angular acceleration of
the body, by evaluating the time derivatives of Eq. (21) and Eq. (23). For

example, for the coordinate acceleration one obtains:

wZ

G0 — S atwxq (24)

N | —

.1 ) .
q=§(wq+wq)=>q=

2.4.3 Rotation vectors.

A shightly different parametrization of a 3D rotation is provided by the
Euler-Rodrigues coordinates [41], designated in the oculomotor literature
as the rotation vector representation. The rotation vector is introduced
here because it has some interesting geometric properties for modeling the
saccadic system. One such property is that saccades in Listing’s plane,
when viewed as fixed-axis rotations, follow straight lines (i.e. shortest paths,
or geodesics) in rotation vector space (see [30], and below). The rotation
vector, and its inverse, is defined by:

r=tan(p/2)i and r7'=-r (25)
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The correspondence between quaternions and rotation vectors is therefore
established by:

_ V) _a (26)

S(q) 9o

Obviously, a potential disadvantage of the rotation vector representation
emerges for very large angles: when ¢, — 0 (for p — 180 deg) the length of
the rotation vector rapidly approaches infinity, and is therefore ill-defined.
For head-fixed saccades, however, rotation vectors are particularly useful
parametrizations.
By applying Eq. (26) to the product of quaternions Eq. (15), a simple rule
for rotation vector multiplication is derived that gives the combined result
of rotation ry, followed by a second rotation, rs:

V(gzq1)  r14+ra+ryxrg
S(g2q1) l—riery

rsor; = AT+ rodreXr (27)
Here o denotes the product of rotation vectors, and the approximation holds
up to O(p?). Using Eq. (22) and Eq. (23), one can also find the equivalent
relations for the angular and coordinate velocities in the rotation vector
representation. The exact results are (see [30] and Appendix A-2):

200 +r x 1)

w:m%ﬂr—l—rxr) (28)

and, similarly, for the reverse relation:

) 1

PI§(W—|—L&XI‘—|—(WOI‘)P) (29)
which may also be compared to Eq. (12).

2.5 Donders’ law and Listing’s law

Eye positions. In what follows, eye positions will be described by rotation
vectors Eq. (25), the coordinates of which are expressed in the head-fixed
primary frame of reference (for definition, see below). Conceptually, this
means that any 3D eye position is parametrized by the wvirtual rotation
that brings the eye from the center of the head-fixed cartesian coordinate
system to the current position. The origin of the primary reference frame
18, by definition, the zero position vector, r = 0, and is called the primary
position of the eye. It is important to note, that the primary position is
a geometrical concept that is not necessarily equal, or even close to, the
center of the oculomotor range.

A secondary eye position is obtained by a rotation from the primary posi-
tion about either the horizontal or vertical axis of the primary coordinate
system. For example, a position 20 deg to the left of primary position is
described by the rotation vector r = (0,0,0.176) (positive rotation about
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the vertical axis), where the units are measured in half-radians. As a rule
of thumb, every 0.01 half-radian roughly corresponds to 2 arctan(0.01) =~ 1
deg rotation about the axis.

A tertiary position is any eye position that obeys Listing’s law (see below)
and 1s not a primary or secondary position. Eye positions that do not follow
Listing’s law Eq. (33) are called quaternary positions.

Donders’ law. The fixation of a point target is a redundant motor task,
since the direction of the target (for each eye) is fully determined by two
coordinates (azimuth and elevation re. fovea). The amount of torsion about
the visual axis remains unspecified by the task.

Donders [27,38] proposed, on the basis of retinal after-image experiments,
that for each target position in 3D space the gaze direction determines a
unique orientation of the eye, independent of the trajectory followed to get
to that position. In other words, ocular torsion is fully specified by the hor-
izontal and vertical components of the gaze direction. This important rule
1s known as Donders’ law, and restricts eye positions to a two-dimensional
(2D) subspace:

ry = function(ry,r,) (30)

The precise geometry of this surface, however, is not specified by Donders’
law and, as will be seen below, appears to depend on the gaze orienting
task. Since ocular torsion is constrained by a smooth function, Donders’
law elegantly solves the problem of accumulation of torsion: whatever the
path followed by the eyes, torsion remains on the surface defined by Eq. (30).
An illustrative example of a Donders’ surface is provided by a gimbal sys-
tem. In a gimbal system, a 3D orientation is described by three consecutive
rotations about a nested set of axes. In physics, the Euler angles constitute
such a gimbal system, and in fact, twelve different types of gimbals can be
constructed to achieve the same objective [21].

In the so-called Fick gimbal, which will be relevant in the discussion of 3D
eye-head coordination (see below), the orientation of the rotating body is
described by making first a horizontal rotation about the space-fized vertical
axis (&,, angle #p). Then, a second, vertical, rotation is performed about
the new body-fired horizontal axis (&, angle pp), which has been rotated
away from the space-fixed coordinate system by the first rotation. Finally,
a third rotation is performed about the new, body-fixed frontal axis, (&,
angle ¥p), inducing torsion. Rotations about body-fixed axes are known
as passtve rotations, since they involve a rotation of the coordinate system.
In contrast, active rotations are about space-fixed axes, and generate the
actual rotation of the body [21].

Suppose that gaze positions would somehow be generated by such a gimbal
system. Then, if gaze would adhere to Donders’ law Eq. (30), its torsional
component is determined by the horizontal (head-fixed) and vertical (eye-
fixed) rotation angles only (0 and ¢, respectively, i.e. a reduced, two-axis
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system; cf. Fig. 5). The resultant position of gaze is then computed as
follows:

— / _ -1 —
rr = T 0 Prwa = (Pheas © Tope © Tl ) O Fhuna = Theaa © Foy.

= [—tan(0x/2) -tan(ps/2), tan(pr/2), tan(0x/2)]

(31)
Note, that the passive rotation of the horizontal axis can be transformed
into an active vertical rotation of the eye (in head-fixed coordinates), by
reversing the order of the horizontal and vertical rotations (e.g. [21,25,57]).
Figure 7 illustrates the 3D ‘Fick’ trajectories in rotation-vector space, when
the eye first goes to target A from the primary position, r = 0, in two steps
(PQA), and then tracks a square array of targets in the clockwise direction
(ABCDA). Note that the amount of torsion jumps between a? and -a? for
every saccade, but that the 3D position of the eye in A is identical at the
start and at the end of the trajectory. Therefore, no accumulation of torsion
has occurred [20]. Note also that the Donders’ surface for eye positions is
strongly twisted in 3D rotation vector space. The torsional component of
the Fick Donders’ surface is taken from Eq. (31) and is given by®:

ry = —tan (6 /2) - tan (ps/2) = —1y - 1T, (32)
z z
A = +a B B +a — A

y } } X
-a |Q P +a 2’ Q/\P +a
——
D a C p @ C
re= -ry T,

Fig. 7: Donders’ surface produced by a two-axis Fick gimbal system. Note
that the resulting surface of gaze positions is markedly twisted in 3D rotation
vector space. Thick line (BC) symbolizes positive y-components of gaze posi-
tion, thin line (DA) negative y-components. As torsion jumps between +a?,
it does not accumulate during repeated clockwise tracking of the targets.

The nonlinear dependence of r, on the gaze coordinates reflects the curved-
ness of the Donders’ surface. In addition, the sign of ocular torsion changes,

5In the (early) oculomotor literature this gimbal-induced torsion has been termed
‘false torsion’ [3]. To comply with Listing’s law Eq. (33), an additional rotation about
the rotated visual axis, &, is needed to null this torsion.
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each time one of the gaze coordinates changes sign. The proportionality fac-
tor of —1in Eq. (32) is called the twist score of the Fick surface [20]. Different
types of gimbal system give rise to different twist scores. For example, in
the same way one may construct the Donders’ surface for a Helmholtz gim-
bal, by reversing the order of the two rotations Eq. (31) into a horizontal
(head-fixed), followed by a vertical (eye-fixed) rotation. In this case, the
twistscore will be +1.

Listing’s law. Helmholtz put a specific constraint on the torsional com-
ponent of eye position, by following a suggestion made earlier by the german
physicist Listing [27]. According to this proposal, the oculomotor system
reduces the Donders surface of eye positions Eq. (30) to a plane (Listing’s
plane, LP) when the head is in an upright and stationary position, and the
eyes fixate points at optical infinity (no vergence). Therefore, under these
experimental conditions, the torsional component of eye position is a linear
function of the horizontal and vertical gaze coordinates (Listing’s law).

The unique direction perpendicular to LP is defined as the primary posi-
tion. By a convenient choice of coordinates (which is the primary frame of
reference, or the so-called Listing coordinates), all eye positions in Listing’s
plane have zero torsion (see e.g. Fig. 8 and below) [32,68,77]. Therefore, in
the quaternion and rotation vector parametrizations, Listing’s law takes a
very simple form:

v, =0 (33)
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Fig. 8: Listing’s law for head-fixed conjugate eye movements of rhesus mon-
key CR. About 3500 positions of spontaneous eye movements in the light are
plotted. Eye positions are plotted as components of rotation vectors (A) in
the y,z-plane, and (B) in the x,z-plane, respectively (scale converted to de-
grees). Note that Listing’s law is well-obeyed. Standard deviation of the width
of Listing’s plane (B) is only 0.6 deg. Panel (C) shows a histogram of the

torsional components (in half-radians) of eye position for the same data set.
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2.5.1 Listing’s law for head-fixed saccades.

Thanks to the recent development of accurate recording techniques [5,36],
3D eye movements can be routinely measured with a high spatial and tem-
poral resolution in both man and monkey. Although part of the available
data suggests that Listing’s law 1s only approximately valid during fixations
[12] and during eye movements [13,54], a majority of studies, performed in
several different laboratories, has shown that it is obeyed with remarkable
accuracy, both in human [25,43,61] and in monkey [8,33,37,74] subjects (see
Fig. 8). The law holds in good approximation for eye fixations, as well
as dynamically during saccadic [33,43,61,70] and smooth pursuit [25,63] eye
movements (but see also below). Tt is also equally-well obeyed for saccades
toward auditory targets in complete darkness [17], which suggests that List-
ing’s law does not exclusively serve a visual purpose.

Typically, the thickness of Listing’s plane (given by the standard deviation
of ocular torsion in the primary reference frame, Fig. 8B) is in the order
of 0.5-0.7 deg for monkeys [30,70], and about 1.0 deg for human subjects
[43]. The plane’s thickness is very similar for eye fixations, and for dynamic
conditions such as smooth or rapid eye movements along a straight, or along
a highly curved trajectory [43].

At this point, it 18 important to realize that neither Donders’ law nor List-
ing’s law simply follow from the infallable laws of physics applied to the
plant mechanics since, in principle, there are many different ways in which
the oculomotor system could have reduced the number of degrees of freedom
for gaze orientations.

For example, eye positions produced by the VOR do not obey either Don-
ders’ or Listing’s law. During torsional vestibular stimulation, ws, = (p,0,0),
the eye may look into the primary gaze direction (r, = r; = 0) with many
different torsional components (violation of Donders’ law, Eq. (30)). In the
absence of any additional mechanism, ocular torsion would accumulate un-
til it would reach the physical limits of the oculomotor range (see above,
Fig. 5). However, the vestibular system prevents such an accumulation by
generating torsional ‘reset’ quick-phases of nystagmus that repeatedly bring
the eye back to a position close to zero torsion [6,33].

A second example concerns the binocular viewing of targets in depth. A
large body of experimental evidence from different laboratories shows that
both eyes violate Listing’s law when viewing near targets. The violation,
however, follows a clear geometric pattern. Both eyes rotate temporally
(‘excyclotorsion’) when the elevation of the eyes is downward, whereas they
rotate nasally (‘incyclotorsion’) for upward elevations. Listing’s law is pre-
served only when gaze elevation is zero (in the primary reference frame)
[44,45]. When plotting these eye positions in 3D space, the pattern resem-
bles that of a Helmholtz two-axis gimbal system (see above), and therefore
nicely adheres to Donders’ law (a curved surface with a positive twist score
close to one, i.e. a full-angle tilt of the angular velocity vector as function
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of eye elevation) [44,76].
Yet, as will be argued below, the exact properties of the oculomotor plant do
have implications for the way in which the circuitry of the brainstem burst
generators and neural integrators is organized, since it should compensate
for any (nonlinear) peculiarities in the plant mechanics (see also above, for
the 1D case). Regarding the modeling of the 3D saccadic system, however,
it 1s reasonable to suppose that:
e Identical motoneuron firing patterns yield identical eye positions in
the head, regardless of plant mechanics and task conditions.
e Ocular torsion may take any value within the oculomotor range (i.e.
not restricted by plant mechanics), but it is constrained by the ocu-
lomotor task (i.e. the neural commands).

2.5.2 Spontaneous violations of Listing’s law

Although Listing’s law is well obeyed by the monkey oculomotor system
(at least for the head straight up and not moving, and the eyes looking at
infinity), the data in Fig. 8C clearly indicate that it is not perfect. Occasion-
ally, small (up to about 2.5 deg) spontaneous excursions from LP are made
that are not due to blinks. Such torsional ‘errors’ are relatively infrequent
(in 23% of the saccades, averaged over six monkeys, the displacement ex-
ceeds 1.0 deg) but, if present, the torsional component of the eye movement
appears to be synchronized with the horizontal and vertical saccade compo-
nents (see e.g. Fig. 9A). It should be noted, however, that torsional onset is
usually better synchronized with the horizontal/vertical components, than
torsional offset. Like was observed for the horizontal and vertical compo-
nents in earlier 2D studies (see above), component stretching seems to be a
phenomenon that affects all three saccade components.

Thus, 1t appears that these torsional displacements are produced by the
saccadic system. Closer inspection of the eye movement traces indicated
that under these circumstances the eye does not drift back passively into
the plane, but may stay at the new torsional level for several hundreds of
msec (Fig. 9A). We observed that the system typically produces an active
‘reset’ of ocular torsion by the next saccadic eye movement [31,73,74].

To further quantify this property, we analyzed to what extent the sponta-
neously occurring violations of Listing’s law are corrected by the saccadic
system. The results, valid for all monkeys studied so far, show a highly sig-
nificant relation between the torsional onset position of the eye, r,, and the
subsequent torsional displacement, d,, of the next spontaneous saccade (see
Fig. 9B). Multiple linear regression on the data showed that the corrective
torsional displacement is solely determined by the torsional onset position,
and is neither related to the horizontal/vertical components of eye position,
nor to the saccade direction [73].
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Fig. 9: Spontaneous violations of Listing’s law (A,B) by the saccadic system
are reset by the next saccade. In panel (A) an example of such a violation
(with about -2 deg a particularly large one), as well as the subsequent reset
saccade are both shown. Panel (B) shows, for the entire data set of Fig. 8, that
there exists a highly significant relation (r=-0.49; N=3522) between torsional
onset position of the eye (ordinate), and the saccadic torsional displacement
of the following saccade (abscissa). Slope of the regression line is b=-0.52 (but
note that violations and resets are pooled here). An accurate saccadic reset is
also generated, when the violation is due to electrical microstimulation in the
NRTP (C). The range of torsional onset positions is markedly expanded by
this experiment (up to 10 deg). Correlation: r=-0.95, slope: b=-0.95; N=165
(i.e. no overshoots; after [73]). These data show that both the saccade burst
generator and the neural position integrator of the ocular saccadic system are

3D.

The ability of the saccadic system to generate a torsional reset movement has
also been shown by electrical microstimulation experiments in the monkey
brainstem. Prolonged stimulation of the vertical/torsional burst generator
in the riMLF produces a vertical /ipsi-torsional eye movement at constant
velocity (torsion may reach levels exceeding 10 deg; [29]). Microstimulation
in the precerebellar nucleus reticularis tegmenti pontis (NRTP) yields stair-
cases of horizontal/torsional saccades. Here, the direction of the torsional
component depended on the location of the stimulation electrode within
the NRTP [74]. Yet, also in these cases, the saccadic system generates a
precise torsional reset at the next spontaneous saccade following the stimu-
lation train (see Fig. 9C for an example of the NRTP stimulation results).
It is important to realize that the large torsional components in these re-
set saccades were generated in the absence of any vestibular or optokinetic
stimulation and were precisely aimed at Listing’s plane.

These results therefore clearly indicate that both the saccadic burst gener-
ator as well as the eye position neural integrator carry a 3D eye-movement
code, and that Listing’s law is actively controlled by neural commands. As
will be discussed below, however, the type of 3D signal used by these struc-
tures (i.e. coordinate velocity ¥ vs. angular velocity, w) cannot be decided
on the basis of these experiments.

Interestingly, a localized reversible inactivation of the NRTP appeared to
interfere with the capacity of the saccadic system to reset the torsional
component into LP [74].
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2.5.3 Parametrization of 3D saccades.

From Listing’s law Eq. (33) it follows, that when the eye makes a movement
from one Listing position, ri, to a new Listing position, rs, it can do so
by spinning about the unique single-axis of rotation that is given by the
quotient vector:

q=rs0 1(‘1_1 because qor; =rs (34)

Applying the product rule for rotation vectors Eq. (27):

BT h IR g xd (35)

l+riers

where the approximation holds up to @(p?), and we have introduced the
difference vector in LP:

d= rs — Iy (36)

LP .

*ty

Fig. 10: Eye positions in Listing’s plane (LP, shaded) at the onset (r1) and
offset (rz) of a head-fixed saccade. The difference vector, (d) lies in LP, but
the quotient vector, (q) is tilted out of the plane by angle ¢. p: primary
position.

Note that the quotient vector q is parallel to the angular velocity vector
(cf. with Eq. (28) and use the fact that d || ). Thus, despite the fact that
the initial and final eye positions belong to LP, the actual ocular rotation
axis ‘tilts’ out of LP (i.e. q, # 0) by an amount that depends on the
displacement amplitude, the inital eye position eccentricity, and the angle,
¢, between ry and d:

Q =11, -d, —1y,-dy, = [d|-|r,] sin(¢) = [d] -] (37)
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Although q can attain almost any angle with LP, this property has become
known in the oculomotor literature as the ‘half-angle rule’ (e.g. [15]; see Ap-
pendix A-3, for more details). The geometric relation between the quotient
and difference vectors and LP is further illustrated in Fig. 10.

A saccadic eye movement between two positions in LP can now be paramet-
rized in two different ways [33,70]. The first description considers a saccade
as the unique single-azis rotation that brings the eye from initial position
r1 into final position rs, through the quotient vector Eq. (35). This vector
is related to angular velocity by:

t2
q= / w(t)di (38)
t1

Note, that Eq. (34) may be interpreted as a straightforward 3D extension of
the concept of eye motor error. However, this vector depends not only on
the difference between the initial and final eye positions (as in 1D and 2D
saccade descriptions), but also on the absolute initial eye position (unlike
the 1D and 2D case). Note also that in this parametrization the saccade
vector has three degrees of freedom Eq. (37), by following the half-angle
rule, although the eye positions are constrained to a plane (Fig. 10).
Alternatively, a saccade may also be characterized as the difference vector
between the two Listing positions Eq. (36), which is related to the coordinate
velocity by:

d= / eyt (39)

Since the difference vector is constrained to LP (at least for eye movements
in LP), it has only two degrees of freedom.

A nontrivial property of the rotation vector description is, that the trajec-
tory of the eye for a single-axis rotation between two Listing positions, say
r; and ro, follows a straight line in LP. That is, for all times between saccade
onset and saccade offset, the trajectory of the eye is determined by®:

r(t) =r1+ o) (ro—11) (40)

where o(t) is the normalized saccade amplitude [30].

6To show that the trajectory of a single-axis rotation in Listing’s plane is a straight
line one considers the rotation Eq. (35) as a function of time (i.e. the axis is fixed in
space, but the rotation amplitude, tan(p12/2) = tan(p12(t)/2) = o(t) tan(p12/2), with
o(t) strictly increasing between 0 and 1). The movement from Listing position r; to r»
is then given by the time-dependent quotient vector Eq. (34), q(t), applied to r:
r(t) =q(t)or; with q(t) = o(t)(rz2 0 rl_l)
Substitution, and including only terms up to O(p?), yields:
r(t) mo(t)a+ri +o(t)gaxry

from which all cross-product terms vanish, and Eq. (40) immediately follows. This result
is also exact if the higher orders in rotation angle p are included [30].
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Such a simple geometric property of rotation vectors (i.e. saccades as
geodesics in 3D space) could be advantageous for representing the spatial
trajectory in the neural programming stage (e.g. in neural motor maps,
such as the SC). As mentioned earlier, a fixed-axis rotation in quaternion
space 1is represented by a great-circle arc on the unit sphere, which is not
the shortest path between two points.
A further interesting and nontrivial interpretation of the difference vector
Eq. (36) is derived from its close correspondence to the retinal error, s,, of
a peripheral visual target (situated at Listing position ry), when the fovea
is in the initial position, ry. As is further detailed in Appendix A-4 [30,33],
the horizontal and vertical coordinates of a visual target relative to the
fovea are, in good approximation, linearly related to the components of the
desired eye-displacement vector, d, and therefore tndependent of initial eye
position:

2-d,
~2.d,

So,y

R

(41)

S0,z

where the approximation holds up to @(p?) for the initial and final eye-
position angles (relative to primary position). This approximation is very
good in the peri-primary oculomotor range (up to 15 deg), but is still better
than 12% for fixations up to 30 deg away from primary position (which is
about the range of normal saccade accuracy).

2.5.4 3D Models: the Saccade Programmer.

The two different parametrizations, d vs. q, suggest quite different possibil-
ities for the neural organization of the saccadic system [10,30,33,52,60,62,70].
In principle, either description could represent the neural signal that is en-
coded by the saccade programmer as the desired position or displacement
of the gaze line.

In Fig. 11A a visual double-step paradigm is illustrated for two different
trials, in which the saccadic system has to program two different sequences
of saccades to foveate the two targets: AB followed by BC, vs. AB’ followed
by B'C.

In the simplest 3D model (the so-called Vector model [30], further detailed
below), the programming stage of the saccadic system only involves commu-
tative, vectorial computations, in which the coordinates of the next saccade
vector are updated according to the approximation scheme suggested by
Eq. (41).

With the eye initially in Listing position A, the two targets of the double-
step jump, B (or B/) and C, define the retinal error vectors s,p (or s,p/),
and s,., respectively.

Since both retinal error vectors correspond closely (up to @(p?)) to the
respective eye-displacement vectors d, g (dap/) and d,c in LP Eq. (41), the
Vector model takes these approximative, but linear, estimates as the desired
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saccade program. For the different sequences, the two saccades are therefore
computed as:

dAB(’) = S, and dB(’)c = Sac — dAB(’) (42)

Note, that in this model the sequences A-B-C vs. A-B’-C involve the pro-
gramming of two identical sets of saccade displacement vectors, that are to
be executed in reversed order (commutative program, see Fig. 11B).

From an experimental point of view, this model therefore predicts that
cell activity at sites encoding desired saccade displacement vectors in the
double-step paradigm (as has been hypothesized e.g. for the cortical frontal
eye fields (FEF), the posterior parietal cortex (PPC), and the midbrain SC)
will show no difference for saccades into their movement field, regardless the
order in which they are elicited.

double-step saccades in
LISTING’s PLANE

B dag =dgc Cc Uag 7 9pc
dgc =dap +qz dsc 7

+dz +dz +qz
AB B'CLAB B B'C AB
B'C B'C
+dy +dx +qy +gx
B!
B BCYAB’
AB’ AB’' AB'  |BC

DISPLACEMENT VECTORS ROTATION AXES

Fig. 11: Mlustration of the differences between the programming stages of
the Vector and Quaternion models for two different double-step trials that
move the eye between initial position A to final position Cin LP (A) (see also
Fig. 12). The Vector model has a commutative saccade programmer, accord-
ing to Eq. (41). Since the resulting displacement vectors are independent of
initial eye position, saccades in the double-step trials are identical (B). The
Quaternion model (C) has a noncommutative programmer that computes the
required rotation axis coordinates through Eq. (35). This results in different
saccade codes for the different sequences.

In the mathematically exact Quaternion model (see below), the saccades are
programmed as desired rotations from initial to final eye position Eq. (35).
Therefore, the retinal error vectors need to be transformed into the appro-
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priate quotient vectors according to:

1 and qBC:rCorg1

i (43)

B’

A-B-C sequence: qup =rgor;

/ —
A-B'-C sequence: qup = rg ory!

and qpc=rcor
In this model, the saccade codes of the programmer do differ when the
sequence 1s reversed, because the rotation axis depends on the initial eye
position (noncommutative quaternion multiplication, where q, is of sec-
ond order in the saccade amplitude, O(p?); see Fig. 11C). Cell activity
in a quaternion programmer is therefore expected to yield different firing
patterns for the two double-step configurations. Moreover, electrical micros-
timulation at such a site (encoding the desired eye rotation q.) should lead
to an eye-position dependent violation of Listing’s law, since the stimulation
would bypass the noncommutative programming stage [70]:

o] - sin(g) (44)

Tiim = Qeire © Ty from which: r? =

stim

Qsite

with ¢ the angle between q,;,. and initial eye position r,. Recent experimen-
tal data from the monkey SC have not provided support for the quaternion
programming scheme, since both microstimulation and complete reversible
collicular inactivation still resulted in saccades that obeyed Listing’s law
(r%, = 0) [70]. Moreover, movement fields appeared to be better described
in terms of desired eye displacements in LP, d, rather than in desired eye
rotations, q [33,70].

Still, conclusive evidence is lacking to either refute or prove either model of
the saccade programmer for the following reasons: One complicating factor
is the recent result that the movement fields of cells in the SC do seem to
possess an eye-position related component [72]. However, changes in eye-
position do not affect the optimal direction of the cell’s movement field (i.e.
the center of the movement field is unrelated to eye position) but, instead,
seem to have a modulatory (multiplicative) influence on the cell’s firing rate.
A subsequent theoretical study showed that with a population of such so-
called ‘gain-field’ cells, the SC could provide an accurate estimate of the 3D
desired rotation axis of the eye, despite the fact that the individual cells are
tuned to relative eye displacements only [69].

Furthermore, the exact site of the saccade programming stage is still a mat-
ter of debate. So far, most studies assume that the deep layers of the SC
issue a desired motor command to the burst generator. More recent ex-
periments indicate, however, that the signal sent by the SC can still be
modified substantially by downstream premotor structures without the SC
being ‘aware’ of these changes. For example, Stanford and Sparks provided
evidence that SC movement fields are better described in wisual coordi-
nates than in motor coordinates, because the systematic mislocalizations of
saccades to remembered visual targets are not reflected in a cell’s activity
[53]. A similar conclusion was drawn by Frens and Van Opstal on the ba-
sis of short-term saccadic gain adaptation experiments. In this paradigm,
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a consistent intrasaccadic target displacement causes the gain of saccade
amplitudes to decrease accordingly. Yet, the cell’s movement-related activ-
ity does not change, but stays better tuned to the original (not displaced)
retinal-error vector [18].

These experiments suggest that the SC may actually send an (updated)
retinal error signal to the brainstem, rather than a desired eye motor com-
mand. At the next level, this signal could be combined with signals about
absolute eye- and head position and get transformed into the appropriate
frame of reference for the control of orienting eye-, head-, and body move-
ments. Such a suggestion has recently been made by Goossens and Van
Opstal [22] in order to explain the eye-head gaze-shift patterns of human
subjects to auditory and visual targets (see above, Fig. 3), as well as by
Tweed [58] on theoretical grounds (see below, Fig. 13).

2.5.5 3D Models: the Saccade Generator.

The burst generator. In the subsequent stage of the saccadic system,
the burst generator transforms a (current) motor error signal (constructed
by internal feedback) into an eye velocity (and acceleration) signal (the
pulse; see also above, Fig. 1B,C). The process of pulse-step generation also
necessitates the integration of the eye-velocity pulse into a neural estimate
of absolute eye position. Because the integral of eye angular velocity does
not yield eye position (e.g. Fig. 5), an important question is whether the
burst generator issues either a coordinate velocity, ¥, or an angular velocity
signal, w.

In the two extreme versions of possible 3D saccade models presented here,
the Vector model (Fig. 12A) proposes that the burst generator provides a
coordinate velocity output. In contrast, the Quaternion model (Fig. 12B)
assumes the generation of an angular velocity signal. There are several
important consequences attached to these two conceptually different neural
codes [30,60]:

e Because the ‘half-angle rule’ requires the rotation axis to tilt with
respect to LP as function of eye position (Eqn. 35), the activity of
cells in the quaternion burst generator should depend on absolute eye
position (i.e. the number of spikes in the burst is proportional to
lal, Eqn. 38). By contrast the vectorial burst generator should be
insensitive to changes in initial eye position (Eqn. 39).

e The input to the neural position integrator should be proportional to
coordinate velocity (but may contain coordinate acceleration signals
as well). In the Quaternion model, an eye-position dependent, non-
commutative transformation is needed to convert angular velocity into
coordinate velocity (Eqn. 29). Note that the weeding out of angular
acceleration signals is less trivial (Eqn. 24).
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e In the eye-displacement scheme (Fig. 1C), feedback of velocity should
be transformed into current eye displacement, d(¢). According to
the Quaternion model, this displacement is constructed by an eye-
position dependent resettable integrator. The output of the burst
generator in the Vector model may be linearly integrated to provide
eye displacement.

e In the implementation of feedback, a desired movement signal 1s com-
pared to some internal neural estimate of the actual movement. In
the Vector model, these comparisons are achieved by commutative
vectorial subtractions. For example, the input to the vectorial burst
generator is a current motor error signal that is computed as a differ-
ence vector: d*(t) = dg — d(¢). In the Quaternion model, however,
the desired rotation 1s compared to the current movement by rotation
vector division (Eqn. 35): q(t) = qq o d71(t).

In the discussion of the 1D (and 2D) saccadic system, it became clear that
the entire pulse-step generating circuit is needed to counteract the slug-
gishness (viscosity and elasticity) of the oculomotor plant. Therefore, the
dynamics of the 3D oculomotor plant play an important role in the organi-
zation of the neural circuitry that i1s designed to control it, and may explain
the need for either coordinate or angular velocity inputs as its drive.

3D oculomotor plant. To extend the 1D plant model to three dimen-
sions, the motoneuron signal has to be treated as a three-dimensional vec-
tor, t(t), which now represents the direction of the net torque acting on the
plant. For example, if only the left lateral rectus muscle (LLR) is inner-
vated, with the eye in the primary position, its action can be described by
a torque acting in the positive vertical direction, i.e. trrr(t) o MN(t) - &,.
As a result, the eye will rotate about the vertical axis, so that its angular
velocity vector will be aligned with t. The total torque acting on the plant
1s the vectorial sum of the individual muscle torques, and when the eye at-
tains a fixed position, the net torque should be zero (because the eye does
not translate, the sum of the forces on the globe is always zero). There
1s some controversy to what extent the direction of each muscle’s torque
vector depends on eye position, i.e. whether

ti = t(r); i=1---6 (45)

This 1s not a trivial problem, since the total torque depends on the differ-
ent forces acting on the globe. For every muscle, t; = ¢; x F;, where ¢;
is the position vector of the muscle pointing from the center of the eye to
the point where 1t leaves the globe. This effective point of insertion may
shift for different eye positions, thus changing the direction of that mus-
cle’s torque vector. The forces in turn are determined by each muscle’s
individual (eye-position dependent) and nonlinear length-tension and force-
velocity relations (muscles behave as nonlinear springs, although part of the
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nonlinearity cancels when antagonists are paired).
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Fig. 12: Two different proposals for the generation of head-fixed saccades
(and VOR generation) in three dimensions. Both models are 3D extensions of
the Jirgens et al. [39] displacement scheme (Fig. 1C).

In the Vector model, the saccade programmer provides a commutative approx-
imation of the saccade displacement vector in LP (see Eq. (41) and Fig. 11B).
The brainstem burst generator encodes the coordinate velocity of the saccade
(which is 3D), and the linear plant lets angular velocity tilt, as required by
Listing’s law. As a result, head angular velocity from the vestibular system has
to be transformed into coordinate velocity through a noncommutative trans-
formation Eq. (29). Occasional noise in the torsional channel brings the eye
out of LP (by a 3D saccade), which is corrected for by the next (3D) saccade.
This pathway presumably involves the NRTP and cerebellar vermis. Note that
also the integrator has a 3D representation of eye position (after [30,73,74]).
In the Quaternion model, the noncommutative programmer encodes the de-
sired rotation about the angular velocity axis, qq, which is obtained by mul-
tiplication of the retinal error vector (approximately equal to the desired dis-
placement vector, see Eqn. 41) with the initial eye position: s.+r,xs, (Eqn. 35
and Fig. 11C). To comply with the nonlinear plant, the burst generator issues
saccadic eye angular velocity, ws. The neural integrator is therefore nonlinear,
but the vestibular signal may now be transferred directly to the plant (after
[10,60,62]) (Local feedback loops have been omitted for clarity).

So both the static elastic and dynamic viscous forces need to be known
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in order to formulate an adequate model of the 3D plant. Moreover, the
elasticity and viscosity parameters of the plant are now described by 3x3
(possibly anisotropic) matrices, instead of by single scalars.

The following two, highly simplified 3D plant models capture the essentials
of the problem, because each gives rise to a very different 3D saccade model
(Fig. 12).

In the so-called linear plant model [30,64], it is assumed that the muscle
torques do depend on eye position, but in such a way that when the net
innervation of the motoneurons, t(¢), is confined to Listing’s plane, the
eye will precisely follow the half-angle rule and move along a trajectory in
Listing’s plane. In this model, the burst signal, b(¢) should be independent
of eye position, and is taken to be proportional to the coordinate velocity
vector, ©. The neural integrator, n may linearly integrate the phasic burst
signal (note that contributions of eye acceleration in this signal will not
survive the integration, see Eq. (1)). The linear plant model is therefore
determined by the following dynamical system, which is a straightforward
extension of the 1D Robinson model given in Eq. (3) [30,64]:

n = b
t [Cln+ [D]b (46)
b= V] (6 [K)

Here, [C] and [D] are the 3x3 brainstem connection matrices to the three
antagonist muscle pairs that embody a neural model of the plant, whereas
[K] and [V] are the actual plant elasticity and viscosity tensors. Again,
adequate pulse-step matching requires that [C] = [K] and [D] = [V] (in
more realistic models, these matrices could incorporate eye position- and
velocity-related nonlinearities, but since the brainstem - cerebellar circuitry
may cope with any complexity of the actual plant, this doesn’t change the
basic argument).

By contrast, in the nonlinear plant model [60,64], the muscle torques do not
depend on eye position, so that the directions remain fixed in the head. As
a consequence, the net innervation to the plant needs to account for the
eye position-dependent tilt of the angular velocity vector (i.e. the burst
generator should encode w(t)), and the input to the neural integrator, n,
now depends nonlinearly on eye-position. This leads to the following set of
model equations (where the noncommutative multiplication rule Eq. (29)
for rotation vectors has been applied):

n = b+bxn+(ben)n
t = [Cln+[D]b (47)
w [VI~'(t - [K]r)

Alternatively, pulling directions of eye muscles could even be assumed to
be eye-fixed (i.e. the net-torque on the globe follows a ‘full-angle’ rule), al-
though this possibility seems unrealistic considering the current anatomical
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evidence [11]. Presumably, more realistic models of the plant will lie some-
where between the perfect half-angle and zero-angle extremes of Eq. (46)

and Eq. (47).

2.6 Head-free saccadic gaze shifts in 3D.

When the head is also free to move in 3D, the problem gets considerably
more complicated. In this section we will not go into too much detail, but
restrict the description to the essential new points that arise. First, it should
be noted, that in this case the relevant variables are the head position and
velocity in space, the eye position and velocity in space (or gaze), and the
eye position and velocity in the head. Since the eye is moved by the head
in the spatial frame of reference, the kinematics of gaze are described as
the result of an active rotation of the head in space, followed by the passive
rotation of the eye in the rotated head, i.e.

g=e oh=hoe (48)

where in the right-hand part of Eq. (48) both vectors are expressed in spatial
coordinates. The eye position in the head is therefore given by
_g—h+gxh

_ -1
e—h " og= i geh (49)

and the ocular torsion in the head is therefore
€ X gy —hy+gy -h,—g, hy (50)

Note that if gaze and head positions would adhere to Listing’s law, the eye
in the head in general will not. There are several complicating factors in
the analysis and modeling of 3D head-free gaze shifts. First, the eye and
the head may move at different speeds, in different directions, and usually
do not start simultaneously [20,22,58 65]. Second, the eye reaches the target
well before the end of the (slower) head movement, which invokes the re-
activation of the VOR. The vestibular system encodes head-angular velocity
in 3D and is not concerned with Listing’s law, or even Donders’ law (see
above). So how is the synergy between the oculomotor, the head motor and
the vestibular systems organized?
Recent experiments in which large head-free gaze shifts were recorded have
revealed the following principles [20,65]:
e The head follows Donders’ law, rather than Listing’s law. Head posi-
tion data can be reasonably well described by a surface produced by
a two-axis Fick gimbal (with a twist score of about -0.5, see above).
e For oblique gaze shifts, the head moves predominantly in the hori-
zontal direction, and much less in the vertical direction (i.e. against
gravity). The reverse is true for the eye in the head. Because of
this, gaze positions in space are also confined to a Fick-like Donders’
surface resembling that of the head.
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e During the gaze shift, the eye in space is neither constrained by List-
ing’s law, nor by Donders’ law. Instead, the gaze trajectories curve
away from the Donders’ surface determined by the static gaze posi-
tions. This finding can be understood when it is realized that the
eye 1s driven toward a saturated position of the eye in space. The
3D saturation prevents the eye from running into the borders of the
oculomotor range (OMR,; see also Fig. 3).

o After the gaze shift is over (i.e. eye is on target and the head at rest),
gaze-in-space position again follows Donders’ law, and eye position in
the head is approximately constrained by Listing’s law. The latter
finding is approximate in the sense that LP is not exactly fixed in the
head but shifts with head orientation re. gravity. Most notably, for
head-roll positions, a static torsional counterroll of eye-in-head results
that may reach about 5 deg.

In a recent 3D extension of current eye-head control models (such as dis-
cussed above, and shown in Fig. 3), Tweed [58] introduced several additional
features that lead to a succesful reproduction of measured eye-head trajec-
tories. A schematic outline of this model is presented in Fig. 13. One
important feature is that eye and head are controlled by their own ocu-
locentric (eq4) and craniocentric (h*) motor signals, respectively, driven in
independent local feedback modes. The head motor system incorporates
the experimental findings that the desired end position complies with Don-
ders’ law, and that the horizontal and vertical motor error components are
different.

A second novel property of the model concerns a proposal for the signal
that drives the oculomotor system. In the model, the eye is controlled by
a desired position in space (g*), but in such a way that at the end of the
gaze shift eye position in the head (e*) will obey Listing’s law. Note that
this proposal includes a neural Listing’s law operator interposed between
the 2D representation of the SC output (which presumably encodes the
updated initial gaze error signal, Ag;) and the oculomotor burst generator.
Note also, that the desired eye position itself is not constrained by Listing’s
law (it may have a considerable torsional component), because it has to
take the additional (Donders) head movement (and concomitant 3D VOR
response) into account that may still proceed after the eye has acquired the
target.

The noncommutative computations embedded in the Listing operator in-
corporate both the position of the target in space (which is transformed
from the 2D retinal error input, Agg, into a spatial code, gq), and the de-
sired position of the head as constrained by Donders’ law (h*). However,
the desired eye position in space cannot be used directly by the oculomo-
tor system, since the eccentricity of this signal often far exceeds the OMR.
Therefore, before the signal is passed to the oculomotor burst generator,
it is updated as a 3D clipped craniocentric eye position signal (e7*) that
ensures that the eye motor error command incorporates the current head
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movement, and does not run into the physical limits imposed by the OMR,
(for specific details, see [58]).

3D OMR
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Fig. 13: Three-dimensional proposal of eye-head control model by Tweed
[58]. The model is driven by a desired eye position in space (gaze, gq), which
is transformed by the Listing operator into a desired eye position in the head
(™), such that the eye will obey Listing’s law at the end of the eye- and head
movement. Note, that due to the interaction with the VOR (at the moment of
target acquisition), this signal should have three degrees of freedom (is notin
LP!). The desired gaze shift is transformed by the Donders’ operator (modeled
by a Fick-like gimbal) into a desired head-in-space signal, h*, that drives the
pulse-step generator of the head motor system. This signal is also transformed
into desired gaze-in-space for the eye (g*). The ocular burst generator is driven
by eye motor error (like in Robinson’s model of Fig. 1), where the desired eye
position in the head is clipped by a 3D saturation. The eye- and head plants
are assumed to be linear. II: noncommutative quaternion products. Local
feedback loops are omitted for clarity. Compare also with Fig. 3. After [58].

Both the oculomotor and head pulse-step generators are matched to linear
plant models, which ensures that the neural position integrators can operate
in a linear mode, and that both burst generators issue coordinate velocity
and acceleration signals (see also above). Like in the model of Fig. 3, the
VOR is inactivated by the current eye motor-error signal (eq).

2.7 Conclusion.

In conclusion, the noncommutative kinematic principles of 3D rotations that
underlie the control of orienting gaze shifts are most likely embedded to a
large extent in the central nervous system, and are not due to mechanical in-
teractions at the level of the motor plant. Although linear mechanical mod-
els of the plant may in principle account for the ‘half-angle rule’-behavior
of ocular saccades in Listing’s plane (note that the behavior of the muscle
torques under dynamic conditions is unknown), they are unable to account
for a myriad of other 3D kinematic aspects of gaze control:
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The existence of an active (saccadic) error correction mechanism that
ensures that the eye stays very close to LP (within 0.6 deg) despite
substantial occasional errors. This mechanism prevents torsional ac-
cumulation (due to a random walk), and shows that the saccadic burst
generator and eye position integrator represent eye movements in 3D,
rather than in 2D retinal coordinates.

The deficit in torsional error correction after local inactivation of the
NRTP.

The different movement strategies used by the eye and head con-
trol systems under head-fixed (Listing) and head-free (Donders)
conditions.

The necessity for a transformation of head (angular) velocity signals of
the VOR into appropriate eye (coordinate) velocity signals that can be
readibly integrated by a position and displacement neural integrator.
The Helmholtz-gimbal behavior of the binocular disjunctive vergence
system (full-angle elevation-dependence of ocular torsion).

The systematic dependence of the orientation of LP on head position
relative to gravity.

The systematic shift of LP after unilateral inactivation of neurons in
the vertical /torsional burst generator of the riMLF.
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APPENDIX A-1: Proof that quaternions describe rotations.

Without loss of generality, we choose a right-handed coordinate system such
that the rotation axis, fi, coincides with the &, axis, and the vector u lies
in the (&;,8&;)-plane, making an angle ¢ with the rotation axis. Thus,
i = (0,0,1), and the associated quaternions and vector are (from Eq. (17)

and Eq. (18)):

¢ = lgl(cos(0) + sin(0) - k)
u = Jul(cos(¢) - k +sin(¢) - 7) (A1)
g~ = |q|7 (cos() —sin(0) - k)

By applying the rules defined in Eq. (14) it follows that

u' =qugt = |ulcos(¢)(gkg™t) + |ulsin(¢)(gig™t)
= Jul| - (cos(26)i +sin(20)7) (A2)
= R(&z,20) u

which is indeed the vector, u, rotated around axis &, (the invariant compo-
nent under (A2), about an angle that is twice the quaternion angle 6.
Note, that the length of the quaternion does not play a role in describing
the single-axis rotation. For this reason, it is customary to apply unit
quaternions (|¢| = 1).

APPENDIX A-2: Angular and coordinate velocity.
First, note that the quaternion product Eq. (15) obeys the following com-
mutator relation:

Pe—qp=2pxq (A3)

which follows directly from Eq. (15). Second, we use the result of Appendix
A-1, that the rotation of an initial vector, say s,, can be described by the
quaternion product Eq. (19):

s(t) = q(t)soq ™" (1) (A4)

Then, the coordinate velocity vector is obtained by time differentiation of
(Ad):
5(t) = q(t)soq™" (1) + a(t)sod ™" (1) (A5)

The right-hand factor of this equation may be evaluated as ¢~ = —¢~'gq7 !,

which follows from taking the time derivative of the definition g¢~—' = 1.
Then, the identity operator ¢~ 'q is used once more by substitution in the

left-hand part of (Ab). By using (A3) and (A4), this yields

3(t) = (4™ ")s(t) —s(t)(d9™") = 2V (4q™") x s(t) (A6)

The scalar part of the quaternion ¢¢=!, given by S(4q=1) = ¢oq; ' +qeq =
0. This follows from the fact that S(qg=!) = d|¢|?/dt = 0, because the

quaternion length is fixed to 1.
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So, to summarize

(1) = (2007") % st) = w(t) = 20g~ and 4= 200 (ay)

To obtain the equivalent relations for the rotation vector representation, we
use the definition

q=¢qor and q = g§or+ ¢,1 (A8)
and, for unit quaternions Eq. (16):

1
l+rer
Substituting (A8) and (A9) into Eq. (23), the result Eq. (28) is immediately

obtained.
Similarly, substitution of (A8) into Eq. (22) yields:

q?:l—qoq: (Ag)

Qo + W X qor
2

Noting that ¢, = —(w e q)/2 and combining this with (A8) and (A10) yields
Eq. (29).

q.or + QOI“ = (A]-O)

APPENDIX A-3: The half-angle rule.
The torsional component of the angular velocity vector of the eye, for sac-
cades in Listing’s plane, is given by Eq. (28):

Weg=2-(ry T, — 1, Ty) (A11)

Suppose that the eye initially looks down (angle p,) and makes a leftward
saccade (say with average velocity v,):

r = tan(p,/2)é, and ¥ =0,8, (A12)

It then follows that the angle, «, between w and the primary direction,
p =r X T, is given by
(wep) tan(py/2)

©0s() = 101l = 1o F tan(py /28]

=sin(py/2) =¥ =90 —a = p/2
(A13)

Thus, when a saccade is made in a direction orthogonal to the eye position
vector, the angle, 1, between w en LP is given by p,/2, which is half the
eccentricity of initial eye position. This property is known as the ‘half-angle
rule’.

Note, that in accordance with Listing’s law, w can in principle tilt by any
angle between {—p2,4+p/2}. For example, when r and i are parallel (e.g.
the eye moves downward (or upward) from a downward fixation) the tilt
angle ¢ is zero. All eye movements that pass through the primary position
have their angular velocity vector in LP.
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APPENDIX A-4: Retinal error and motor error in 3D

The finite rotation formula Eq. (9) gives a straightforward recipe for calcu-
lating the orientation of a rotated body, once the rotation axis and angle
are known.

Suppose that the eye is in the initial eye position, ry = tan(p;/2) f =
R(fi1, p1). Since the eye is in Listing’s plane, the torsional component of vy
is zero, and the line of sight (which is eye fixed) points along &;,.

A target at position rs is foveated as soon as the new direction of the line
of sight points at the target. This direction is given by the the gaze line in
the new rotated eye-fixed coordinate system, és,.

The coordinates of the target, s, = (so4,80,5) (i.e. the retinal error), with
the eye in the initial position, rq, are given by the projection of the future
line of sight onto the current gaze direction, i.e.:

Sy = (Gaxethy) (A14)
So2 = (e2x L4 nlz)

When the eye fixates the new target, the gaze direction is described by a
rotation vector: ro = R(fiz, p2). By Listing’s law Eq. (33), the position
axes of both eye positions are in LP, so that they are perpendicular to the
primary direction of the head-fixed primary Listing frame, &é,;:

(hye&,;,) =0 and (Hoe&,)=0 (A15)

We now express the retinal error in terms of the initial and final eye po-
sitions, by using the third-order Taylor approximation of the rotation for-
mula Eq. (10), and the properties of vector triple-products: a x (b x ¢) =
(aec)b— (aeb)cand ae(bxc)=(axb)ec.

Substitution into (A14) (only including terms up to O(p?®)) yields (with
k=y, z):

Son = (Ra(fig, p2)&or @ Ri(fi1, p1)é0r)
= (éox + pzﬁz X 8op + %p%ﬁz X (ﬁZ X éox)).
(Eor + p1111 X &0 + %p%ﬁl X (111 X &41)) (A16)
= pZéok ° (ﬁZ X éox) + pléox ° (ﬁl X éok)
Soy = (Pzﬁz - plﬁl) 0é,, = 2-d,
So2 = (plﬁl - Pzﬁz) ° éoy =-2- dy

Thus, in good approximation, retinal error is linearly related to the differ-
ence vector in Listing’s plane between the final and initial eye positions.
For eye positions within the periprimary range of 15 deg (the range within
which the far majority of natural saccades is made), the approximation is
better than 2.5%; but even up to 30° the error is of the same order than
the natural scatter in saccade accuracy: 12% [30].



